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PREFACE 

TO  THE  SECOND  VOLUME. 

The  subject-matter  of  this  second  volume  differing  very 
greatly  from  that  of  the  first,  a  few  words  with  regard  to  the 
manner  in  which  I  have  treated  it  seem  to  be  necessary. 

The  reader  will  observe  that  in  the  Chapter  dealing  with 
Virtual  Work,  I  have  ventured  to  reject  the  term  i  Generalised 
Component  of  Force,'  and  to  replace  it  by  the  term  '  Work 
Coefficient,'  the  former  term  being,  to  my  mind,  open  to  the 
objection  of  conveying  an  erroneous  idea  with  regard  to  the 
nature  of  the  thing  defined. 

In  the  Chapter  on  Attractions  the  great  object  which  I 
have  constantly  kept  in  view  has  been  the  fixing  of  a  definite- 
net*  of  idea  in  the  mind  of  the  student  with  regard  to  the 
various  physical  magnitudes  which  are  represented  by 
symbols  in  our  equations.  To  this  end,  I  have  explicitly 
adopted  the  C.  G.  S.  system,  and  I  have  introduced  a  suffi- 
cient number  of  numerical  illustrations  in  which  Forces  and 
Potentials  are  definitely  presented  as  so  many  Dynes  and 
so  many  Ergs  per  gramme.  The  C.  G.  S.  system  stands 
pre-eminent  for  its  extreme  simplicity;  and  when  once  the 
student  of  Mathematical  Physics  learns  how  to  make  a  real 
working  use  of  its  units — to  recognise,  without  mental  effort 
and  as  a  mere  matter  of  course,  that  his  symbol,  p,  for 
volume-density  always  means  so  many  grammes  per  cubic 
centimetre ;  that  his  symbol,  X,  for  force-intensity  means  so 
many  dynes  per  gramme ;  and  so  on  —  he  will  never 
experience  any  difficulty  in  altering  the  values  of  funda- 
mental numerical  constants  to  suit  the  units  of  mass,  time, 
and  length  which  are  adopted  in  any  other  system.  In  the 
calculation  of  Attractions — and  especially  in  the  domains  of 
Electricity  and  Magnetism — the  ever  present  notion  of  a 
concrete  reality  corresponding  to  every  algebraic  symbol  is  of 
immense  importance.  Indeed,  without  this  definiteness  of 
idea,  no  knowledge  of  the  slightest  value  can  exist. 

The  result  of  perpetually  fixing  the  mind  on  mere  symbols 
and  repelling  the  natural  realities  for  which  they  stand  is  to 
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produce  in  the  mind  a  crystallisation  of  ignorance ;  and  it  is 
to  prevent  this  that  I  have  so  persistently  kept  before  the 
student  the  gramme,  the  dyne,  the  erg,  &c. 

Hence  in  this  Chapter  Poissons  equation  always  appears 
in  the  form  V2F=  —  4iryp,  in  which  y  is  the  C.G.S.  constant 

of  gravitation — viz.    about  ^    . — and  a   familiarity 

with  its  value  gives  the  student  a  useful  idea  with  regard  to 
the  nature  of  gravitation. 

In  this  Chapter  I  have  also  ventured  to  introduce  the 
term  'Laplacian'  with  reference  to  those  remarkable  coeffi- 
cients which  occur  in  the  development  of  the  reciprocal  of  the 
distance  between  two  points.  The  general  term  'Spherical 
Harmonic '  is,  of  course,  retained  ;  but  it  seems  to  me  that  the 
name  of  Laplace  ought  to  be  explicitly  connected  with  the 
branch  of  Mathematical  Physics  which  he  did  so  much  to 
develop,  and  which  has  now  become  of  such  great  import- 
ance. The  pure  mathematicians  having  their  'Jacobians,' 
'Hessians/  'Cayleyans,'  &c.,  the  term  'Laplacian'  is  surely 
justified. 

GEORGE  M.  MINCHIN. 

B.  I.  E.  College,  Cooper's  Hill, 
February,  1886. 


A  new  edition  of  the  Second  Volume  was  called  for  in  the 
summer  of  1888.  It  is  to  a  very  great  extent  a  reprint  of  the 
previous  edition;  but  it  treats  much  more  fully  of  Conical 
Angles,  contains  new  Articles  on  line-  and  Surface-Integrals 
and  Magnetic  Shells;  and,  finally,  an  improvement  in  the 
method  of  treating  some  questions  of  Strain  and  Stress,  for 
which  I  am  indebted  to  Professor  Williamson,  F.T.C.D.  It  is 
satisfactory  to  know  that  the  introduction  of  the  gravitation 
constant  has  met  with  high  approval,  and  has  found  explicit 
recognition  in  some  recent  papers  by  able  writers. 

G.  M.  M. 

Cooper's  Hill,  October,  1888. 
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ERRATA. 


IN  VOL.  I.  (3rd  Ed.) 

P.  30,  line  6,  for  m  read  n. 

P.  59,  ex.  19,  for  QUna  read  Q  oot  a. 

P.  67,  line  18,  for  (-A)  read  (B-k). 

P.  91,  line  6,  for  74  read  75. 

In  the  example  in  p.  115  the  value  of  O  should  be  376  kilogramme-decimetres. 
Alter  the  result  accordingly. 

P.  130,  line  12,  for  /3SY  read  /32X. 

P.  135,  line  1  a,  for  0a  read  0t. 

P.  160,  line  1  a,  for  matter  read  manner. 

P.  170,  line  20,  for  w— o>  read  <u—t>jf. 

IN   VOL.   II. 

„                                a8- a*         _   c»-a's 
P.  299,  line  9, /or  — ^—  reaa   • 


The  following  corrections  in  Vol.  II.  were  kindly  communicated  by  Professor 
Hoover,  Ohio  University,  after  the  sheets  had  gone  to  press : 

P.  371,  in  Ex.  13,  omit  the  term  1  within  the  brackets  {  }. 

P.  381,  line  19,  for  sin  $  read  cos  $. 

P.  398,  line  3,  for  sec  P'PO  read  sec  FQO. 

P.  399,  line  25,  for  C  read  C 

P.  336,  eq.  (9),  for  d/t  read  ndp. 

P.  357*  eq-  W>  for  dp  read  dp'. 

P.  366,  line  19,  for  -j»  read  ja- 

P.  370,  lines  3  and  5,  for  T0  read  aY* 
P.  374,  line  18,  interchange  K  and  E. 
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Ajlticlb  198.]  Resultant  of  any  Number  of  Forces 
applied  to  a  Material  Particle.  Let  a  force  P,  represented 
in  magnitude  and  direction  by  Off  (Fig.  228),  act  on  a  particle 
at  0 ;  let  Ox,  Oy,  and  Oz,  be  any  three 
rectangular  axes  drawn  through  0;  and 
let  the  angles,  (/Ox,  ffOy,  and  ffOz, 
which  the  direction  of  P  makes  with 
the  axes  of  reference  be  denoted  by  a,  fi, 
and  y,  respectively.  From  ff  let  fall 
perpendiculars,  ffF,  ffH,  (XI),  on  the 
planes,  yz,  zx,  and  xy,  respectively,  and 
let  the  parallelopiped  be  completed  as  in 
the  figure.  Then  the  force  Off  may 
be  replaced  by  the  forces  OB  and  OC,  by  the  parallelogram  of 
forces;  and  OB  can  again  be  replaced  by  OA  and  OB.  Hence 
the  force  P  is  equivalent  to  the  three  forces 

P  cos  a  along  Ox, 

P  cos  0     „      Oy, 
and  P  cos  y     „      Oz. 

The  converse  proposition  is  also  evidently  true — namely,  that 
any  three  forces,  OA,  OB,  OC,  along  Ox,  Oy,  Oz  (whether  these 
are  mutually  rectangular  directions  or  not),  give  a  resultant 
represented  in  magnitude  and  direction  by  the  diagonal,  Off,  of 
the  parallelopiped  determined  by  the  forces. 

If  several  forces,  P19  P2, ...  P„,  act  at  0  and  make  angles 
(«i>  0i>  Vi)>  («i>  &>  7i)y  •••  K.  Ai  y,»)  with  the  axes,  let  each 
of  them  be  replaced  by  its  three  components  along  Ox,  Oy  Oz  ; 

vol.  n,  B 
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and  if  2X,  27",  2Z  denote  the  sums  of  the  components  along 

the  axes,  we  shall  have 

2X=  P1cosa1  +  P2cosa2+...  +  Pllcosall,  ' 
2r=P1cos£1  +  P2cos/32+...+Pwcos0w,    ■  (1) 

2#=  P1cosy1  +  P2cosy2+...+PJlcosyw, 

and  the  whole  system  of  forces  will  be  replaced  by  the  three 
forces,  2X,  2T",  and  2Z  along  the  axes  of  x,  y,  and  z.  But 
the  resultant  of  three  forces  in  these  directions  is  the  diagonal 
of  the  parallelopiped  determined  by  them.  Hence,  B  being  the 
magnitude  of  this  resultant, 

B  =  </(2X)*  +  (2l7+(2£)2,  (2) 

and  if  0,  </>,  ^,  be  the  direction-angles  of  B, 

2X  27  2#  ,  x 

COS0  =  — ^->       COS^  =  -5->       COS>/r  =  -p-*  (3) 

199.]  Graphic  Representations  of  the  Resultant.  Since 
the  resultant  of  any  two  forces,  OA  and  OP,  acting  at  0  is 
obtained  by  drawing  from  A  a  line,  Ab,  parallel  and  equal  to 
OP,  and  joining  0  to  i,  it  follows  that  if  a  particle  is  acted  on 
by  n  forces,  OA19  OA2,  OAz> ...  04w,  the  resultant  is  obtained  in 
magnitude  and  direction  by  drawing  A1  a2  parallel  and  equal  to 
OA29  a2  az  parallel  and  equal  to  0A3, ...  an^un  parallel  and  equal 
to  OAn,  and  joining  0  to  an\  or,  in  other  words,  the  side  Oam 
which  closes  the  polygon  OA1a2aB  ...  an  represents  the  resultant 
in  magnitude  and  direction.  When  the  sides  of  the  polygon 
are  not  all  coplanar,  the  figure  is  called  a  gauche  polygon.  Thus 
the  second  graphic  representation  of  the  resultant  of  a  system  of 
coplanar  forces,  which  has  been  given  in  p.  19,  vol.  i,  is  equally 
applicable  to  non-coplanar  forces.  Hence,  of  course,  it  follows 
that  a  particle  acted  on  by  any  set  of  forces  which  are  parallel 
and  proportional  to  the  sides  of  a  gauche  polygon  taken  in  order 
is  at  rest. 

Again,  since  by  the  parallelogram  of  forces,  the  resultant  of 
OAx  and  0A2  is  2.0^,  where  gx  is  the  middle  point  of  Ax  A2 ; 
and  since  the  resultant  of  2  Ogx  and  0AB  is  3  Og2,  where  g2  is 
determined  exactly  as  in  Art.  23,  it  follows  that  Leibnitz's  graphic 
representation  of  the  resultant  is  applicable  to  non-coplanar  forces. 

This  result  follows  also  analytically;  for  if  (xl9  y19  zr)> 
(#£'&'  z*\  •••  {anf  y»j  *«)  he  the  co-ordinates  of  the  extremities 
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Aly  A%, ...  An  of  the  forces  acting  on  the  particle,  it  is  clear  that 

*T  =  ^1+^2  +  —  +»n  =  2y  =  ».y, 

where  5,  y,  5  are  the  co-ordinates  of  0,  the  centre  of  mass  of 
equal  masses  placed  at  the  extremities  of  the  forces.  Hence  by 
equations  (1)  of  Art.  198, 

R  =  n.OG, 

ind  cos*  =  -^,      cos*  =  -^-,      cos*=-g^, 

which  show  that  the  resultant  is  represented  in  magnitude  and 
direction  by  n .  00. 

200.]  Transformation  of  Couples.  To  what  has  been  given 
in  Chapter  V  on  the  transformation  of  couples  it  is  necessary 
to  add  a  few  propositions  relating  to  couples  in  different  planes. 

(a)  A  couple  acting  on  a  rigid  body  may  be  transferred  to  any 
plane  parallel  to  its  own. 

Let  AB  (Kg.  339)  be  the  arm  of  a  couple  (P,  P)  and  let  A' ff 
be  any  line  parallel  and  equal  to  AB.  At  A'  introduce  two  equal 
and   opposite   forces,   P  and  i*, 

parallel  to  AP,  and  at  B  introduce  *  *  *p' 

the  same  forces.    The  introduction 


A' 


of  these  forces  will  not  disturb  the      *♦         Pf  ▼----?? 

state  of  the  body.      Draw  ABf        L- Vp 

and  A'B,  which  will  bisect  each  I 

other  at  0.    Then  the  force  P  R 

at  A  and  the  force  V  at  BT  will  g*  "9' 

give  a  resultant  equal  to  2P  at  0 ;  and  P  at  B  and  P'  at  A' 

will  give  a  resultant  equal  and  opposite  to  this  at  the  same  point. 

Hence  there  remain  the  forces  P  at  A!  and  P  at  BT\  that  is,  the 

couple  (P,  P)  with  arm  AB  has  been  moved  to  any  plane  parallel 

to  its  own. 

From  Chapter  V  it  is  now  clear  that  the  only  essential 
properties  of  a  couple  are  (l)  the  constancy  of  its  moment  and 
(2)  the  direction  of  its  plane ;  or,  in  other  words,  the  constancy 
of  the  magnitude  and  direction  of  its  axis;  the  actual  position  of 
the  axis  in  space  is  of  no  consequence,  but  only  its  direction;  two 
couples  whose  axes  are  of  equal  length  and  in  the  same  direction 
are  absolutely  identical. 

b  % 
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Hence  the  axis  of  a  couple  is  what  is  called  a  vector,  or  directed 
line  of  constant  magnitude — but  not  localised — and  we  shall 
always,  as  in  the  representation  of  forces,  suppose  the  axis  to  be 
marked  by  an  arrow-head. 

(0)  Convention  with  regard  to  the  tense  of  the  axis  of  a  couple* 
The  following  convention  for  representing  the  magnitude  and 
sense  of  the  moment  of  a  couple  by  means  of  an  axis  is  adopted 
by  common  consent  for  the  purpose  of  enabling  us  to  compound 
and  resolve  couples  in  any  planes : — Hold  a  watch  with  its 
plane  parallel  to  the  plane  of  the  couple.  Then,  according 
as  the  motion  of  the  hands  is  contrary  to,  or  along  with,  the 
sense  in  which  the  couple  tends  to  produce  rotation,  draw  the 
axis  of  the  couple  through  the  face  or  through  the  back  of  the 
watch. 

(y)  Two  couples  result  in  a  single  couple  whose  axis  is  found 
from  the  axes  of  the  component  couples  by  the  parallelogram 
law. 

Let  the  planes  of  the  couples  intersect  in  the  line  AB  (Fig.  230) 
and  the  arm  of  each  be  made  AB,  by  moving  each  couple  in  its 

own  plane,  and  then  suitably 
altering  the  forces  of  each 
couple  (Art.  79,  Chap.  V). 
Let  P,  P  be  forces  of  one 
couple,  and  Q,  Q  those  of  the 
other.  At  B  draw  *  Bp  per- 
pendicular to  the  plane  PABP 
and  proportional  to  the  mo- 
^  ment  of  the  couple  (P,P).  We 

may  evidently  take  Bp  =  P, 
since  the  couples  have  a  common  arm.  Draw  Bq  perpendicular 
to  the  plane  QABQ  and  equal  to  Q. 

Now  evidently  the  forces  P  and  Q  at  B  compound  a  resultant, 
R,  equal  and  parallel  to  the  resultant  of  P  and  Q  at  A.  Hence 
the  two  couples  compound  a  single  couple. 

Again,  draw  Br  perpendicular  to  the  plane  RABR  and  equal 
to  R.  Bp,  Bq,  and  Br  are  then  the  axes  of  the  couples  (P,  P), 
(Q,  Q),  and  (R,  R).     But  it  is  manifest  that  the  figure  Bprq  is 

*  According  to  the  convention  (jS)  the  couples  in  this  figure  are  both  negative, 
and  the  axes  Bp  and  Bq  should  be  drawn  downwards.  This  inaccuracy  in  the 
figure  was  detected  too  late  for  correction. 
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merely  the  figure  BPRQ  turned  round  in  its  own  plane  through 
a  right  angle.  Hence  Br  is  the  diagonal  of  the  parallelogram 
determined  by  the  axes  of  the  component  couples. 

Conversely,  any  couple  may  be  resolved  into  two  couples  whose 
axes  are  determined  from  the  axis  of  the  given  couple  by  the 
parallelogram  law;  and,  as  in  the  case  of  forces  acting  at  a 
point,  any  couple  may  be  resolved  into  three  couples  whose  ax€» 
are  determined  from  the  axis  of  the  given  couple  by  the  parallelo- 
piped  law.     All  this  follows  as  in  Art.  198. 

It  is  well  to  remark  that  the  axis  of  a  couple  represents  the 
moment  of  the  forces  of  the  couple  round  any  line  in  space  parallel 
to  the  axis. 

(h)  To  find  the  resultant  of  any  number  of  couples  acting  in 
any  planes  on  a  rigid  body. 

Let  the  axes  of  the  couples  be  all  drawn,  each  in  its  proper 
sense  according  to  the  rule  (/3),  at  the  same  point,  0  (Fig.  228), 
and  let  each  axis  be  resolved  into  three  components  along 
rectangular  axes  Ox,  Oy,  Oz%  drawn  through  0.  Let  L  =  the 
sum  of  the  axes  in  the  direction  Ox ;  then  L  is  the  axis  of  the 
component  of  the  resultant  couple  in  the  plane  yz.  Let  M  and 
N  be  the  sums  of  the  axes  in  the  directions  Oy  and  Oz,  re- 
spectively.    Then,  if  6  is  the  resultant  axis, 

0  =  SL*  +  M2+N*9  (1) 

and  if  A,  /a,  v  are  the  direction  angles  of  (?, 

v       L  M  N  ,  . 

cosAss-^j    cos/i  =  -T>    coei>==-^>  (2) 

equations  which  are  exactly  analogous  to  (2)  and  (3)  of  Art.  198. 

The  axes  of  couples  are,  therefore,  compounded  and  resolved  in 
the  same  manner  as  forces.  There  is  this  difference  between 
forces  and  couples,  that,  while  any  number  of  couples  in  any 
planes  whatever  always  result  in  a  single  couple,  any  number  of 
forces  cannot,  in  general,  be  replaced  by  a  single  force,  and  this 
difference  results  from  the  vectorial  nature  of  the  axis  of  a 
couple. 

(e)  A  force  and  a  couple  acting  on  a  rigid  body  cannot 
produce  equilibrium. 

For,  let  the  couple  be  so  transferred  that  one  of  its  forces,  P, 
acts  at  a  point  on  the  line  of  action  of  the  force,  R.    Then  li 
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and  P  at  this  point  compound  a  single  force  which,  in  general, 
->  does  not  intersect  the  other  force  of  the  couple.    Therefore,  &c 

A  force  and  a  couple  acting  in  the  same  plane  are,  of  course, 
equivalent  to  a  single  force. 

201.]  Virtual  Work  of  a  Couple.  Let  a  couple  act  on  & 
~*  rigid  body  which  receives,  or  is  imagined  to  receive,  any  small 

displacement  whatever.  It  is  required  to  find  the  work  done 
by  the  couple  in  the  displacement. 

It  will  be  shown  subsequently  that  any  displacement  of  the 
body  may  be  produced  by  a  motion  of  translation  which  is 
the  same  for  all  its  points,  accompanied  by  a  motion  of  rotation 
round  an  axis  through  an  angle  which  is  the  same  for  all  its 
points. 

Now  since  the  forces  of  the  couple  are  equal  and  in  opposite 
senses,  it  is  obvious  that  the  sum  of  their  works  in  any  motion 
of  translation  is  zero. 

Again,  resolve  the  motion  of  rotation  into  one  round  an  axis 
perpendicular  to  the  plane  of  the  given  couple,  and  one  round 
an  axis  in  the  plane  of  the  couple.  It  is  obvious  that  the  latter 
displacement  will  not  be  productive  of  work  done  by  the  couple, 
since  the  forces  constituting  it  may  be  supposed  to  act  at  the 
points  in  which  they  intersect  the  axis  of  this  component 
rotation. 

There  remains  only  the  rotation  round  an  axis  perpendicular 
to  the  plane  of  the  couple.  Suppose  0  (Fig.  88,  Art.  79)  to 
be  the  point  in  which  this  axis  intersects  the  plane  of  the 
couple,  and  let  50  be  the  angular  rotation  round  the  axis, 
measured  in  the  sense  of  the  rotation  of  the  couple.  Then  the 
displacements  of  m  and  n  are  Om  xb$  and  OnxbO,  respectively, 
so  that  the  work  done  by  the  forces  is  P  (Om .  b  $  +  On .  8  0),  i.  e., 

P.h.hB,  or  G.hO, 

where  G  (  =  P.  h)  =  the  moment  of  the  couple. 

202.]  Theorem.  A  force  acting  on  a  rigid  body  in  a  given  right 
line  can  always  be  replaced  by  an  equal  force  acting  at  any  chosen 
point  together  with  a  couple. 

Let  a  force  P  (Fig.  231)  act  at  a  point  A,  and  let  0  be  the 
chosen  point.  At  0  introduce  two  forces,  P  and  P',  opposite 
to  each  other  and  each  equal  and  parallel  to  P.  Then  P  at 
A  and  P'  at  0  may  be  taken  to  constitute  a  couple  whose 
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moment  is  Ppy  p  being  the  perpendicular  from  0  on  the  line 
of  action  of  P  at  A.  There  remains,  then,  the  force  P  at  0; 
and  this  force  together  with  the  couple 
may  replace  P  at  A. 

Let  the  axis  of  this  couple  be  drawn 
at  0 ;  let  x,  y,  z  be  the  co-ordinates  of 
A  with  respect  to  a  rectangular  system 
of  axes  drawn  through  0  ;  and  let  a,  /8,  y 
be  the  angles  which  the  direction  of  P 
makes  with  the  axes  of  x,y,  z,  respectively. 


Fig.  231. 


X      V     z 

The  direction-cosines  of  OA  are  -  >  -  >  - >  where  0 A  =  r%  and 

r     r    r  ' 

it  is  easy  to  prove  that  the  direction-cosines  of  the  axis  of  the 
couple  (which  is  at  once  at  right  angles  to  OA  and  to  P)  are 

ycosy— #cosj3       2  cos  a— #  cosy       #cos£— ycosa 

-  ,  -  ^ 

J>  P  P 

Hence,  the  axis  of  the  couple  being  equal  to  Pp,  the  projections 
of  the  axis  on  the  axes  of  0,  y,  and  z  are 

P(ycosy  — scos/3),  P  (2  cos  a -a?  cosy),   P  (x  cos  0—  y  cos  a) ; 
but  it  is  clear  from  (y),  Art.  200,  that  these  are  the  axes  of  the 
component  couples  in  the  planes  yz,  zx,  and  xy,  into  which  the 
couple  Pp  can  be  resolved.     Putting  Pcosa  =  X,  Pcos0  =  7, 
P  cos  y  =  Z,  we  see  that  the  three  couples  are 

^-Ts,  X^r-^p,    Yx-Xy.  (l) 

The  force  P  at  0  may  also  be  replaced  by  its  three  components, 

X,  T,  £  (2) 

There  is  another  way  in  which  the 
reduction  is  sometimes  effected. 

Let  P  at  A  be  resolved  into  its  three 
components,  X,  Y,  #,  let  the  line  of 
Z  meet  the  plane  (xy)  in  jV,  and  let 
Z  at  -4  be  transferred  to  i^.  Let  fall 
Nn  perpendicular  to  Ox ;  at  n  introduce 
two  opposite  forces  Z"  and  Z'",  each 
equal  and  parallel  to  Z\  and  at  0  in- 
troduce two  opposite  forces,  Z  and  Z', 
each  equal  and  parallel  to  Z,    Now  the  jftg.  33a. 

senses  of  positive  rotation  in  the  planes 

xy,  yz,  zx  being  those  indicated  by  the  arrows,  the  forces  Z  at  N 
and  Z'"  at  n  form  a  couple  whose  moment  is 
Zy  parallel  to  plane  yz ; 
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and  the  forces  Z*  at  0  and  Z"  at  n  form  a  couple  whose  moment  is 

—Zx  parallel  to  the  plane  zx; 
and  in  addition  to  these  there  is  the  force  Z  at  O. 

Similarly,  the  force  X  at  A  can  he  replaced  by  X  at  0  together  with 
two  couples,  Xz  and  —  Xy,  parallel  to  the  planes  zx  and  xy,  respect- 
ively; and  the  force  Y  at  A  can  be  replaced  by  Y  at  O  together 
with  the  couples  Yx  and  —  Yz  parallel  to  the  planes  xy  and  yz. 

Hence  P  at  A  is  replaced  by  the  forces  X,  Y,  Z  at  0  and  the 
couples  Zy—Yz,  Xz—Zx,  and  Yx—Xy,  parallel  to  the  planes  yz, 
zx,  and  xy,  respectively. 

203.]  Parallel  Forces.  Suppose  a  rigid  body  to  be  acted  on 
by  any  number  of  parallel  forces  applied  at  given  points  in  the 
body.  Take  any  origin,  0,  of  co-ordinates,  and  through  it  draw 
three  rectangular  axes,  that  of  z  being  parallel  to  the  common 
direction  of  the  forces.  Then  the  force  Pv  acting  at  (xx,  yv  zx) 
may  be  replaced,  as  in  last  Art.,  by 

Px  at  0  along  Oz, 
and  ttie  couple*  Ply1  and  —  P1w1 

parallel  to  the  planes  yz  and  zx. 

Replacing  each  force  in  this  manner,  the  whole  system  will  be 
equivalent  to  a  force 

P1  +  P1+...  +  P«  or  SPatO, 
together  with  the  couple 

Pi9i  +  **h  +  —  +P»9m  or  2P^, 
parallel  to  the  plane  yz,  and  the  couple 

— P1*i-P2«2-...-Pl,r»   or    -2Par, 
parallel  to  the  plane  zx. 

These  two  couples  compound  a  single 
couple  whose  axis  is  found  by  drawing 
OL  =  2Py,  on  any  scale,  and  OM  (in 
4  a  the   negative    sense    of   the  axis  of 

y)  =  2P#,  on    the   same    scale,    and 

completing  the  parallelogram  OLGM 

y     (Fig-  ^33).     If  06,  the  diagonal,  is 
denoted  by  G, 

6  G  =  •(SP*J»  +  (SPj)t 

Kg-  *33-  and  22  =  2P, 

R  being  the  resultant  force. 
204.]  Centre  of  Parallel  Forces.     Since  the  resultant  of  two 
parallel  forces,  Px  and  Pa,  acting  at  the  points  Ax  and  J2  divides 
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A  a       P 
the  fine  AXA%  in  a  point  g  such  that  ~-  =  ~  >  and  since,  by 

-^       A 
elementary  geometry  (see  Art.  84),  the  distance  of  g  from  any 

plane  =  — ^ — ^-8  >  where  a?x  and  #2  are  the  distances  of  Ax 

and  A2  from  this  plane,  it  followB,  by  repeating  this  construction, 
that  the  distances,  x,  y,  z,  of  the  centre  of  parallel  forces  from  the 
planes  yz>  ex,  and  xy  are  given  by  the  equations 
__2P*     __2ity      __2Ps 

205.]  Conditions  of  Equilibrium  of  a  System  of  Parallel 
Forces.  A  system  of  parallel  forces  has  been  reduced  (Art.  203) 
to  a  single  force,  22,  and  a  single  couple,  0.  Now  since  these 
cannot  in  combination  produce  equilibrium  (*,  Art.  200),  we  must 
have  B  =  0,  and  6  =  0,  separately. 

Since  G  cannot  be  =  0  unless  2P#  =  0  and  2Py  =  0,  the  con- 
ditions of  equilibrium  are 

5=0,  (1) 

J,Px  =  0,  2Py  =  0.  (2) 

Dep.  The  moment  of  a  force  with  respect  to  a  plane  to 
which  it  is  parallel  is  the  product  of  the  force  and  its  perpen- 
dicular distance  from  the  plane. 

Hence  for  the  equilibrium  of  parallel  forces — The  sum  of  the 
forces  must  vanish,  and  the  sum  cf  their  moments  with  respect  to 
every  plane  parallel  to  them  must  also  vanish. 


Examples. 

1.  A  heavy  triangular  table,  ABC,  is  supported  horizontally  on 
three  vertical  props  at  the  vertices ;  prove  that  the  pressures  on  the 
props  are  equal. 

Let  P,  Q,  R  be  the  pressures  at  A,  B9  C,  and  let  a  vertical  plane 
through  A  and  the  centre  of  gravity  of  the  table  cut  the  side  BO  in  a, 
its  middle  point.  For  equilibrium  the  sum  of  the  moments  of  the 
forces  Pj  Q,  R,  and  W  (the  weight  of  the  table)  with  respect  to  this 
plane  must  =  0.  But  the  moments  of  P  and  W  are  each  =  0,  since 
these  forces  lie  in  the  plane.  Hence  the  moments  of  Q  and  R  are 
equal  and  opposite.  Now  the  distance  of  Q  from  the  plane  =2fa. 
sin  AaB,  and  the  distance  of  B  =  (7a. sin  AaC;  and  since  Ba  =  Ca, 
these  distances  are  equal.  Therefore  Q  =  R ;  and  similarly  it  can  be 
shown  that  R  =  P;  therefore,  &c. 
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2.  A  heavy  triangular  plate  bangs  in  a  Horizontal  plane  by  means 
of  three  vertical  strings  attached  to  its  vertices  ;  at  what  point  in  its 
area  most  a  given  weight  be  placed  so  that  the  system  of  strings  may 
be  least  likely  to  break  ? 

Ana.  At  the  centre  of  gravity  of  the  board.     For  if  W  =  the 
weight  of  the  board  and  P  the  sustained  weight,  we  have 

P+Q+B=W+P, 

or  the  sum  of  the  tensions  is  constant,  wherever  P  is  placed.  Hence 
if  any  one  is  less  than  £  (W+P),  Borne  other  must  be  greater  than 
this  value.  It  is  evident,  therefore,  that  the  best  arrangement  makes 
each  tension  =  £  (W+P);  but  this  happens  (as  proved  in  last 
example)  when  P  is  placed  at  the  centre  of  gravity. 

3.  A  heavy  elliptic  cylinder  is  sustained  in  a  vertical  position  by 
three  props  applied  at  three  points  on  the  circumference  of  its.  base ; 
how  should  the  props  be  placed  in  order  that  the  cylinder  may  be 
least  likely  to  be  upset  1 

Let  the  base  of  the  cylinder  have  any  form,  ABC  (Fig.  234),  and  let 
G  be  the  projection  of  its  centre  of  gravity  on  the  plane  of  the  base. 
Then,  if  the  props  are  applied  at  A,  B,  and  C, 
the  perpendiculars  from  0  on  the  sides  of  the 
triangle  ABC  must  be  all  equal  when  the 
equilibrium  is  most  stable.  For,  suppose  that 
the  cylinder  is  about  to  be  upset  round  the 
line  AB ;  then  the  moment  of  the  force  re- 
quired to  upset  it  is  W.p,  where  W  is  the 
weight  of  the  cylinder  and  p  the  perpendicular 
Fig.  234.  from  G  on  AB.     Again,  suppose  that  the 

cylinder  is  about  to  be  upset  about  AC; 
then  the  moment  of  the  force  required  to  upset  it  is  W.q,  where 
q  is  the  perpendicular  from  G  on  AC.  Hence  if  p  and  q  are  unequal, 
advantage  will  be  gained  by  increasing  the  smaller  of  them,  even 
though  the  greater  must  be  consequently  diminished ;  and  it  follows 
that  the  maximum  advantage  is  gained  when  p  and  q  are  equal. 
In  the  same  way  it  can  be  shown  that  the  perpendicular  from  G  on 
BC  must,  in  the  most  advantageous  case,  be  equal  to  that  from  G 
on  AB;  and  therefore  the  perpendiculars  from  G  on  the  sides  ABC 
must  be  all  equal. 

Hence  the  problem  amounts  to  inscribing  in  a  given  curve  a 
triangle  on  the  sides  of  which  the  perpendiculars  from  a  given  point 
shall  be  equal.  In  the  particular  case  in  which  the  base  is  an  ellipse, 
we  have  to  find  a  circle  concentric  with  the  ellipse,  such  that  a 
triangle  circumscribed  to  the  circle  shall  be  inscribed  in  the  ellipse. 
Now  (Salmon's  Conic  Sections,  p.  330,  5th  edition),  let  the  ellipse 

x     t/8 
have  for  equation  -5  +  7,— 1  =  0,   and   the  circle  a^+y'— r*=0; 

x*     u* 
then  the  discriminant  of  *(«* +y*— ^  +  -7+^—  1  =  0  is 
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and  the  required  condition  being  0"  =  4^.0',  we  have  two  values 

ab  oh 

for  r,  namely,  r,  = t;  and  r2  = •    The  first  value  alone  is 

a-J-o  a — 6 

admissible,  because   — r>6,  and  the  circle  in  this  case  either  cuts 
a — o 

the  ellipse  or  entirely  encloses  it. 

Since  an  infinite  number  of  triangles  can  be  inscribed  in  the  ellipse 

ab 

and  circumscribed  to  the  circle  of  radius (Salmon,  ibidX  the 

a  +  o 

problem  is  capable  of  an  infinite  number  of  solutions.     It  is  easy  to 

see  that  in  the  cases  in  which  it  is  possible  to  have  a  real  system  of 

in-  and  circum-  scribed  triangles  for  the  ellipse  and  the  circle  of  radius 

ab 
r,  the  centre  of  the  ellipse  is  outside  the  area  of  the  triangle. 

This  circle  is,  therefore,  irrelevant  to  our  question. 

4.  A  heavy  square  board,  A  BCD,  of  uniform  thickness,  is  hung  by 
three  vertical  strings,  one  of  which  is  attached  to  a  corner,  A,  of  the 
board  The  plane  of  the  board  being  horizontal,  find  the  points, 
E  and  F,  in  the  area  to  which  the  other  two  strings  should  be 
attached  in  order  that  it  may  be  most  difficult  to  overturn  the  board 
by  placing  a  weight  anywhere  on  it. 

It  is  evident  that  advantage  is  gained  by  taking  the  points  E  and 
F  on  the  edges  of  the  board. 

Assume  AE  to  be  the  direction  of  the  line  joining  the  points  of 
application  of  two  of  the  strings,  and  suppose  that  a  weight,  P,  placed 
somewhere  in  the  area  ABE  is  on  the  point  of  overturning  the  board 
about  the  line  AE.  Then  the  tension  of  the  string  at  F  =  0 ;  and  if 
W  is  the  weight  of  the  board,  acting  at  G,  the  weight  P  required  to 
upset  it  is  distance  of  G  from  AE 

distance  of  P  from  AE 

Hence  the  greater  the  distance  of  P  from  AE,  the  less  the  requisite 
value  of  P,  or,  in  other  words,  the  more  easily  will  the  board  be  upset. 
It  is  evident,  therefore,  that  the  applied  weight  should  be  placed  at  B  ; 
and  in  the  same  way,  if  the  board  is  to  be  upset  round  the  lines  AF 
and  FE,  the  applied  weights  should  be  placed  at  the  corners  D  and  C, 
respectively. 

Again,  in  the  arrangement  of  greatest  advantage,  the  board  is 
upset  with  equal  ease  round  each  of  the  lines  AE,AFt  and  FE.  For, 
if  it  be  more  easily  upset  round  one  of  these  lines  than  round  another, 
advantage  will  be  gained  by  making  it  a  little  more  stable  with 
regard  to  the  first.  Hence,  since  the  weights  placed  at  B,  Dt  and  C 
are  all  equal,  we  have 
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distance  of  G  from  AE  __  distance  of  O  from  AF  _  distance  of  O  from  EF 
distance  of  B  from  AE  ~~  distance  of  D  from  AF"  distance  of  C  from  EF 
The  angles  EAB  and  FAD  are,  therefore,  equal,  and  each 
sztan-^v'i-l). 

5.  A  heavy  elliptic  table  is  supported  on  three  vertical  props ;  how 
must  they  be  placed  so  that  it  may  be  most  difficult  to  upset  the  table 
by  placing  a  weight  on  it  1 

Ans.  The  props  must  be  placed  at  three  points,  A,  B,  C,  on  the 
circumference  of  the  ellipse  ;  and  if  y  is  the  eccentric  angle  of  C$  that 
of  B  is  f  tf  +  y,  and  that  of  A  is  £w  +  y.  The  weight  which,  most 
advantageously  applied,  will  then  just  upset  the  table  is  half  its  own 
weight. 

This  may  be  seen  as  follows.  Assuming  any  line  in  the  area  as  the 
line  joining  two  props,  the  least  weight  that  will  be  required  to  upset 
the  table  must  be  placed  at  the  point  of  contact  of  a  tangent  parallel 
to  the  assumed  line,  since  the  weight  will  have  maximum  leverage  at 
this  point.  Also,  it  must  be  equally  easy  to  upset  the  table  round 
the  three  lines  AB,  BC,  CA  ;  that  is,  the  requisite  weights  placed  at 
C,  Af ,  ff ,  the  points  of  contact  of  the  tangents,  must  be  all  equal. 
If,  then,  x,  y,  z  be  the  perpendiculars  from  the  centre  on  the  lines 
BC,  CA,  AB,  and  P,  Q,  B  the  perpendiculars  on  the  parallel  tangents, 
we  must  have  x  y  z 

or  if  a,  p,  y  be  the  eccentric  angles  of  A,  B,  C, 

a— $  fi—y  a—y 

cos — —  cos  ■  —  cos     ■  ■  ■ 


a — 1&  &—y  cl — y 

1— cos— —      1—  cos— — —       l+cos---^ 

a  negative  sign  being  used  in  the  last,  since  (y,  /9,  a  being  in  ascend- 
ing order  of  magnitude)  —2-  is  evidently  >-•     Hence  /3  =  -w  +  y, 

4  .  x 

a  =  -  «r+y ;  and  the  weight  required  to  upset  the  table  =  W  = — -  3 

or  J.  W.  Any  one  position  of  C  is,  therefore,  as  good  as  any  other; 
and  if  C  is  made  the  extremity  of  either  axis,  the  line  AB  is  parallel 
to  the  other  at  a  distance  equal  to  \  of  the  first  axis  from  it 

6:  A  rectangular  board  is  held  with  its  plane  horizontal  by  three 
vertical  strings  attached  to  three  of  its  corners  ;  find  the  point  in  its 
area  at  which  a  weight  must  be  placed  so  that  the  tensions  of  the 
strings  shall  be  given  multiples  of  the  weight  of  the  board. 

Ans.  Let  W  be  the  weight  of  the  board;  let  the  strings  be 
applied  at  the  corners  A,  B,  C;  let  AC  =  2a,  AB  =  2b ;  and  let  the 
tensions  of  the  strings  at  A,  B,  C  be  IW,  mW,  nW,  respectively. 
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Then  the  weight  most  be  placed  at  a  point  whose  distances  from  AB 

andiiffare  2n-l  y  2m- 1       , 

= •<*    and    z .& 

l+tn+n—  1  Z  +  m+n—  1 

The  magnitude  of  the  weight  is,  of  course,  (l+m+n—  1)  TT. 

7.  A  uniform  circular  lamina  is  placed  with  its  centre  upon  a 
prop  ;  find  at  what  points  on  its  circumference  three  weights,  tolt  wt, 
te8,  must  be  placed  that  it  may  remain  at  rest  in  a  horizontal  position 
(Walton's  Mechanical  Problems,  p.  73). 

Arts.  The  angles  which  the  weights  subtend  in  pairs  at  the  centre 
of  the  lamina  are  the  supplements  of  the  angles  of  a  triangle  whose 
sides  are  proportional  to  the  weights. 

206.]  Eeduotion  of  a  System  of  Forces  acting  in  any 
manner  on  a  Bigid  Body.  Let  any  origin,  0  (Fig.  232),  be 
assumed  arbitrarily,  and  let  any  system  of  rectangular  axes,  Ox, 
Oy,  and  Oz,  be  drawn  through  it.  If,  then,  forces  Pv  P2,  P3,... 
act  on  the  body  at  points  whose  co-ordinates  are  (xv  yv  zx), 

(*s>  9vzi)>  {xi>  &'  *s)>-"  eacn  force  can  1*  replaced  by  three 
components  acting  at  0  along  the  axes,  together  with  three 
couples  whose  axes  coincide   with  the  co-ordinate   axes.     The 
force  Pv  for  example,  is  equivalent  to  Xv  Tx,  Zx  at  0  and  three 
couples,  Zxyx  —  Yxzv  Xxzx—Zxxv  and  Yxxx— Xxyv    Adding  the 
components  of  the  forces,  and  also  the  axes  of  the  couples,  in  the 
directions  Ox,  Oy,  and  Oz,  the  whole  system  of  forces  is  equiva- 
lent to  the  force  2X  along  Ox, 
»        27    „      Oy, 
and  „        2Z    „      Oz; 
and  the  system  of  couples  is  equivalent  to 

the  couple  2  {Zy—  Tz),  or  L,  in  the  plane  yz, 

„        2  (3k— Zx),  or  M,  „  zx, 

and  „        2  (7ar- Xy),  or  N,         „  xy. 

(Of  course  the  axes  of  L,  M,  N  are  drawn  along  the  axes  of 
x,  y,  and  z,  respectively.) 

Hence  if  R  be  the  magnitude  of  the  resultant  of  translation, 

R=  */(22[)*  +  (2l7  +  (2£)*; 
and  if  6  be  the  magnitude  of  the  resultant  couple, 
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The  direction-cosines  of  R  are  -^- ,   — ~  i   and  -=-  ;   and  those 

fr        L     M         .N         R       R  B 

of  6  are  -77  >  -77- 1  and  -~  • 

Cr        (j  Cr 

Thus,  any  system  of  forces  acting  on  a  rigid  body  can  be  replaced 
by  a  single  resultant  force  acting  at  an  arbitrary  origin^  the  magni- 
tude and  direction  of  this  force  being  the  same  for  all  origins,  and  a 
single  resultant  couple  the  magnitude  and  direction  of  whose  axis 
are  both  dependent  on  the  origin  chosen. 

It  has  been  already  remarked  (Art.  200)  that  G  is  not  only 
the  axis  of  the  resultant  couple  (corresponding  to  a  resultant 
force  acting  at  0),  but  also  the  sum  of  the  moments  of  the 
forces  about  a  line  at  0  drawn  in  the  direction  of  G  ;  and  since 
the  axes  of  couples  have  been  proved  to  follow  the  parallelopiped 
and  parallelogram  laws,  it  follows  that  the  sum  of  the  moments 
of  the  forces  about  this  line  is  greater  than  the  sum  of  their 
moments  about  any  other  line  at  0 ;  and  also  that  the  sum  of 
the  moments  of  the  forces  about  any  other  line  through  0  is  the 
resolved  part  of  G  in  the  direction  of  this  line. 

Remark.  The  magnitude  and  direction  of  G  are  constant  at 
all  points  along  the  same  right  line  parallel  to  R.  For  R  may 
be  supposed  to  act  at  any  point  in  this  line,  and  the  vector  G 
may  be  moved  parallel  to  itself  to  the  point  at  which  R  is 
supposed  to  act.  The  axis  G  is  called  the  axis  cf  principal 
moment  at  0. 

207.]  Moment  of  a  Force  round  any  Line.  Let  a  force  of 
given  magnitude  act  in  a  given  direction  at  a  given  point  A, 
and  let  its  moment  be  required  about  a  given  right  line  passing 
through  a  given  point  P.  With  reference  to  any  three  rect- 
angular axes,  let  (w9  y,  z)  be  the  co-ordinates  of  A ;  let  (£,  rj,  () 
be  those  of  P ;  and  let  (X,  T9  Z)  be  the  components  of  the  force. 

Then  the  moment  of  the  force  round  a  line  through  A  parallel 
to  the  axis  of  a?  is  Z(y—ri)  -  T{z  -  f), 

while  its  moments  round  the  lines  through  A  parallel  to  the 
axes  of  y  and  z  are,  respectively, 

X(s-0-#(*-£)and  T(m-Q~Hj-ti). 

Denote  these  component  moments  by  2/,  Jf,  Nt  respectively. 
Then,  if  the  line  through  A  about  which  the  total  moment  is 
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required  makes  angles  whose  direction-cosines  with  the  axes  of 
reference  are  /,  m,  n,  the  required  moment  is 

IL  +  mM+nK 
208.]  Poinsot's  Central  Axis.  Any  system  of  forces  acting 
on  a  rigid  body  has  been  proved  to  be  equivalent  to  a  single 
resultant  force,  R,  acting  at  an  arbitrary  origin,  0,  and  a  single 
resultant  couple,  G.  Let  <f>  be  the  angle  between  R  and  G,  and 
resolve  G  into  two  components,  OK  and  On  (Fig.  235)  along  and 
perpendicular  to  R,  respectively.  On  is  the  axis  of  a  couple  in 
the  plane  ROx,  perpendicular  to  On. 
Now  let  each  force  of  this  couple  be 
made  equal  to  R>  and  the  arm,  OP  *, 

On 
is  consequently  equal  to  -^-;  that  is, 

esin*  (1) 


OP: 


R 


Fig.  J35- 


One  of  these  forces  may  be  applied 
at   0  to  destroy  the  resultant,  R,  at 

this  point,  and  there  finally  remains  a  resultant  force,  R,  at  P 
along  PT  (parallel  to  OR),  together  with  a  couple  whose  axis 
is  OK,  or  (?  cos  <J>.    Denoting  OK  by  K,  we  have  then 

Z=Gcos<J>.  (2) 

The  axis  OK  may,  of  course,  be  drawn  at  P  along  PT  [(a), 
Art.  200]. 

Hence  the  whole  system  offerees  is  equivalent  to  a  resultant  force 
equal  to  R  acting  along  the  line  PT  and  a  couple  in  a  plane  per- 
pendicular to  this  line. 

The  line  PT  thus  determined  is  called  Poinsofs  Central  Axis. 

To  construct  Poinsot's  Central  Axis  for  any  system  of  forces — 

Reduce  the  forces  to  a  resultant  force,  OR,  acting  at  any  origin,  0, 

and  a  couple  whose  axis  is  OG ;   then  on  a  line  perpendicular  to 

the  plane  of  OR  and  OG  measure  off  a  length,  OPf,  equal  to 

G  sin  <b 

— =— -»  where  <f>  is  the  angle  between  OR  and  OG.    A  line  through 

the  point  P  parallel  to  OR  is  the  required  Central  Axis. 


*  The  point  P  should  be  represented  on  the  production  of  the  line  xO  through 
0,  according  to  the  convention  of  Art.  200.  The  inaccuracy  in  the  figure  was 
detected  too  late  for  correction. 

f  The  sense  of  OP  is  determined  by  the  convention  of  Art.  200. 
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209.]  Theorem.  A  given  system  of  forces  has  but  one  Central 
Axis. 

This  important  proposition  may  be  proved  ex  absurdo  thus : — 
Whatever  origin  be  chosen,  the  resultant  force  acting  at  it  is 
constant  both  in  magnitude  and  in  direction.  Now,  if  it  be 
possible,  let  the  system  of  forces  be  equivalent  to  a  resultant  B 
acting  at  0  and  a  couple  whose  axis  is  OK,  and  also  to  a  re- 
sultant force  B  acting  at  O  and  a  couple  whose  axis  is  CfK\  the 
lines  OK  and  OK  being,  of  course,  in  the  direction  of  B.  Then 
it  is  evident  that  the  force  B  at  0  and  the  couple  OK  should 
equilibrate  the  reversed  force  B  and  reversed  couple  OK,  at  O. 
But  the  couples  give  a  single  couple,  0K<^OK',  and  the  forces 
give  also  a  couple  which,  being  in  a  plane  perpendicular  to  the 
first  couple,  cannot  with  it  produce  equilibrium.  Therefore,  &c. 
Since  this  axis  is  unique,  equation  (2)  of  the  last  Article  shows 
that  for  all  origins  the  quantity  G  cos  <f>,  or  the  projection  cftke 
axis  cf  the  resultant  couple  along  the  direction  of  the  resultant  force 
is  constant,  and  equal  to  Poinsofs  moment. 

210.]  Theorem.  The  sum  of  the  moments  of  the  forces 
round  Poinsot's  Axis  is  less  than  the  sum  of  their  moments 
round  any  other  axis  of  principal  moment.  This  is,  of  course, 
evident  from  what  has  just  been  said.  The  deduction  of  the 
axis  of  principal  moment  at  any  point  from  Poinsot's  may, 
however,  for  clearness,  be  specially  exhibited. 

Let  Oz  (Kg.  236)  be  Poinsot's  Axis  and  OK  (=  K)  the 
moment  of  the  forces  round  it.     Let  O  be  any  point  in  the 

body,  and  let  it  be  proposed  to  find  the 

principal  moment  at  this  point;  (70 is 

a  line  drawn  through  O  perpendicular 

to  Poinsot's  Axis.   At  Cf  introduce  two 

equal  and  opposite  forces,  CfB  and  CfKy 

each  =  B.    Then  OB  and  OR  form  a 

couple,  whose  axis,  On,  is  perpendicular 

to   the  plane  BOOR  and    equal  to 

B .  00.   Transfer  the  axis  OK  to  OK 

(Art.  200),  and  draw  the  diagonal,  OG, 

™       g  of  the  rectangle  determined  by  On  and 

OK'.    Then  OG(=  G)  is  the  axis  of 

principal  moment  at  C,  and  it  is  evidently   >OK\     Hence 

Poinsot's  is  the  least  principal  moment. 
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211.]  Definition  of  a  Wrench  It  has  just  been  shown  that 
any  given  system  of  forces  acting  on  a  rigid  body  can  be  reduced 
to  a  single  force,  -R,  and  a  single  couple,  K,  such  that  the  axis  of 
the  couple  is  coincident  with  the  line  of  action  of  the  force,  and 
that  this  reduction,  for  the  given  force  system,  is  unique. 

A  force  acting  along  a  line  and  a  couple  whose  axis  coincides 
with  this  line  constitute  together  what  is  called  a  wrench. 

The  ratio  of  the  moment  of  the  couple,  K,  to  the  magnitude 
of  the  force,  -R,  is  evidently  a  linear  magnitude,  and  is  called 
pitch. 

The  right  line  about  which  the  wrench  takes  place,  when 
contemplated  in  conjunction  with  the  pitch,  is  called  a  screw. 

Thus,  then,  a  screw  is  a  definite  right  line  in  space  associated 
with  a  definite  pitch. 

The  right  line  itself  about  which  the  wrench  takes  place — the 
axis  of  the  wrench — may  be  denoted  by  the  symbol  a,  and  the 
pitch  associated  with  it  may  be  denoted  by  the  symbol  pa.  It  is 
evident  that  the  complete  determination  of  a  screw  (pitch  in- 
cluded) requires  five  constants,  since  the  axis  may  be  determined 
by  two  equations  of  the  forms 

x  =  az  -f  m,  y  =  bz  +  n, 
which  involve  the  four  constants  a,  m,  6,n;  while  the  pitch  is 
specified  by  another  constant. 

When  the  force  and  the  axis  of  the  couple — this  latter  drawn 
according  to  the  convention  of  Art.  200 — are  in  the  same  sense 
along  the  axis  of  the  wrench,  the  pitch  is  positive  ;  when  they 
are  in  opposite  senses,  it  is  negative. 

The  force  which  acts  in  a  wrench  is  called  by  Sir  R.  Ball 
the  intensity  of  the  wrench. 

A  force  alone  may  be  regarded  as  a  wrench  of  zero  pitch. 

A  couple  alone  may  be  regarded  as  a  wrench  of  infinite  pitch. 

212.]  Wrench  of  Two  Forces.  Let  it  be  required  to  find 
the  wrench  of  which  two  forces,  P  and  Q,  represented  in  magni- 
tudes and  lines  of  action  by  the  two  non-intersecting  lines  AP 
and  BQ  (Fig.  337),  are  equivalent. 

Let  AB  be  the  shortest  distance  between  the  lines  of  action  of 
the  two  given  forces,  and  denote  the  length  AB  by  h. 

Then,  following  the  rule  of  Art.  208,  reduce  the  forces  to  a 
resultant  acting  at  A  together  with  a  couple,  by  introducing  two 
forces,  Aq  and  A^  equal,  opposite,  and  parallel  to  Q.     Com- 

vol.  n.  0 
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pounding  AP  and  Aq,  we  get  Ar  =  R  =  resultant  force  ;  and 
drawing,  in  the  sense  determined  by  the  convention  of  Art.  200, 
An  to  represent  Q  x  h,  the  moment  of  the  couple  (BQ9  Aq)> 

the  force  and  couple  for  the 
origin  A  are  Ar  and  An.  If 
0  (on  AE)  is  any  point  on 
AB,  the  couple  correspond- 
ing to  it  is  got  by  combining 
with  An  the  axis  Am  which 
represents  RxAO,  this  line 
Am  being  perpendicular  to 
Ar  and  in  the  plane  of  the 
lines  An,  AP,  Aq\  and  if  0  is 
Poinsot's  origin,  the  result- 
ant, Ac,  of  An  and  Am  coin- 
cides in  direction  with  Ar. 


Fig.  337- 
Now  since  Acn  is  a  right  angle, 


or 


A  en      RxAO 

cos  Anc  =  —  =  -^ — j-  • 
^»       Qxh 

But  Z  ^»£  =  Z  #4r ;  .'.     Q  X  cos  Anc  =  ^, 

where  ^  is  the  foot  of  the  perpendicular  from  q  on  Ar.     Hence 

AO_Ag 

k   ~  Ar* 

AO  _  4jr  _  projection  of  Q  along  R m 

OB  ~~  gr  ~~  projection  of  P  along  R 9 

so  that  Poinsofs  origin  divides  the.  shortest  distance  between  P  and 

Q  inversely  as  the  orthogonal  projections  of  these  forces  along  the 

direction  of  their  resultant  of  translation.     Or,  again,  0  may  be 

determined  by  drawing  from  g  the  lineyO  parallel  to  the  line  rB. 

The  wrench  to  which  P  and  Q  are  equivalent  is  represented  in 
the  figure  by  (OR,  OK). 

213.]  Two  Intersecting  Rectangular  Screws.  Suppose  OX 
(Kg.  338)  to  be  the  axis  of  a  wrench  the  force  in  which  is 
represented  by  the  length  OX  (=-3T),  and  the  moment  of  the 
couple  by  OM.  If  j)x  is  the  pitch  of  this  screw,  the  moment  of 
the  couple  is  p  ,X. 

Also,  let  OT  and  OL  represent  the  force  and  couple  in  another 
wrench  intersecting  OX  at  right  angles,  and  let  p9  be  the  pitch 
of  this  second  screw. 
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It  is  required  to  find  the  resultant  wrench  to  which  these  two 
wrenches  are  equivalent. 

Replace  the  forces  X  and  Y  by  their  resultant,  OB;   and 
also    resolve    the    moments, 
OM  and    OL,  into    compo- 
nents along  and  perpendicu- 
lar to  OB. 

If  0  denotes  the  angle  BOX, 

we  shall  have  along  OB  a 

moment,    Oa  +  Oc,  equal    to 

px.Xco&6  +p9.Yrin0;   or  if 

OB  =  P,  we  have  along  OB 

P O,.  cos20  +jv  sin2*).  "*  a*8- 

Perpendicular  to  0By  the  resultant  moment  is  03—  Od,  or 
P  (py—px)  sin  0  cos  0. 

Now  a  force  OB  (=  P)  and  a  couple  whose  axis,  Ob—Od,  is 
perpendicular  to  it  are  equivalent  to  a  force  equal  and  parallel 
to  OB  at  a  distance,  0A9  from  0B9  along  the  perpendicular  to 
the  plane  of  OB  and  the  axis  of  the  couple,  such  that 
Px0A=0b-0d=:P  (p,  — px)  sin  6  cos  $  ; 

.\     OA  =  (p9—px)  sin  *  cos  &  (1) 

Hence  the  two  given  wrenches  are  equivalent  to  the  wrench 
consisting  of  the  force  P  at  A  and  the  couple  whose  axis 
AF=  P  (px . cos2 0+pf . sin2 6) ;  so  that  if  pd  denotes  the  pitch 
of  the  resultant  screw, 

p$  =/?x.cos2  6  +j0r.sin2  0.  (2) 

The  whole  process  may,  of  course,  be  reversed ;  i.e.  starting 
with  the  single  wrench  about  the  screw  AP,  we  may  resolve  it 
in  an  infinite  number  of  ways  into  a  pair  of  wrenches  about  two 
intersecting  rectangular  screws.  The  positions  of  these  screws  may 
be  assigned  by  the  distance  OA  and  the  angle  0;  and  when  this  is 
done,  the  component  pitches,  px  and  py,  are  given  by  (1)  and  (2). 

214.]  The  Cylindroid.  Given  two  intersecting  rectangular 
screws,  it  is  required  to  find  the  locus  of  all  screws  which  result 
from  wrenches  of  any  variable  intensities  about  these  two  given 
screws.  That  is,  given  two  right  lines,  OX  and  OT,  and  two 
linear  constants,  pm  and  p9,  associated  with  them,  if  a  wrench  in 
which  the  force  is  X  and  the  couple  px.X  act  about  OX,  the 
magnitude  X  being  anything  whatever ;   and  if  a  wrench  in  . 
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which  the  force  is  Y  and  the  couple  p9 .  Y  act  about  OY,  the 
magnitude  Y  being  also  anything  whatever ;  find  what  surface 
is  traced  out  by  the  axis  of  the  resultant  wrench,  as  X  and  Y  are 
separately  or  simultaneously  varied  in  any  manner. 

Taking  OX  and  OY  (Fig.  238)  as  axes  of  x  and  y,  and  OJ, 
their  common  perpendicular,  as  axis  of  z,  the  equations  of  AP 
are  obviously 

z  =  (p9—j>x)  sin  0  cos  0,  (1) 

y  =  a?  tan  6,  (2) 

the  angle  0  depending  on  the  magnitudes  X  and  Y. 
Hence,  whatever  0  may  be,  we  have 

z{x*+y*)-(p,-px)xy  =  0,  (a) 

which  is  the  equation  of  the  surface  traced  out  by  the  line  AP 
as  X and  Tare  varied.     This  surface  is  called  the  Cylindroid. 

215.]  To  construct  the  Cylindroid.  Easy  methods  of  con- 
structing the   cylindroid  at   once   present  themselves.      It  is 

sufficient  to  give  one.  Taking 
two  rectangular  axes,  Ox  .and 
Oy,  and  a  perpendicular,  Ozy 
to  them,  we  are  to  imagine  a 
right  line  which  begins  by 
lying  along  Ox  to  travel  up 
along  Oz,  while  it  always 
remains  parallel  to  the  plane 
xy  and  rotates  round  Ozy  the 
angle,  0,  through  which  it  has 
rotated,  and  the  corresponding 
distance,  z>  through  which  it 
has  risen  being  connected  by 
equation  (1)  of  last  Article. 

Let  PM  (Pig.  239)  be  any 
position  of  the  moving  line, 
its  projection  on  the  plane  of  xy  being  0m9  and  LmOx  =  0. 
Then,  putting  py—px  =  2i9  we  have 

OP  =  h  sin  2  0. 
Draw    Oa  bisecting  the  angle  xOy9  and   equal  to  2/4,  and 
describe  a  circle  on  Oa  as  diameter,  c  being  its  centre,  and  Om 
meeting  it  in  m.     From  m  draw  the  chord  mpn  perpendicular  to 
Oa.    Then  sin  20  =  cos  2  mcp  ;  .-.  OP  =  cp. 


Fig.  239. 
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When  0  =  -  =  xOa,  OP  is  greatest  and  equal  to  h,  and  the 

moving  line,  zA,  is  then  parallel  to  Oa,  the  distance  Oz  being 
equal  to  k.     Hence  Pz  =  ap. 

Thus  we  get  a  simple  method  of  constructing  the  surface  : — 
Divide  up  the  whole  diameter  aO  into  any  number  of  parts,  ap, 
&c.  (equal  for  simplicity).  On  the  axis,  Oz,  take  the  length 
Oz  =  oa  =  radius  of  circle ;  beginning  with  the  point  z,  measure 
off  parts,  zP,  &c.,  successively  equal  to  the  parts  ap,  &c. ;  then 
through  any  point,  P,  on  Oz  draw  two  parallels,  PM  and  PN,  to 
the  lines  Om  and  On,  joining  0  to  the  extremities  of  the  corre- 
sponding chord  of  the  circle. 

The  ruled  surface  traced  out  thus  by  all  the  pairs  of  lines,  such 
as  PM  and  PN,  is  the  cylindroid. 

It  is  obvious,  of  course  from  the  equation  z  =  h  sin  20,  that 
through  each  point  P  on  the  axis  Oz  there  are  two  generators, 
which  coincide  at  the  point  z  with  a  parallel  to  Oa.     When  P 

IT 

moves  upwards  from  0  along  Oz,  6  runs  from  0  to  ,  until  z  is 
reached ;  when  6  increases  beyond  -,  the  moving  point  P  de- 
scends from  z  towards  0,  and  in  its  descent  gives  the  second 

IT 

generator  PN&t  P,  which  is  parallel  to  On.    When  6  =  - ,  P  is 

at  0  and  the  generator  is  Oy.    As  0  increases  beyond  -,  the 

moving  point  P  travels  downwards,  along  0/,  until  0  =  }*, 
when  /  is  reached,  0/  being  equal  to  h,  and  the  generator  being 
zf  If,  which  is  parallel  to  the  tangent  at  0  to  the  circle.  As  6 
increases  beyond  |  it,  the  moving  point  moves  up  again  towards 
0,  which  it  reaches  when  0  =  tt,  the  generator  then  coinciding 
with  Ox,  its  original  position.  Thus  all  through  the  motion  the 
generator  has  continuously  revolved  in  the  same  sense — counter 
clockwise. 

Another  way  of  looking  at  the  matter  is  this— imagine  a  pair 
of  scissors  placed  with  the  rivet  at  z  and  the  blades  closed 
and  coinciding  with  A'zA\  then  let  the  rivet  be  gradually 
brought  down  along  zO  while  the  blades  gradually  open  in  such 
a  way  that  when  they  are  parallel  to  a  pair  of  chords  Om  and 
On,  the  rivet  has  descended  through  a  distance  equal  to  ap. 
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(A  vivid  figure  of  the  cylindroid  will  be  found  in  Ball's  Theory 
of  Screws.) 

216.]  Angle  between  two  Screws.  In  order  to  make  our 
equations  in  the  sequel  universally  applicable  without  ambiguity, 
it  becomes  necessary  to  give  a  definite  meaning  to  the  angle 
between  two  screws,  since  a  priori  the  expression  is  not  definite. 

The  following  definition  of  the  angle  between  two  screws  will 
be  found  to  be  of  universal  application  whether  the  pitches  are 
both  positive,  or  both  negative,  or  one  positive  and  the  other 
negative : — 

Let  the  axis  of  each  screw  be  marked  with  an  arrow-head 
pointing  in  the  sense  in  which  the  force  acts  along  the  screw. 
The  two  screws  being  denoted  by  a  and  0,  place  a  watch  with 
its  back  towards  a  and  its  face  towards  (3,  the  shortest  distance, 
between  them  passing  perpendicularly  through  its  face.  Then 
the  angle  through  which  the  arrow  on  a  must  be  rotated,  in  a 
sense  opposite  to  that  of  the  watch-hand  rotation,  so  that  this 
arrow  shall  be  parallel  to  and  in  the  sense  of  the  arrow  on  0,  is 
the  angle  between  the  screws. 

217.]  Theorem.  Any  two  given  screws  determine  a  cylindroid. 
Let  AP  (Fig.  238)  and  BQ*  be  the  axes  of  any  two  given 
screws  whose  pitches  are,  respectively,  p$  and  p+,  the  line  AB 
being  the  shortest  distance  between  them.  Let  AB  =  A.  Then 
what  we  have  to  show  is  that  it  is  possible  to  find  a  single 
pair  of  rectangular  lines,  OX  and  OY,  such  that  if  the  wrench 
of  pitch  pe  about  AP  is  resolved  into  two  wrenches  about  these 
lines,  and  if  the  wrench  of  pitch  p+9  about  BQ  is  also  resolved 
into  two  wrenches  about  OX  and  OY,  we  shall  get  the  same 
value  in  each  case  for  the  pitch  about  OX  and  also  the  same 
value  for  the  pitch  about  OY. 

Let  a)  be  the  angle  between  AP  and  BQ  ;  let  AP  and  BQ 
make  angles  6  and  <f>  with  the  sought  line  OX,  the  point  0 
being  on  AB  at  a  distance  z  from  B ;  and  assume  that  each 
resolution  gives  a  pitch  pz  about  OX,  and  a  pitch  p9  about  OY. 
Then  we  have 

p$=px.  cos2 0  +  p9 .  sin20,  fy  =  px .  cos2tf>  +p9 .  sin2<£ ;       (1) 

z+A  =  (p9—pu)  sin  6  cos  $,      z  =  (pv—px) sin  #  cos  <f>,         (2) 

*  BQ  ia  not  represented  in  the  figure ;  but,  for  definiteness,  B  is  supposed  to 
lie  on  OA  between  O  and  A,  while  the  projection  of  BQ  on  the  plane  OXFlies 
between  OX  and  OD. 
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where  0  =  a>  +  <f>.     Hence 

A  +A  =  A  +A-CA-A)  C°8  «  cos  (a>  +  20)  ;  (3) 

A— A  =  (A— A)  sin  a  sin  (co  +  20)  ;  (4) 

A  =  (A  ""A)  sin a>  cos(a)  +  20) ;  (5) 

so  that  we  have 

tan(o)  +  20)=J^^;  (6) 

A+A  =  Jp«+A+*cota>5  (7) 

A~A=  v/A2  +  QD^-^)2cosec«;  (8) 

which  give  definite  values  for  pm>  p9,  and  0.     Hence  the  lines 

OX  and  OF  can  be  determined,  and  therefore  also  a  single  cylin- 

droid  containing  the  two  given  screws. 

218.]  Composition  of  Wrenches.  The  resultant  of  any  two 
wrenches  is  a  wrench  about  a  screw  on  the  cylindroid  determined 
by  the  two  given  wrenches. 

For,  let  px  and  P2  be  the  pitch  and  intensity  of  one,  and  pg 
and  P2  the  pitch  and  intensity  of  the  other.  Also  let  p%  and 
p9  be  the  pitches  of  the  two  principal  (or  rectangular)  screws, 
Ox  and  Oy,  of  the  cylindroid.  Then  (Art.  213)  replacing  the 
first  wrench  by  its  components  round  Ox  and  Oy,  we  get  a  moment 
px.Xx  round  Ox,  and  a  moment p9 .  Yx round  Oy,  the  components 
of  Px  parallel  to  Ox  and  Oy  being  Xx  and  Yv  Similarly,  re- 
placing the  second  wrench  by  its  components,  we  have  finally 
the  moments  px(Xx  +  XJ  and^  (Yx+Y2) 
round  Ox  and  Oy,  respectively.  But  if  we  take  the  resultant 
of  the  forces  Px  and  P2,  as  if  they  acted  at  a  point,  and  if  its 
components  parallel  to  Ox  and  Oy  are  X  and  Y,  we  know  that 
X  =  Xx+X2,  and  Y  =  Yx  +  Y2.  Therefore  round  Ox  and  Oy  we 
have  simply  wrenches  of  intensities  Zand  Y,  which  (Art.  213) 
give  a  single  wrench  about  that  screw  on  the  cylindroid  which 
is  parallel  to  the  direction  of  the  resultant  of  translation  of  the 
given  forces  Pt  and  Pr 

Hence  the  proposition  of  the  parallelogram  of  forces  for  forces 
acting  at  a  point  becomes  simply  a  proposition  of  the  parallelogram 
of  screws  for  the  composition  of  wrenches. 

Hence  also  three  wrenches  will  be  in  equilibrium  if  they  take 
place  about  three  screws  on  the  same  cylindroid,  whose  directions 
are  so  related  that  the  intensity  of  the  wrench  on  any  one  screw 
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is  proportional  to  the  sine  of  the  angle  between  the  directions 
of  the  other  two  screws — the  well-known  law  of  Sines. 

And,  generally,  the  resultant  of  any  number  of  wrenches 
about  screws  situated  on  the  same  cylindroid  may  be  found 
by  transferring  all  the  forces  in  the  wrenches  to  a  single  point, 
finding  the  resultant  of  these  forces,  and  taking  the  screw  on 
the  cylindroid  which  is  parallel  to  the  direction  of  this  resultant. 
A  wrench  about  this  screw  with  intensity  equal  to  the  resultant 
force  is  the  resultant  wrench  sought. 

Cor.  A  wrench  about  any  given  screw  on  a  cylindroid  can 
be  resolved  into  wrenches  about  any  two  assigned  screws  on 
the  same  cylindroid.  For,  a  force  acting  along  any  given  line 
can  be  resolved  into  two  components  along  any  two  lines  which 
meet  it  if  they  all  lie  in  the  same  plane.  In  this  way  the  in- 
tensities of  the  two  component  wrenches  along  the  two  assigned 
screws  are  determined. 

219.]  Distribution  of  Pitch.  The  pitches  belonging  to  the 
various  screws  on  a  cylindroid  may  be  graphically  represented 
thus. 

Taking  the  two  principal  screws  of  the  cylindroid  as  axes, 

construct  the  conic  whose  equation  is 

a?.p.+f.p,  =  f,  (1) 

where  k  is  any  constant  length.      If  r  is  the  radius  of  this  conic 

making  an  angle  0  with  the  axis  of  x  (i.  e.,  the  screw  of  pitch  j&x), 

we  have 

P 
px.zo&*0  +  pv.  mn*0  =  -jS-.  (2) 

But  by  (2)  of  Art.  213  the  left-hand  side  is  the  pitch  of  the 
screw  whose  axis  is  parallel  to  r.     Hence 

-ft=ph  (3) 

which  graphically  represents  j>9  in  precisely  the  same  way  as 
the  moment  of  inertia  of  the  lamina  is  represented. 

The  conic  (1)  is  called  the  pitch  conic  of  the  cylindroid.  It 
is  an  ellipse  if  the  principal  pitches  have  the  same  sign,  and 
a  hyperbola  if  they  have  opposite  signs. 

In  the  latter  case  there  will  be  two  screws  of  zero  pitch,  viz., 
those  parallel  to  the  asymptotes  of  the  pitch  hyberbola.  In 
every  case  there  will  be  two  screws  having  a  given  pitch,  and 
they  are  parallel  to  two  equal  diameters  of  the  pitch  conic. 
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This  conic  possesses  the  following  noteworthy  property.  If 
the  wrench  on  any  screw  of  the  cylindroid  is  replaced  by  a  force 
and  a  couple  at  the  centre  of  the  pitch  conic  {centre  of  the  cylin- 
droid), the  axis  of  this  couple  will  lie  along  the  perpendicular  to 
the  diameter  of  the  pitch  conic  which  is  conjugate  to  the  direction 
cf  the  force — or,  in  other  words,  the  plane  of  the  couple  will 
be  that  of  the  axis  of  the  cylindroid  and  this  conjugate 
diameter. 

For,  let  the  axis  of  the  given  wrench  make  an  angle  0  with 
the  axis  of  x  at  the  centre,  0,  of  the  cylindroid,  and  let  P 
be  the  intensity  of  the  wrench.  Then  the  component  wrenches 
at  0  to  which  the  given  one  is  equivalent  are  (P  cos  0,  Ppx  cos  6) 
and  (P  sin  0,  Pp9  sin  6).  The  two  couples,  Ppx  cos  0  and  Pp9  sin  0, 
at  0  compound  into  a  couple,  (?,  making  with  Ox  an  angle  \jr 

such  that  cot  \jr  =  —  cot  0.     Hence 
Pv 

tan0tan(£  +  vO  =  -—  > 

which  is  the  well-known  equation  connecting   the  directions 
of  two  conjugate  diameters  of  the  conic,  the  square  of  whose 

axes  are  —  and  —  >  so  that  the  line  perpendicular  to  G  is  the 

diameter  conjugate  to  the  direction  of  the  given  screw  (0). 

220.]  Screw  Motion  of  a  Rigid  Body.  It  will  be  shown 
in  a  subsequent  chapter  that  if  a  rigid  body  occupying  a  position 
which  we  may  denote  by  (A),  be  displaced  in  any  manner  so 
as  to  occupy  another  position  (J9),  the  change  from  (A)  to  (£) 
could  have  been  effected  by  rotating  the  body  round  a  certain 
axis,  and  then  giving  it  a  motion  of  translation  along  this  axis; 
in  other  words,  Poinsot's  result  for  a  system  of  forces  holds 
for  the  displacements  of  the  individual  points  of  a  rigid  body — 
viz.,  the  displacement  can  be  produced  by  giving  the  body  a  twist* 
about  a  screw. 

The  ratio  of  the  motion  of  translation  along  the  axis  of  the 

*  Sir  R  Ball  uses  this  term  twist  to  denote  a  rigid-body  motion  which  consists 
of  a  translation  along,  accompanied  by  a  rotation  about,  a  line.  The  term  twist 
is,  however,  so  generally  used  to  signify  a  strain  of  a  natural  solid — which  is 
wholly  distinct  from  a  rigid-body  motion— that  it  is  advisable  to  call  the  atten- 
tion of  the  student  to  its  technical  signification  in  Sir  B.  Ball's  theory.  Except 
in  connection  with  the  theory  of  Screws,  we  shall  use  this  word  subsequently 
(in  discussing  bent  and  twisted  wires,  Ac.)  to  denote  strain. 
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screw  to  the  circular  measure  of  the  angle  of  rotation  about 
it  is  called  the  pitch  of  the  screw ;  so  that,  as  in  the  case  of 
forces  and  couples,  the  pitch  is  still  a  linear  magnitude. 

A  motion  of  translation  alone  may  be  regarded  as  a  twist 
of  infinite  pitch. 

A  motion  of  rotation  alone  may  be  regarded  as  a  twist  of 
zero  pitch. 

221.]  Beoiprooal  Screws.  If  a  rigid  body  is  acted  upon 
by  a  wrench  about  a  screw  a,  what  is  the  work  done  by  giving 
the  body  a  small  twist  about  another  screw  /3  ? 

Let  AP  and  Ox  (Pig.  238)  represent  the  screws  a  and  0, 
respectively,  their  pitches  being  jd.  and  pfi.  Let  the  force  in 
the  wrench  be  P,  and  the  angle  of  rotation  about  /3  be  a>,  while 
0  is  the  angle  (Art.  216)  between  the  screws. 

Replace  the  force  P  and  the  couple  P.pa  by  their  components 
at  the  point  A  parallel  and  perpendicular  to  Ox.  The  com- 
ponents of  the  couple  are  P.pa  cos0  and  P./?asin  0 ;  and  these 
we  may  suppose  transferred  to  the  point  0.  The  components 
of  the  force  are  P  cos  0  and  P  sin  0.  Transfer  these  to  0,  intro- 
ducing (Art.  202)  the  couples  whose  axes  along  Oy  and  Ox 
are  PA  cob  0  and  —PA  sin  0,  where  A  =  0A  =  shortest  distance 
between  the  screws.  Hence  the  given  wrench  is  replaced  by 
a  force  Pcos0  acting  along  Ox,  a  force  Psin0  acting  along 
Oy,  a  couple  P.joacos0  —  PA  sin  0  whose  axis  is  along  0x9  and 
a  couple  P.joa  sin  0  +  PA  cos  0  whose  axis  is  along  Oy.  For  the 
displacement  of  translation  o>  .pp  along  Ox  the  only  work  done 
is  P cos 0XW.J00,  which  is  due  to  the  first  component  force; 
and  for  the  rotation  <o  round  Ox  the  only  work  done  (Art.  201) 
is  (P.  jo  a  cos  0— PA  sin  0)o,  which  is  due  to  the  first  component 
couple.     Hence  the  whole  work  done  is 

■?• « [05*  +-ftO cos  *— *  s*n  *]•  (°) 

The  expression  in  brackets  is  called  the  virtual  coefficient  of  the 
two  given  screws 

This  virtual  coefficient  will  in  the  sequel  be  denoted  by  cr^. 

It  is  obvious  from  symmetry  that  if  the  body  were  acted 
upon  by  a  wrench  with  force  P  about  /3,  and  it  were  displaced 
by  a  screw  motion  about  a,  with  spin  a>,  the  same  amount  of 
work  would  be  done  as  before.  If  the  virtual  coefficient  vanishes, 
the  two  screws  are  said  to  be  reciprocal — i.e.,  two  screws  are 
reciprocal  when,  if  a  body  receive  a  twist  of  any  amplitude 
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(with,  of  course,  a  given  constant  pitch)  about  one  of  them, 
no  work  will  be  done  against  a  wrench  acting  on  the  body 
along  the  other  screw ;  or,  again,  if  it  were  acted  on  by  a  wrench 
on  one,  it  would  not  move  at  all  if  only  free  to  twist  about  the 
other. 

The  following  results  follow  at  once  from  the  relation  of 
reciprocity  of  two  screws. 

Two  intersecting  screws  (h  =  0)  will  be  reciprocal  either  if 
they  are  at  right  angles,  or  if  the  sum  of  their  pitches  =  0. 

Two  screws  at  right  angles  will  be  reciprocal  if  they  intersect. 
If  they  do  not  intersect,  the  condition  of  reciprocity  will  be 
fulfilled  if  either  pitch  =  oo.  Put  into  ordinary  language  this 
is  as  follows — if  two  rectangular  lines  intersect,  a  body  free 
only  to  twist  round  one  of  them  would  not  move  if  acted 
upon  by  any  wrench  on  the  other.  If  they  do  not  intersect, 
a  body  free  only  to  twist  about  one  of  them  will  not  move  if 
acted  upon  solely  by  a  couple  about  the  other — which  is  evident 
from  first  principles.  A  body  free  only  to  twist  about  a  line 
will  not  move  if  acted  upon  solely  by  a  force  along  the  line — 
the  equivalent  of  which,  in  the  language  of  screws,  is  that  a 
screw  is  its  own  reciprocal  if  its  pitch  is  zero,  or  infinite. 

Again,  if  a  screw  is  reciprocal  to  two  given  screwy  it  is  reci- 
procal to  every  screw  on  the  cylindroid  determined  by  these  two 
screws.  Let  0  and  <f>  be  any  two  screws  of  pitches  jfy,  /ty,  and 
let  ri  be  a  screw  of  pitch  pv  which  is  reciprocal  to  the  first 
two.  Then  if  a  body  is  acted  on  by  a  wrench  (P,  Ppe)  of  any 
intensity,  P,  on  the  screw  0,  no  work  is  done  by  giving  the 
body  a  twist  (»,  a>pj)  of  any  amplitude,  av  about  rj.  The  same 
holds  for  the  screws  <p  and  rj.  But  a  wrench  of  any  intensity 
on  any  other  screw,  \fft  on  the  cylindroid  (0,  </>)  can  be  replaced 
by  component  wrenches  of  certain  intensities  (Art.  218)  on  0 
and  0 ;  and  since  no  work  is  done  against  these  component 
wrenches  by  a  twist  on  i;,  no  work  will  be  done  against  the 
wrench  on  $ ;  therefore  \fr  and  rj  are  reciprocal.  We  may  there- 
fore speak  of  the  screw  rj  as  being  reciprocal  to  the  cylindroid 

(°,  <*>)• 

222.]  Reciprocal  Screws  on  a  Cylindroid.  Two  screws 
on  a  cylindroid  are  reciprocal  if  they  are  parallel  to  a  pair  of 
conjugate  diameters  of  the  Pitch  Conic. 

Let  a,  p  be  any  two  screws  on  a  cylindroid  making  angles 
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6  and  #  with  the  axis  of  a?.     Suppose  #>0.    Then  the  shortest 

distance,  h,  between  them  is  (Art.  217) 

fc(A— A) (a*1*2 **— sin  20),   or  (jp9— pm) <><*(<? +0) sin (tf—$). 

Hence  their  virtual  coefficient  is 

[A+A+(A— p9)co*(tf+0)<nB(tf--0)]cQB(tf--$) 

+  (a-a)  <*>* (^  +  *)  ***  C-*). 
or  (a  +i?r)  cos  (tf'-fl)  +  (A -A)  cos  (^+0)1 

or  2  (  /?,  cos  0  cos  #  +py  sin  0  sin  0^, 

and  the  vanishing  of  this  is  the  condition  that  the  directions 
0  and  (f  should  be  conjugate  in  the  conic  a^A+J^A  ^  **• 
For  another  proof  see  "Ball's  Theory  of  Screws,  p.  37. 

223.]  Theorem.  A  cylindroid  can  be  constructed  so  as  to  be 
reciprocal  to  any  four  given  screws.  This  theorem  is  thus  proved 
by  Sir  Robert  Ball  (Theory  of  Screws,  Art.  26). 

The  determination  of  a  screw  requires  five  conditions  (Art. 
211);  therefore  if  a  screw  is  reciprocal  to  five  given  screws, 
it  will  be  completely  determined,  since  we  shall  have  five 
equations  of  the  form 

(A  +  A)  cos  0 — A  sin  0  =  0,  (a) 

r)  being  the  required  screw.  But  if  a  screw  is  reciprocal  to 
four  given  screws,  it  will  not  be  completely  determinate :  it 
must  describe  a  certain  surface-locus.  This  locus  is  a  cylindroid. 
For,  let  o,  0,  y,  6  be  the  four  given  screws,  and,  if  possible, 
let  there  be  three  screws,  A,  /x,  r,  reciprocal  to  these  four  and 
not  lying  on  one  cylindroid.  Then,  by  last  Art.,  every  screw, 
0,  on  the  cylindroid  (A,  /u)  is  reciprocal  to  the  four  given  screws; 
so  is  every  screw,  <f>9  on  the  cylindroid  (jit,  v)  ;  and  so  is  every 
screw  on  the  cylindroid  (0,  <j>).  Thus  the  sought  screw  does 
not  describe  a  surface-locus,  but  a  family  of  surfaces,  which  is 
impossible.  Hence  A,  /x,  v  must  be  co-cylindioidal,  and  their 
cylindroid  is  reciprocal  to  the  four  given  screws. 

To  show  how  this  cylindroid  may  be  constructed,  we  proceed 
thus. 

Arrange  the  four  given  screws  in  the  descending  order  of 
their  pitches ;  let  this  order  be  pi ,  pfi ,  py ,  p*  .  Let  k  be  a  mag- 
nitude intermediate  tojo^  and  py.  Then  on  the  cylindroid  (a,y) 
find  the  two  screws  (A,  A7)  whose  pitches  are  each  h ;  also  on 
the  cylindroid  (£,  b)  find  the  two  (jit,  j/)  whose  pitches  are 
each  fc.    Draw  the  two  lines  (Art.  241)  which  intersect  the  foux 
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screws  A,  A',  /x,  // ;  let  these  lines  (<r,  </)  be  made  screws  each 
with  pitch  —  i. 

Then  the  screw  <r  is  reciprocal  to  the  screw  A,  because 
p9  +pK  =  0  and  the  two  screws  intersect. 

Similarly  a  is  reciprocal  to  A' ;  therefore  (Art.  221)  <r  is  reci- 
procal to  the  cylindroid  (A,  A'),  i.e.,  to  the  cylindroid  (o,  y).  In 
the  same  way  a  is  reciprocal  to  the  cylindroid  (/?,  b);  and 
similarly  a'  is  reciprocal  to  both  cylindroids.  Hence  the  cylin- 
droid (<r,  a')  is  the  required  cylindroid,  since  every  screw  on  it 
is  thus  proved  to  be  reciprocal  to  all  the  screws  a,  /3,  y,  5. 

224.]  Problem.  To  construct  the  screw  which  is  reciprocal  to 
any  five  given  screws.  Let  the  five  given  screws  be  a,  /3,  y,  6,  c  ; 
construct  the  cylindroid  reciprocal  to  the  first  four  and  also 
that  reciprocal  to  the  last  four;  these  two  cylindroids  must 
intersect  in  the  screw  reciprocal  to  all  five.  Moreover  there 
can  be  only  one  solution;  for,  since  there  are  five  equations 
given  to  determine  the  (five)  unknown  quantities  which  define 
the  required  screw,  there  must  be  a  definite  number  of  solu- 
tions (proceeding,  possibly,  from  some  algebraical  equation 
obtained  by  eliminating  four  of  the  unknowns  from  the  five 
equations  of  reciprocity)  ;  and  if  two  screws  could  be  found  reci- 
procal to  the  given  set  of  five,  an  infinite  number  could  be 
found — viz.,  all  those  on  the  cylindroid  of  these  two.  There 
can  be,  therefore,  only  one  screw  reciprocal  to  five  given  screws. 

225.]  Theorem.  On  any  cylindroid  can  be  found  one,  and 
only  one,  screw  reciprocal  to  any  given  screw. 

Let  €  be  the  given  screw.  Find  any  four  screws  reci- 
procal to  the  cylindroid.  Find  (last  Art.)  the  single  screw 
reciprocal  to  e  and  these  four.  This  last  screw  must  lie  on 
the  cylindroid,  since  every  screw  reciprocal  to  the  four  lies  on 
the  cylindroid. 

226.]  Theorem.  Given  seven  screws  placed  in  any  manner  in 
space ;  then  there  is  one  determinate  system  of  equilibrating  wrenches 
on  this  system  of  screws. 

Since  the  pitches  are  all  supposed  given,  we  have  to  show 
that  the  several  forces  (or  intensities)  of  the  wrenches  are  fully 
determinate — at  least  their  mutual  ratios  are  so,  just  as  it  is 
the  mutual  ratios  of  three  equilibrating  forces  acting  along 
three  given  coplanar  concurrent  lines  which  are  determinate. 

Let  the  given  screws  be  a,  /?,  y,  ft,  e,  &  rj.     Construct  the 
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single  screw,  ifr,  which  is  reciprocal  to  the  last  five.  The  five 
wrenches  on  these  give  a  resultant  wrench  reciprocal  to  ty ;  and 
since  the  resultant  of  the  wrenches  on  a  and  ft  is  equal  and 
opposite  to  the  resultant  of  the  five,  the  resultant  of  the 
wrenches  on  a  and  /3  is  reciprocal  to  \fr.  But  the  resultant  of 
these  two  is  a  wrench  on  some  screw  on  the  cylindroid  (a,  0) ; 
this  screw  (£ )  must  therefore  be  reciprocal  to  \jr9  and  is  there- 
fore known  (last  Art.).  The  law  of  sines,  or  parallelogram  of 
wrenches  (Art.  218)  for  the  three  given  screws  a,  0,  £,  deter- 
mines the  ratio  of  the  forces  (or  intensities)  of  the  wrenches 
on  a  and  /3.     Similarly  for  every  other  pair  of  the  given  seven. 

The  problem  of  this  Article  may,  of  course,  be  put  in  this 
way — Given  completely  a  wrench  on  a  screw  77,  to  resolve  it  into 
six  wrenches  on  six  given  screws,  i.  e.,  to  find  the  intensities  of 
these  six  component  wrenches. 

Sir  R.  Ball  points  out  that  this  is  the  generalisation  of  the 
ordinary  statical  process  of  reducing  a  given  force  to  three 
component  forces  and  three  couples. 

The  actual  determination  of  the  six  component  intensities  of 
the  wrenches  on  six  given  screws,  p15  p2,  p3, ... ,  p6,  equivalent  to 
a  given  wrench  on  a  given  screw,  p,  can  be  effected  as  follows. 

Let  (R,  Rpp)  be  the  wrench  on  p ;  let  the  component  wrench 
on  pt  be  (i^,  Rj  pt)  where  Rx  is  the  intensity  (to  be  determined) 
and  pt  the  (given)  pitch  of  pr  Similarly  let  (i?2,  R2P%ji  *c-« 
be  the  other  component  wrenches. 

Now  the  work  done  by  the  wrench  (JR,  Rpp)  in  twisting  a 
body  about  any  screw  through  any  angle  is  equal  to  the  sum 
of  the  works  done  by  the  component  wrenches  in  the  same 
twist. 

Let  the  body  be  twisted  about  the  screw  p  itself  through 
an  angle  o>.  Then  the  work  done  by  the  wrench  (R,  Rpp)  is 
2  Rpp .  o>  (Art.  221).  The  work  done  by  the  component  wrench 
(Rv  R1p1)  is  Rx  tsrppj .  (a  ;  and  so  on  for  the  others.     Hence 

2Rpp  =  Rlwm+B1wm+.m.+B<m99C  (1) 

,  Now  consider  a  twist  of  any  amplitude,  o>,  about  the  screw  pv 
and  equate  the  work  done  in  it  by  the  wrench  (Rt  Rpp)  to  the 
sum  of  the  works  of  the  component  wrenches.     Thus  we  get 

R^PPl^2R1p1  +  R2^PlPt+...+R^PlW  (2) 

Similarly,  considering  twists  round  the  other  screws,  p2>  •••»  Pe> 


M7-]         DEGREES   OF   FREEDOM  OF  A   RIGID   BODY.  31 

in  succession,  we  obtain  five  more  equations  like  (2);  so  that 
we  have  a  system  of  linear  equations  with  known  coefficients, 
PvPf'9  «*,>,*>•••>  for  the  required  forces  Rv  R2>...  *n  terms 
of  the  given  force  R. 

Substituting  the  values  of  vrm,  v^,  ...  ,  vr^  given  by  (2)  and 
the  similar  equations  in  (1),  we  have 

&j>,  =  Ri*j>i+z*ti>2+ ...  +«1J?awPlPl+ ... 

=  27^  +  2^^  (3) 

which  is  analogous  to  the  expression  for  the  resultant  of  any 
number  of  forces. 

The  six  screws  of  reference  can  be  chosen  with  such  relations 
among  themselves  as  will  greatly  simplify  the  values  of  the 
component  wrenches — just  as  a  choice  of  rectangular  axes  sim- 
plifies the  components  of  a  force. 

Let  px  be  any  screw ;  p2  any  screw  reciprocal  to  p1 ;  pz  any 
screw  reciprocal  to  px  and  p2  ;  p4  any  screw  reciprocal  to  pv  p2,  pz  ; 
p6  any  screw  reciprocal  to  px ,  p2 ,  p3i  p4 ;  and  p6  the  single  screw 
(Art.  224)  reciprocal  to  the  remaining  five.     Thus  (2)  becomes 

since  ^PlP8=  0, ...,  ctPiPi  =  0.  This  determines  Rx\  and  similarly 
R'&pto  =  2  R2p2}  Sec. ;  moreover  (3)  becomes 

Rip^ZRfp,. 
Such  a  system  of  screws,  viz.,  one  in  which  every  pair  of  screws 
is  reciprocal,  is  called  a  system  of  co-reciprocal  screws. 

227.]  Degrees  of  Freedom  of  a  Rigid  Body.  The  position 
of  a  rigid  body  in  space  is  completely  defined  by  six  independent 
variables,  viz.,  the  three  co-ordinates  of  some  point  in  it  with 
reference  to  assumed  rectangular  axes,  and  the  three  angles 
(see  Routh's  Rigid  Dynamics,  Chap.  IX)  which  in  the  well- 
known  theory  of  the  motion  of  a  rigid  body  about  a  fixed  point 
determine  the  positions  of  all  points  in  the  body  relatively  to 
this  fixed  point.  The  body  may,  however,  be  so  hampered  in 
any  case  that  these  six  variables  are  not  all  independent.  If 
each  of  them  may  be  anything  whatever  independently  of  any 
of  the  others,  the  body  is  perfectly  free  or  has  freedom  of  the 
sixth  order y  or  six  degrees  of  freedom.  If  the  variables  are  con- 
nected by  one  equation,  so  that  virtually  only  five  are  inde- 
pendent (the  sixth  being  known  as  soon  as  any  five  are  assumed), 
the  body  has  freedom  of  the  fifth  order >  or  five  degrees  of  freedom* 
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If  they  are  connected  by  two  equations,  or,  in  other  words,  if 
the  position  of  the  body  depends  on  only  three  independent 
variables,  the  body  has  freedom  of  the  third  order,  or  three  degree* 
of  freedom ;  and  so  on. 

A  rigid  body  occupying  any  position  can  be  brought  into 
an  indefinitely  near  position  by  giving  it  a  small  motion  of 
translation  whose  components  parallel  to  fixed  rectangular  axes 
are  (ba,  bb,  be),  which  are  the  components  of  the  translation 
of  any  point,  A,  in  the  body,  and  rotating  it  round  axes  of 
reference  at  A  parallel  to  the  fixed  axes  through  angles  (bdv 
8  02,  b  03).     See  Chap.  XV,  or  Routh,  ibid. 

The  component  absolute  motions  of  any  point  in  the  body 
are  expressed  by  the  equations 

bx  =  ba  +  (z— c)b$2— (y— b)bO&  &c, 
(a,  b,  c)  being  the  co-ordinates  of  A  with  reference  to  the  axes 
through  the  fixed  origin. 

If  the  only  motion  possible  for  the  body  is  a  twist  (of  any  ampli- 
tude) about  a  given  screw \  the  body  has  one  degree  of  freedom* 
For,  the  only  variable  on  which  its  motion  depends  is  the 
amplitude,  o>,  of  the  twist  about  the  given  line,  a,  the  transla- 
tion being  a> .  pa,  which  (since  pa  is  given)  is  known  when  o> 
is  assumed.  The  value  of  bx  is  \lpa  +  m(z— <?)  —  n  (y— J)]  .  o>, 
where  (I,  m,  n)  are  the  direction-cosines  of  the  axis  of  the  screw. 
Since,  then,  the  adjacent  position  of  the  body  depends  on  only 
one  variable,  the  body  has  one  degree  of  freedom. 

If  the  constraints  of  a  rigid  body  are  such  that  every  position 
adjacent  to  the  one  which  it  occupies  can  be  obtained  by  some  com- 
bination of  twists  (of  variable  amplitudes)  about  two  given  screws, 
it  has  two  degrees  of  freedom,  and  it  can  likewise  twist  about  every 
screw  on  the  cylindroid  determined  by  these  two. 

For,  an  adjacent  position  now  depends  on  two  independent 
variables,  viz.,  two  twists  of  amplitudes  &>  and  a/  about  the 
two  given  screws  a,  /3 ;  and  the  value  of  b  x  will  be  the  sum 
of  the  previous  expression  and  one  exactly  similar  referring  to 
/3.  Moreover,  since  two  twists  on  a  and  /3  always  compound 
a  twist  on  some  screw  of  their  cylindroid,  the  last  part  of  the 
proposition  is  evident. 

In  the  same  way,  three  degrees  of  freedom  are  equivalent 
to  the  possibility  of  attaining  all  consecutive  positions  by  twist- 
ing about  three  given  screws,  and,  mutatis  mutandis,  the  above 
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enunciation  holds  for  this  case,  except  that  the  other  screws 
about  which  twisting  may  take  place  do  not  lie  on  any  cylin- 
droid. 

And  so  on  for  the  remaining  degrees  of  freedom. 

That  besides  three  given  (non«cocylindroidal)  screws  there 
will  be  an  infinite  number  of  screws  about  which  the  body  can 
twist  is  evident,  because  the  resultant  of  any  three  twists  is 
a  twist  about  some  screw  whose  position  depends  on  the  ampli- 
tudes of  the  three  ;  and  since  these  may  be  varied  in  any  manner, 
their  resultants  will  give  an  infinite  number  of  twists  about 
an  infinite  number  of  screws. 

Just  as  the  screws  of  possible  twist  coming  from  two  given 
screws  are  infinite  in  number,  but  yet  very  specially  related — 
forming  a  cylindroid — so  those  of  possible  twist  coming  from 
three  given  screws,  although  infinite,  are  related,  and  their 
assemblage  in  space  is  called  a  screw  complex  of  the  third  order. 
A  screw  complex  of  the  second  order  is  a  cylindroid. 

Similarly  for  screw  complexes  of  the  fourth  and  fifth  orders. 
What  is  a  screw  complex  of  the  sixth  order  ?  It  is  the  assem- 
blage of  screws  about  which  a  body  could  twist  if  every  conse- 
cutive position  of  the  body  can  be  attained  by  twisting  about  six 
given  screws.  But  such  a  body  is  perfectly  free ;  therefore  it 
eould  twist  about  every  line  in  space.  Hence  the  assemblage 
of  all  lines  in  space  is  the  screw  complex  of  the  sixth  order. 

We  may  formally  define  a  screw  complex  of  any  order,  m> 
thus — A  screw  complex  of  the  m**  order  is  an  assemblage  of  screws 
in  space  such  that  any  one  screw  of  the  assemblage  can  be  determined 
from  any  m  of  them  and  cannot  be  determined  by  any  smalkr 
number;  that  is,  a  twist  of  any  assumed  amplitude,  or  a  wrench 
of  any  assumed  intensity  on  the  one  screw  in  question,  can 
always  be  exhibited  as  compounded  of  twists  of  proper  ampli- 
tudes, or  wrenches  of  proper  intensities,  on  the  m  screws 
selected. 

Thus,  in  the  complex  of  the  second  order  (cylindroid)  a  wrench 
of  any  intensity  on  any  one  screw  of  the  complex  can,  by  the 
law  of  sines  (Art.  218),  be  resolved  into  two  wrenches,  of  appro* 
priate  intensities,  about  any  two  selected  screws  of  the  complex. 

228.]  Examples  of  Degrees  of  Freedom.  The  following  are 
some  very  simple  instances  of  the  various  degrees  of  freedom  of 
»  rigid  body. 

VOL.  II.  n 


34  NON-COPLANAB  FORCES.  [228. 

One  degree  of  freedom.  (Every  position,  consecutive  to  a  given 
one,  that  can  be  attained  by  the  body  is  producible  by  a  twist  of 
variable  amplitude  about  one  fixed  screw.)  A  nut  moving  on  a 
fixed  axis  with  a  thread  cut  on  it.  A  body  sliding  along  a  fixed 
axis,  but  guided  so  as  to  prevent  rotation  (screw  of  infinite 
pitch).  A  body  capable  of  rotating  on  a  fixed  axis,  but  pre- 
vented from  moving  along  it  (screw  of  zero  pitch ;  e.g.  a 
compound  pendulum). 

Two  degrees  of  freedom.  (Every  position,  consecutive  to  a 
given  one,  that  can  be  attained  by  the  body  is  producible  by 
some  combination  of  twists  of  variable  amplitudes  about  two 
fixed  screws.)  A  nut  moving  on  an  axis  having  a  thread  cut  on 
it,  and  this  axis  itself  rigidly  attached  to  another  nut  which  can 
move  on  a  fixed  axis  with  a  thread  cut  on  it.  A  body  with  a 
fixed  axis  (spindle)  stuck  through  it,  so  that  the  body  can  move 
along  and  rotate  about  the  axis,  the  rotation  and  translation 
being  quite  independent.  A  rigid  body  with  one  fixed  point,  0 
(ball  and  socket  joint),  a  string  of  given  length  being  attached 
to  another  point,  P,  in  the  body  and  to  a  point  fixed  in  space  ; 
or,  instead  of  being  thus  held  by  the  string,  the  point  P  may  be 
constrained  to  any  fixed  curve  on  a  sphere. 

To  find  the  cylindroid  corresponding  to  any  given  case  of 
freedom  of  the  second  order,  all  we  have  to  do  is  to  find  any  two 
screws  about  which  twists  may  be  given,  and  these  two  determine 
the  whole  cylindroid. 

Three  degrees  of  freedom.  (Every  position  consecutive  to  a 
given  one  attainable  by  some  combination  of  twists  of  variable 
amplitudes  about  three  fixed  screws.)  A  body  moveable  on  a 
spindle  which  has  a  nut  rigidly  attached  to  it,  this  nut  being 
capable  of  moving  on  an  axis  fixed  in  space  with  a  thread  cut  on 
it.  A  body  moveable  round  a  fixed  point  (ball  and  socket  joint) 
— the  well-known  example  in  the  theory  of  Precession  and 
Nutation. 

To  find  the  complex  corresponding  to  any  given  case  of 
freedom  of  the  third  order,  find  any  three  screws  about  which 
twisting  may  take  place,  and  these  determine  the  whole  complex. 

Four  degrees  of  freedom.  Body  on  spindle  which  is  capable 
itself  of  spindle  motion  on  an  axis  fixed  in  space. 

Five  degrees  of  freedom.  Body  on  spindle  which  has  a  ball  and 
socket  motion  round  a  fixed  point. 


230.]        SCREWS   RECIPROCAL   TO  A   GIVEN   COMPLEX.  35 

229.]  Determination  of  Screws  on  a  Complex.  Consider 
two  screws,  a,  /?,  which  determine  a  cylindroid.  All  the  other 
screws  of  the  complex  are  simply  axes  of  wrenches  which  are 
the  resultants  of  all  possible  wrenches  on  a  and  /3.  Now  (Art. 
218),  if  wrenches  of  any  intensities,  P,  Q,  act  on  a  and  /3,  the 
position  of  the  resultant  screw  (and  therefore  its  pitch)  depends 
only  on  the  ratio  of  P  to  Q. 

Hence  the  position  of  any  screw  on  the  cylindroid  which  is 
determined  by  the  given  screws,  a,  fi,  depends  on  only  one 
variable. 

Similarly  the  position  of  any  screw  on  the  complex  of  the 
third  order  determined  by  three  given  screws,  a,  0,  y,  depends  on 
only  two  variables,  viz.  the  ratios  of  the  three  (variable)  inten- 
sities of  wrenches  on  these  screws.  And,  generally,  the  position 
of  a  screw  on  a  complex  of  the  mth  order  determined  by  m 
given  screws  depends  on  m—  1  variables — ratios  of  intensities  of 
wrenches  on  the  given  screws. 

280.]  Screws  Reciprocal  to  a  given  Complex.  All  screws 
which  are  reciprocal  to  a  given  complex  of  the  order  mform  them- 
selves a  complex  of  the  order  6  —  m. 

Firstly,  they  form  a  complex,  i.e.  an  assemblage  specially 
related.  For,  consider  all  the  screws  reciprocal  to  a  given  cylin- 
droid. A  rigid  body  which  is  free  to  twist  about  any  of  these 
screws  would  not  do  so  if  it  were  acted  upon  by  wrenches  on 
any  of  the  screws  on  the  cylindroid  ;  hence  twisting  solely  about 
the  screws  in  this  reciprocal  assemblage  must  be  equivalent  to 
a  certain  limitation  in  the  freedom  of  the  body,  so  that  the 
assemblage  is  a  complex. 

Secondly,  the  order  of  the  complex  is  6  —  m.  For,  any  screw 
of  this  reciprocal  complex,  being  reciprocal  to  m  screws  (viz.  any 
m  determining  the  given  complex),  satisfies  by  its  determining 
constants  m  equations  with  known  coefficients,  such  as  (a),  Art. 
223.  This  screw  would  therefore  require  5  —  m  further  con- 
ditions for  its  complete  determination.  But  (last  Art.)  the 
number  of  these  conditions  is  one  less  than  the  degree  of  the 
complex  to  which  it  belongs ;  therefore  the  degree  of  this  re- 
ciprocal complex  is  6  —  m. 

It  is,  of  course,  obvious  that  if  a  rigid  body  has  m  degrees  of 
freedom,  so  that  it  is  capable  of  twisting  about  any  screw  on  a 
certain  complex  of  order  «,  any  system  of  forces  acting  on  it  and 

d  2 
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reducing  to  a  wrench  on  any  screw  of  the  reciprocal  complex  will 
be  in  equilibrium  with  the  constraints  of  the  body ;  and  con- 
versely, when  a  rigid  body  acted  on  by  any  system  of  forces  has  a 
certain  specified  degree  of  freedom,  the  condition  of  its  equilibrium 
is  that  the  given  force  system  must  reduce  to  a  wrench  on  some  screw 
of  the  complex  which  is  reciprocal  to  the  complex  of  screws  about 
which  the  body  can  twist  This,  as  Sir  R.  Ball  observes  (Theory  of 
Screws,  p.  41),  is  the  most  general  equilibrium  theorem  for  a 
rigid  body. 

281.]  Number  of  Conditions  determining  a  Complex  of 
given  Order.  In  order  to  determine  completely  a  quadric  surface 
we  know  that  nine  conditions  are  necessary ;  and  to  determine, 
in  the  same  sense,  a  cylindroid  we  shall  show  that  eight  con- 
ditions are  necessary ;  and,  generally,  to  determine  a  complex 
of  any  order,  m>  we  shall  show  that  m  (6  — *»)  conditions  are 
necessary. 

For  simplicity  begin  with  a  cylindroid.  If  its  centre  and  axes 
are  unknown,  taking  any  origin  and  rectangular  axes,  we  must 
in  equation  (a)  of  Art.  214  assume  an  expression  of  the  form 

xcoaa+ycoafi+ZQoay+p 
for  a?,  with  similar  expressions  for  y  and  £,  and  also  an  unknown 
quantity  for  pv—px.  This  gives  us  ten  independent  constants  ; 
but  the  conditions  of  rectangularity  of  the  new  planes  of  reference 
reduces  this  to  eight — which  is  the  proper  number  of  unknown 
coefficients  in  the  general  equation  of  a  cylindroid. 

Generally,  a  complex  of  order  m  is  determined  if  m  screws  are 
given ;  and  since  each  screw  requires  5  constants  for  its  complete 
determination,  we  have  thus  5m  constants  given.  Now  these 
will  give  us  more  information  than  we  want — we  want  merely 
the  complex,  and,  in  addition,  we  know  completely  m  special 
screws  in  it.  We  must  therefore  diminish  the  number  5m  by 
the  number  of  conditions  required  to  specialize  the  m  screws. 
Now  (Art.  229)  each  screw  is  specialized  by  *»—  1  data,  there- 
fore the  data  which  specialize  m  of  them  are  m  (m—  1)  in  number. 
Hence  the  conditions  required  to  determine  the  complex,  without 
informing  us  of  particular  screws  in  it,  are  5m— m  (/#  — 1),  or 
m  (6  —  m)  in  number. 

Cob.  The  number  of  conditions  which  determine  any  complex 
and  the  number  which  determine  its  reciprocal  complex  are  the 
same.    Consequently  the  most  general  complex  of  the  fifth  order 
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is  the  reciprocal  of  a  single  screw,  and  the  most  general  complex 
of  the  fourth  order  is  the  reciprocal  of  a  cylindroid. 

282.]  Reciprocal  of  a  Single  Screw.  Let  any  line  be  the 
axis  of  a  screw  of  pitch  pa.  Then  every  line  in  space  can  be  the 
axis  of  a  screw  reciprocal  to  the  given  one  ;  for  if  o>  is  the  angle 
between  the  given  line  and  any  other  line  02/,  and  if  h  is  the 
shortest  distance  between  the  lines,  we  have  merely  to  give  the 
pitch,  pi,  to  the  screw  on  0L>  such  that 

Px+Pa  =  *  tan  a>. 

Consider  the  screws  reciprocal  to  a  given  screw  that  can  be 
drawn  through  a  given  point,  0. 

Through  0  (Fig.  240)  draw  a  line  OA  parallel  to  the  axis  of 
the  given  screw,  a;  let  OP  be  the  perpendicular  from  0  on 
a.    Then  the  shortest 

distance,  A,   between  z 

OL  and  a  is  the  per- 
pendicular from  P  on 
the  plane  of  OL  and 
OA.  Let  0P=p, 
and  with  0  as  centre 
and  OP  (or  any  other 
length)  as  radius  de- 
scribe a  sphere.  (The 
axis  of  the  screw  a  is 
the  line  through  P 
parallel  to  OA.) 

At  0  draw  OZ  at  right  angles  to  OA  and  OP ;  produce  the 
great  circle  AL  to  meet  the  great  circle  PZ  in  a.  Then  the 
shortest  distance  between  a  and  OL  isp  sin  Pa  ;  and  o>  =  LA. 

Hence  p*  +  p*  =  p .  sin  Pa  cot  aL. 

But  by  Napier's  Analogies  applied  to  the  triangle  PaL, 

sin  Pa  =  cot  a  PL .  tan  aL% 

therefore  pk  +A  =  J» .  tan  LP  A,  (a) 

which  determines  the  pitch  of  the  screw  on  OL. 

All  screws  of  the  same  pitch  at  0  lie  in  a  plane.  For  if  pk  is 
constant,  the  angle  LP  A  is  constant,  i.e.  the  line  OL  moves  in 
the  plane  POL  which  makes  a  constant  angle  with  the  plane 
POA.    (For  a  different  proof  see  Ball's  Theory  of  Screws,  p.  85.) 


Kg.  240. 
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233.]  Beciprocal  of  a  Cylindroid.  Every  right  line,  in 
general,  meets  a  cylindroid  in  three  points,  through  each  of 
which  passes  a  screw  on  the  surface.  If  the  right  line  is  the  axis 
of  a  screw  reciprocal  to  the  cylindroid,  this  screw  (\)  is  reciprocal 
to  the  three  screws  which  it  thus  meets.  But  when  two  reci- 
procal screws  intersect,  we  must  have  (Art.  221)  either  the  sum 
of  their  pitches  equal  to  zero,  or  the  angle  between  them  a  right 
angle.  Now  it  is  impossible  that  the  pitches  of  all  three  screws 
on  the  cylindroid  should  be  equal,  because  from  Art.  2 1 9  we  see 
that  there  are  only  two  screws  on  the  surface  which  have  the 
same  pitch.  Hence  the  screw  A  must  be  perpendicular  to  one  of 
the  screws  which  it  meets. 

Now  consider  all  the  screws  that  can  be  drawn  from  a  given 
point,  0,  reciprocal  to  the  cylindroid.  It  will  (Art.  221)  be 
sufficient  to  make  these  screws  from  0  reciprocal  to  any  two 
screws  on  the  surface.  Through  0  draw  a  plane  perpendicular 
to  the  axis  of  the  cylindroid,  and  let  the  two  screws  at  the 
point  where  it  cuts  the  axis  be  a  and  /3.  Through  0  (Fig.  240) 
draw  OA  and  OB  parallel  to  a  and  /3,  and  OZ  parallel  to  the  axis 
of  the  cylindroid,  OP  and  OQ  being  the  directions  of  perpen- 
diculars from  0  on  a  and  0,  respectively. 

Then  if  OL  is  the  axis  of  a  screw  reciprocal  to  a  and  to  j8,  we 
have  by  last  Art. 

jPA+i?«=jotaniPJ, 
P\+Pp  =  qtunZQA, 
where  p  and  q  are  the  lengths  of  the  perpendiculars  from  0  on 
a  and  /3. 

Hence  we  have 

j)  tan  LP  A  —  q  tan  L  QA  =  j0«— pPi  (a) 

so  that  the  line  OL  moves  subject  to  this  condition. 

The  problem  of  the  locus  of  OL  is  therefore  this — given  two 
intersecting  lines,  OP  and  OQ,  if  two  planes  are  drawn  through 
these  lines  making  angles  0  and  <f>  with  the  plane  of  OP  and  OQ, 
such  that  ^  tan  0-?  tan  0  =  *,  (/3) 

where  p,  q,  k  are  constants,  what  is  the  surface-locus  of  the  line 
of  intersection  of  the  planes  ? 

It  is  at  once  obvious  that  it  is  a  cone  of  the  second  degree. 
Hence  all  the  screws  reciprocal  to  a  given  cylindroid  that  can  be 
drawn  through  a  given  point  lie  on  a  cone  of  the  second  degree. 
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(A  simple  geometrical  proof  of  this  theorem  is  given  by 
Sir  R  Ball,  Theory  of  Screws,  p.  23.  We  have  thought  it  advisable 
to  present  the  matter  in  a  different  light,  as  there  is  an  advantage 
in  looking  at  the  subject  from  different  points  of  view.) 

We  may  remark  that  if  the  two  planes  are  drawn  through 
the  two  lines  so  as  to  satisfy  the  equation 
p  cot  0— q  cot  <j>  =  it 
the  surface-locus  of  their  line  of  intersection  will  be  a  plane,  and 
we  have  thus  the  extension  of  the  useful  'cotangent  formula'  of 
Art.  35,  vol.  i. 

By  what  precedes,  it  is  evident  that  this  cone  is  the  locus  of 
the  feet  of  perpendiculars  from  0  on  the  generators  of  the  cylin- 
droid,  because  every  screw  reciprocal  to  the  cylindroid  intersects 
the  surface  in  two  screws  of  pitch  equal  and  opposite  to  its  own, 
and  one  screw  at  right  angles. 

Hence  the  parallel  to  the  nodal  line  (axis  of  z)  of  the  cylin- 
droid drawn  through  any  point  0,  since  it  is  perpendicular  to 
a  generator,  must  belong  to  the  reciprocal  cone  drawn  from  0. 
Moreover  the  pitch  of  the  screw  whose  axis  is  this  line  is  oo ; 
for  it  is  at  right  angles  to  every  screw  of  the  cylindroid,  and 

when  o>  =  -  while  h  is  not  zero  (Art.  221)  the  condition  of  reci- 

procity  requires  the  sum  of  the  pitches  =  oo  ;  hence  the  pitch  of 
the  screw  through  0  parallel  to  the  nodal  line  =  oo. 

It  follows  that  on  the  reciprocal  cone  can  be  found  screws  of 
all  pitches  from  —  oo  to  +  oo  (while,  of  course,  the  pitches  on 
the  cylindroid  itself  range  from  pv  to  pm,  the  principal  pitches, 
Art.  219).  For,  every  two  screws  of  the  same  pitch  on  the 
cylindroid  are  intersected  by  some  generator  of  the  cone,  the 
pitch  of  which  is  equal  and  opposite  to  the  common  pitch  of 
these  two  screws.  Hence  the  two  screws  of  zero  pitch  (when 
they  exist,  Art.  219)  are  intersected  by  a  generator  of  zero  pitch 
on  the  cone ; ,  and  we  have  just  seen  that  this  cone  has  also  a 
generator  of  infinite  pitch. 

234.]  Beoiprooal  to  Complex  of  Third  Order.  We  shall 
notice,  finally,  the  screws  reciprocal  to  a  complex  of  the  third 
order  which  can  be  drawn  through  any  point,  0.  This  number 
is  three,  as  is  thus  shown.  It  is  sufficient  to  take  any  three 
screws,  a,  0,  y,  of  the  given  complex,  and  to  find  the  reciprocals 
to  these.     Draw  the   cylindroid  (a,  /3);    then   all   the   screws 
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through  0  reciprocal  to  a  and  /?  form  a  cone  of  the  second 
degree ;  and  observe  that  one  generator  of  this  cone  is  the  per- 
pendicular from  0  on  ft  Again,  draw  the  cylindroid  (ft  y); 
then  all  the  screws  through  0  reciprocal  to  fi  and  y  form  another 
cone  of  the  second  degree,  and  one  generator  of  it  also  is  the 
perpendicular  from  0  on  ft  These  cones,  having  the  same 
vertex,  intersect  in  four  right  lines,  one  of  which  we  know — 
viz.  the  perpendicular  from  0  on  ft  The  screws  reciprocal  to 
a,  ft  and  y  must  lie  on  these  common  lines  of  intersection. 
But  it  is  easy  to  see  that  the  common  generator,  which  is  the 
perpendicular  from  0  on  ft  is  not  relevant.  For,  whatever  screw 
y  may  be,  the  pitch  of  the  screw  on  this  perpendicular  is  fixed, 
viz.  (see  Art.  233)  a  pitch  equal  and  opposite  to  the  pitches  of 
the  two  screws  on  the  cylindroid  (a,  £),  other  than  ft  which  it 
intersects.  Since,  then,  y  may  be  any  screw  whatever,  it  cannot 
be  restricted  to  being  reciprocal  to  the  screw  on  the  perpendicular 
from  0  on  ft 

For  a  different  proof  that  only  three  screws  reciprocal  to  a 
complex  of  the  third  order  can  be  drawn  from  a  given  point  see 
Ball's  Theory  of  Screws,  p.  122. 

Examples. 

1.  The  sum  of  the  pitches  of  the  two  screws  which  pass  through 
any  point  on  the  axis  of  a  cylindroid  is  constant. 

2.  A  cubical  block  (represented  by  Fig.  228)  is  free  to  twist  about 
its  diagonal  Q(f\  determine  a  wrench— 

(a)  about  AB9 

(b)  about  AD9 
so  that  the  block  may  be  in  equilibrium. 

An*.  In  (a)  the  wrench  is  one  of  infinite  pitch,  i.e.  a  couple  about 
AB.  In  (b)  the  pitch  of  the  screw  on  Off  being  p,  that  of  the  screw  on 
AD  is  a—p,  where  a  is  the  length  of  an  edge  of  the  block,  so  that 
the  wrench  is  [P,  (a—p)  P],  where  P  is  a  force  of  any  magnitude. 

3.  A  right  cone  is  capable  of  twisting  about  a  screw  coincident 
with  one  of  its  generating  lines;  find  the  wrench  about  a  given 
diameter  of  its  base  which  will  keep  it  in  equilibrium. 

Ans.  If  the  axis  of  the  given  screw  of  twist  (pitch  p)  is  BA, 
where  B  is  the  vertex  and  A  a  point  on  the  circumference  of  the  base, 
0  the  centre  of  the  base,  OP  the  radius  of  the  base  about  which  the 
wrench  is  to  take  place,  P  being  on  the  circumference  of  the  base, 
IPO  A  =  0,  e  =  height  of  cone,  the  required  wrench  is 
[P,-(p  +  c  tan  0)P]. 
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4.  A  body  which  has  freedom  of  the  second  order  is  acted  upon — 

(a)  by  a  single  force, 
(6)  by  a  single  couple ; 
what  is  the  condition  of  equilibrium  ? 

An*.  In  case  (a)  the  line  of  action  of  the  force  must  intersect 
both  the  screws  of  zero  pitch  on  the  cylindroid  which  defines  the 
possible  motions  of  the  body ;  and  in  (5)  the  axis  of  the  couple  must 
be  parallel  to  the  nodal  line  of  the  cylindroid. 

5.  At  a  given  point,  0,  are  compounded  three  wrenches  of  fixed 
pitches,  a,  5,  c,  along  three  fixed  rectangular  lines,  Ox,  Oy,  Oz ;  the 
intensities  of  these  wrenches  being  all  varied  in  any  manner,  find  the 
surface-locus  traced  out  by  the  Poinsot  centre. 

Arts.  Its  equation  is 

T ■     *     i*     I   I 

b—c     c— a      a— 6      a—b.b—c.c—a 

^-+-7-+-^-+ ^ a 

The  section  of  this  surface  by  any  plane  through  any  axis  of  co- 
ordinates is  an  ellipse  (and  the  axis  itself).  The  force  and  the 
principal  couple  at  O  are  always  related  thus — the  force  being  a 
central  radius  vector  of  a  fixed  ellipsoid,  the  axis  of  the  principal 
couple  coincides  in  direction  with  the  central  perpendicular  on  the 
tangent  plane  to  this  ellipsoid  at  the  extremity  of  the  radius  vector, 
and  varies  inversely  as  this  perpendicular. 

6.  The  axes  of  three  coplanar  screws  of  pitches  pa,  pp,  p,  form  a 
triangle  whose  sides  are  a,  5,  c,  respectively ;  prove  that  the  pitches 
of  the  two  screws  (other  than  that  perpendicular  to  their  plane) 
which  can  be  drawn  through  any  point,  0,  in  their  plane  and  reci- 
procal to  them  are  the  roots  of  the  equation 

X+Pa       a+/>0       X+Py 

where  p,  q9  r  are  the  perpendiculars  from  0  on  the  sides  a,  b,  e  (all 
reckoned  positive  when  0  is  inside  the  triangle). 

(It  is,  of  course,  evident  that  any  screw  of  infinite  pitch  per- 
pendicular to  their  plane  is  reciprocal  to  all  three.) 

7.  Find  the  directions  of  the  two  reciprocal  screws  at  0  in  the 
last  problem. 

8.  In  a  screw  complex  of  the  fourth  order  show  that  all  screws  of 
given  pitch  must  intersect  two  fixed  right  lines. 

(Consider  the  reciprocal  cylindroid;  take  the  two  screws  on  it 
whose  pitches  have  the  given  value  with  contrary  sign.) 

9.  Show  that  in  a  screw  complex  of  the  fourth  order  the  locus  of 
those  screws  which  are  parallel  to  a  given  line  is  a  plane.  (Ball, 
Theory  of  Screws,  p.  146.) 

(Take  the  one  screw  on  the  reciprocal  cylindroid  which  is  per- 
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pendicular  to  the  given  direction ;  then  the  plane  through  this  screw 
parallel  to  the  given  direction  is  the  locus.) 

10.  Construct  the  cylindroid  reciprocal  to  four  screws  of  zero 
pitch. 

[Draw  the  two  lines  which,  as  we  shall  see  a  little  farther  on,  can 
he  drawn  to  intersect  all  the  four  given  screws ;  attribute  zero  pitch 
to  these  two,  and  construct  their  cylindroid.] 

11.  A  perfectly  free  body  is  acted  upon  by  five  given  forces,  show 
how  it  can  be  moved  in  a  particular  manner  in  such  a  way  that  no 
work  is  done  by  or  against  the  forces.  (Ball,  Theory  of  Screws, 
p.  152.) 

[Draw  the  cylindroid,  as  in  last  example,  for  any  four;  on  this 
cylindroid  find  the  screw  reciprocal  to  the  fifth;  this  is  the  single 
screw  (Art.  224)  which  is  reciprocal  to  all  five ;  and  any  twist  on 
this  will  be  unaccompanied  by  work.] 

12.  A  perfectly  free  rigid  body  is  acted  upon  by  three  screws; 
what  are  the  conditions  of  equilibrium  1 

Ans.  As  to  the  situations  of  the  screws,  they  must  be  co-cylin- 
droidal;  and  as  to  the  intensities  of  the  wrenches  on  them,  they 
must  satisfy  the  law  of  sines  (Art.  218). 

13.  For  the  same  case  what  are  the  conditions  of  equilibrium  of 
six  screws  and  of  seven  screws,  respectively  ? 

Ans.  For  six,  the  screw  reciprocal  to  five  must  be  reciprocal  to 
the  sixth,  and  the  intensities  must  be  related.  For  seven;  there  is 
no  condition  as  to  the  positions  of  the  screws — the  only  condition  is 
a  relation  between  the  intensities  of  their  wrenches  (see  Art.  226). 

235.]  Theorem.  A  system  of  forces  can  be  reduced  to  two 
forces  in  an  infinite  number  of  ways.  For  they  can  be  reduced 
to  a  resultant  force,  JB,  acting  at  any  point,  together  with  a 
couple.  Now  the  forces  of  the  couple  can  be  made  of  any  mag- 
nitude by  varying  its  arm ;  and  one  of  them  can  be  combined 
with  R.  There  will  then  remain  the  resultant  of  R  and  this 
force  together  with  the  remaining  force  of  the  couple.  There- 
fore, &c. 

Of  course  the  wrench  to  which  all  pairs  of  forces  equivalent 
to  a  given  force  system  reduce  is  unique ;  and  since  we  have 
shown  (Art.  221)  that  the  wrench  of  two  forces  takes  place 
about  a  screw  which  intersects  the  shortest  distance  between 
the  lines  of  action  of  the  two  forces,  we  see  that — Poinsofs  axis 
intersects  the  shortest  distance  between  the  lines  of  action  of  every 
pair  of  forces  to  which  the  given  force  system  can  be  reduced. 

Suppose  that  AP  and  BQ  (Fig.  237,  p.  18)  are  a  pair  of  forces 
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to  which  a  given  force  system  can  be  reduced,  and  let  p  =  -^ 

=  the  pitch  of  the  Poinsot  screw  to  which  they  are  equivalent. 
Then  the  distance  (OA)  of  either  line  (AP)  from  the  Poinsot 
axis  is  the  product  of  the  pitch  and  the  cotangent  of  the  in- 
clination of  the  other  line  (BQ)  to  the  Poinsot  axis. 

For  if  0  =  PAr,  <p  =  qAr,  since  Ac  represents  K  and  An 
represents  QA,  we  have  K  =  p .  R  =  QA  sin  <f>.    But 

AO  _Qqo&4>9        %     AO_Qco&^ 
OB"  P cos 6l       ■'"      A   "      i2      J 
.\    AOxR=  QAcosQ; 
.%    AO  =p  cot  4>. 
Similarly  -BO  =  jo  cot  ft 

The  two  lines  of  action,  4P,  i?<2,  of  any  pair  of  forces  equi- 
valent to  a  given  wrench  are  sometimes  called  reciprocal  lines. 

They  possess  the  following  property — if  any  point,  S,  be 
taken  on  either  line  (AP),  the  axis  of  principal  moment  at 
this  point  is  the  perpendicular  to  the  plane  containing  S  and 
the  other  line  (BQ). 

This  property  is  at  once  obvious,  since  to  get  G,  the  axis  of 
principal  moment  at  S  (supposed  on  AP),  we  introduce  at  S 
two  forces  equal  and  opposite  to  Q ;  then  the  couple  Q  at  B 
and  —  Q  at  S  is  in  the  plane  of  S  and  BQ,  and  its  axis,  G,  is, 
of  course,  perpendicular  to  this  plane. 

The  relation  between  the  two  lines  is  thus  reciprocal,  so  that 
either  line  is  the  envelope  of  the  planes  of  principal  couples  at 
all  points  on  the  other  line. 

The  two  forces  P  and  Q  along  AP  and  AQ  may,  of  course, 
be  regarded  as  two  wrenches  each  of  zero  pitch,  and  therefore  as 
determining  a  cylindroid.   If  in  Article  21 7  we  put  p9  =p^=  0, 

we  find  Py  =  A  cot  -,  px  =  —A  tan  -  ;    also  the   origin   of  the 

cylindroid  bisects  the  distance  A,  and  its  axes  are  parallel  to 
the  internal  and  external  bisectors  of  the  angle  between  AP 
BQ.    The  equation  of  the  cylindroid  is 

z{&+y*)— ^zycoseco)  =  0. 

The  two  principal  pitches  have  opposite  signs,  and  the  given 
forces  act  along  the  two  screws  of  zero  pitch  of  this  cylindroid. 
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236.]  Theorem.  When  a  system  of  forces  is  reduced  to 
a  pair  of  forces  represented  in  magnitudes  and  lines  of  action 
by  two  right  lines,  the  volume  of  the  tetrahedron  formed  by 
these  lines  is  constant,  however  the  re- 
duction is  made. 
.  Let  the  system  of  forces  be  reduced 

to  P  and  Q,  and  let  these  be  supposed 
to  act  at  the  extremities,  A  and  B,  of 
the    shortest    distance    between   them. 
Now  to  get  the  force  and  couple  cor- 
responding to  the  origin  A>  introduce 
at  this  point  two  opposite  forces,  AQ 
and  AQ',  each  equal  and  parallel  to  Q. 
Compounding  P  and  Q  we  get  the  resultant  force,  R ;   and 
taking  the  forces  Q  at  B  and  Q'  at  A  we  get  a  couple  whose  axis, 
AG,  is  at  right  angles  to  the  plane  QBA  Q'  and  equal  to  Q .  AB. 
Since  AB  is  perpendicular  to  both  P  and  Q,  it  is  clear  that  AG 
is  in  the  plane  QAP  and  at  right  angles  to  AQ. 
Now  since  (Art.  208)  G  cos  0  =  K,  we  have 
Q.AB.8mQAR  =  K. 

p 
But  sin  QAR  =  ^  .  sin PAQ.     Hence 

P.Q.AB.sinPAQ^K.R. 

Now  the  volume  of  the  tetrahedron  formed  by  the  lines  AP 
*nABQ 

=  J  area  ABQ  x  perpendicular  from  P  on  the  plane  ABQ ; 

=  iBQ.ABxAP.sirxPAQ; 

=  $P.Q.AB.sinPAQ. 
Hence  if  A  denotes  the  volume  of  the  tetrahedron, 

A  =  iK.R. 

This  theorem  has  been  proved  in  various  ways.  For  an 
elegant  demonstration  by  Mobius,  see  Crelle's  Journal,  vol.  iv, 
p.  179,  or  Jullien's  Problemes  de  HScanique  Rationfielle,  vol.  i, 
p.  71. 

237.]  Symmetrical  Reduction  of  a  System  of  Forces.  A 
system  of  forces  can  be  reduced  to  two  forces  equal  in  magni- 
tude, equally  inclined  at  opposite  sides  to  Poinsot's  Axis,  and 
equally  distant  from  this  axis. 
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Suppose  the  forces  replaced  by  R  acting  along  Poinsot's  Axis, 
Ozy  and  a  couple,  K.  Take  any  point,  (/  (Fig.  236) ;  draw  CfO 
perpendicular  to  Oz  and  produce  it  to  0"  so  that  CfO  =  00". 
Let  R  acting  at  0  be  replaced  by  \R acting  at  Cf  and  \R  acting 
at  0".     Also  let  the  forces  of  the  couple  act  at  Cf  and  0" ;  for 

this  purpose  these  forces  must  each  be  made  =  —  1  x  being  00', 

Now  the  resultant  of  i  R  and  — -  at  (/  is  a  force 

2a? 


-W"+*' 


re- 
acting towards  the  right,  and  the  resultant  of  \  R  and  —  at  0" 

is  a  force  of  the  same  magnitude  acting  towards  the  left  of  the 
figure. 

If  cd  is  the  angle  made  with  Poinsot's  Axis  by  these  new 
forces  at  Cf  and  0",  jf 

jr 

If  we  choose  x  so  that  —  =  >/3-R,  each  of  the  two  symmetrical 
x 

forces  is  equal  to  R,  and  they  are  inclined  at  an  angle  of  60°  to 

Poinsot's  Axis. 

238.]  Analytical  Condition  for  a  Single  Resultant.     We 

have  just  seen  that  a  system  of  forces  acting  on  a  rigid  body  is, 

in  general,  equivalent  to  two  forces.     Let  the  forces  be  replaced 

by  a  single  resultant  force,  -B,  acting  at  an  arbitrary  origin,  0, 

and  a  couple  G.    Now  the  direction-cosines  of  R  referred  to  axes 

0a?,  0y9  and  Oz,  are  (Art.  206), 

IT    If9    ***  ~R' 
and  those  of  6  are 

L     M         ,   N 
G'    ~G'    and    G* 
Hence,  if  ^  is  the  angle  between  0  and  B, 
_,      I2X+M2Y+N2Z 

C0B*  = GR W 

Now  if  the  resultant  couple  is  in  a  plane  containing  R,  one 
of  its  forces  can  be  made  to  destroy  R}  and  there  will  remain 
a  single  force ;  but  if  0  and  R  are  not  at  right  angles  to  each 
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other,  the  system  of  forces  cannot  be  equivalent  to  a  single  force. 
The  required  condition  is,  therefore,  cos  <p  =  0,  or 

Z2X+Jf2r+i\r2#=  0,  (2) 

provided  that  2 X,  2  7,  a?id  2Z  do  not  all  vanish  ;  for  if  they  do, 
R  will  also  vanish,  and  <f>  will  be  illusory.  In  fact,  in  this  case, 
since  L,  M,  and  N  alone  exist,  the  system  of  forces  is  equivalent 
to  a  couple. 

239.]  Theorem.  The  quantity  1 2  X + if  2  7+  N2  Z  has  the 
same  value  for  all  systems  of  rectangular  axes  assumed  anywhere 
in  space. 

From  (1)  of  the  last  Art.,  it  =  R .  G  cos  cf>,  or  R .  K9  where  K 
is  Poinsot's  moment  (Art.  208). 

Hence,  if  this  quantity  vanishes  for  any  one  set  of  axes,  the 
force  and  the  axis  of  the  accompanying  couple  corresponding  to 
any  origin  are  at  right  angles. 

The  value  of  this  quantity  can  be  exhibited  in  another  form, 
which  also  shows  that  it  is  independent  of  any  particular  set  of 
axes. 

Substituting  for  L,  M,  and  N  the  values  (Art  206), 
2(%—  Yz)>  &c,  the  expression  becomes 

(z1y1-T1z1+z2?/2-r2z2+ ...)(x1+x2+ ...) 
+(x1zl-z1wl+xgzt-z2*%+...)(T1+T%+...) 

+  (T1x1-X1y1+r2x2-X2y2  +  ...)(Z1  +  Z2+...); 

or,  substituting  for  Xlf  Yly  Zly ...  in  terms  of  the  forces  P19  ... 
and  their  direction-cosines, 

[pi  til  c08  yi  ~  zi cos  £1)  +  A  C?2  «»  y2— z2  cos  /92)  + . . .] 
x  (P1cosa1  +  P2co8a2+...)  +  &c. .... 

It  is  clear  at  once  that  the  terms  Px2,  P22, ...  disappear,  and  the 
products  PjPg,  PjPg, ...  alone  remain. 

Collecting  the  coefficient  of  P2P2  as  a  typical  term,  we  have 

-Pi  -P2  \kxi ""  ^2)  (cos  #i C09  7% — cos  7i cos  £2) 

+ (ft  —  ^ «)  (cos  yi cos  °a — °°8  ai  c08  y2) 

+  fo  —  r2)  (cos  Oj  cos  02— cos  /^  cos  a2)]. 

Now  (see  Salmon's  Geometry  of  Three  Bimennons,  p.  31,  third 
edition,  or  Frost's  Solid  Geometry,  p.  39)  if  (Px,  P2)  denotes  the 
angle  between   the  directions  of  the  forces  Px  and  P2,  the 
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quantity  in  brackets  =  d12.sin(Pl9  P2),  d1%  being  tbe  shortest 
distance  between  the  lines  of  action  of  the  forces. 

Hence 

2;sX+ifS7+iV2Z=2P1P2.rf12.sin(P1,P2).         (1) 

Again  (Art.  236),  the  term  involving  PxPt  on  the  right  side 
of  (1)  denotes  six  times  the  tetrahedron  formed  by  P,  and  P2; 
therefore  the  quantity  on  the  left  side  is  equal  to  six  times  the 

sum  (with  their  proper  signs)  of  the  -^— — '  tetrahedra  which  can  be 

formed  out  of  the  pairs  of  lines  representing  the  n  forces 

P    P  P 

This  sum  has,  of  course,  no  reference  to  any  set  of  axes,  and 
hence  the  necessarily  invariant  nature  of  Li  X+  M2  Y+  N^Z. 

With  regard  to  the  sign  to  be  given  to  any  tetrahedron  of  the 
system,  we  define  that — 

The  moment  of  a  force  with  regard  to  a  line  is  the  component  of 
the  force  perpendicular  to  the  line  multiplied  by  the  shortest  distance 
between  the  force  and  the  line. 

Hence  P1 .  dl2 .  sin  (P2,  P2)  is  the  moment  of  Px  about  the  line 
of  action  of  P2.  Now  to  determine  the  sign  which  must  be 
given  to  any  tetrahedron,  let  a  watch  be  placed  so  that  the 
direction  in  which  either  force  acts  passes  perpendicularly  from 
the  back  up  through  the  face  of  the  watch.  If  then  the  other 
force  tends  to  produce  rotation  in  the  sense  in  which  the 
hands  rotate,  the  tetrahedron  is  to  receive  a  negative  sign,  and 
if  the  rotation  is  the  other  way,  a  positive  sign. 

240.]  Conditions  of  Equilibrium  of  a  Rigid  Body  acted  on 
by  any  Forces.  The  forces  having  been  reduced  to  a  resultant 
of  translation,  R,  acting  at  any  point,  together  with  a  corre- 
sponding couple,  6,  since  a  force  and  a  couple  cannot  conjointly 
produce  equilibrium  ((c),  Art.  200)  it  is  necessary  that 

R  =  0  and  0  =  0. 
Substituting  the  values  of  R  and  6  given  in  Art.  206,  we  see 
that  these  two  are  equivalent  to  the  following  six  conditions : 
2X=0,     2  7=0,     2Z=0, 
Z=:0,      Jf=0,       #=0, 

which  are  the  analytical  expressions  of  the  fact  that  the  forces 
must  have  no  component  along  any  line  and  no  moment  about  any 
axis. 
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241.]  Particular  Cases  of  Equilibrium,  (a)  Equilibrium  of 
three  forces.  When  three  forces  keep  a  body  in  equilibrium,  their 
lines  of  action  must  be  coplanar  and  concurrent  (or  parallel). 

For,  let  the  forces  be  P,  Q,  22.  Then  the  sum  of  their 
moments  about  every  right  line  =  0.  Take  any  point,  p,  on  P, 
and  from  it  draw  a  line  meeting  Q — in  q,  suppose. 

Since  the  sum  of  moments  about  the  line  pq  must  be  zero,  and 
since  the  moments  of  P  and  Q  about  it  are  separately  zero,  this 
line  must  intersect  22 — in  r,  suppose. 

Draw  another  line  through  p  meeting  Q  in  q'\  then,  as  before, 
this  line  must  meet  22 — in  /,  suppose.  Now,  since  two  points 
on  each  of  the  lines  Q  and  22  lie  in  the  plane  determined  by  the 
lines  pqr  and  pqV,  the  lines  Q  and  22  must  each  lie  wholly  in 
this  plane.  Again,  drawing  any  two  lines  whatever  across  Q 
and  22,  these  must  both  be  intersected  by  P;  that  is,  P  must  lie 
in  the  plane  of  Q  and  R ;  hence  all  the  forces  are  coplanar. 

Finally,  taking  moments  about  the  point  (Art.  77)  of  inter- 
section of  Q  and  22,  we  see  that  P  must  pass  through  this  point, 
and  be  equal  and  opposite  to  their  resultant.  If  Q  and  R  are 
parallel,  P  must  be  parallel  to  them,  and  equal  and  opposite  to 
their  resultant. 

The  case  of  Art  19  is  therefore  the  only  case  of  equilibrium 
of  three  forces. 

(b)  Equilibrium  of  four  forces.  If  four  forces  keep  a  body  in 
equilibrium,  they  must  all  lie  on  the  same  hyperboloid  of  one  sheet 

Any  three  non-intersecting  right  lines  determine  a  hyperbo- 
loid  of  one  sheet,  because  a  surface  of  the  second  degree  requires, 
in  general,  nine  conditions  for  its  determination,  and  the  con- 
ditions that  any  one  given  right  line  (x  =  az  +  m,  y  =  bz  +  n) 
should  lie  wholly  on  the  surface  are  three  in  number ;  hence 
among  the  nine  unknown  coefficients  in  the  equation  of  the  sur- 
face there  will  be  established  nine  (linear)  equations  if  three  given 
non-intersecting  lines  all  lie  on  it  The  surface  is  therefore 
determined. 

Describe  the  hyperboloid  determined  by  three  of  the  forces,  P, 
Q,  R ;  then  an  infinite  number  of  right  lines  can  be  drawn  to 
intersect  these  three,  and  all  such  lines  lie  on  the  hyperboloid  and 
constitute  one  system  of  its  generators,  while  P,  Q,  22  belong 
to  the  other  system  of  generators  (see  Salmon's  Geometry  of 
Three  Dimensions,  Chap.  VI).     Every  line  intersecting  P,  Q,  R 
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must,  since  the  sum  of  the  moments  of  the  four  forces  about  it 
=  0,  also  intersect  the  fourth  force  8;  hence  8  passes  through 
an  infinite  number  of  points  lying  on  the  hyperboloid,  which  is 
impossible  unless  8  lies  wholly  on  the  surface. 

The  given  forces,  therefore,  act  along  lines  which  are  all 
generators  of  the  same  system  of  the  same  hyperboloid. 

(c)  Equilibrium  of  five  forces.  If  five  forces  keep  a  body  in 
equilibrium,  their  lines  of  action  must  intersect  two  right  lines.  If 
a  right  line  could  be  drawn  so  as  to  intersect  four  of  the  forces, 
it  would  have  to  intersect  the  fifth,  on  account  of  the  vanishing 
of  the  sum  of  the  moments  about  it. . 

Now  two  right  lines  can,  in  general,  be  drawn  to  intersect 
any  four  non-intersecting  right  lines.  For,  let  the  four  lines 
be  denoted  by  P,  Q,  R9  8.  Construct  the  hyperboloid  deter- 
mined by  (P,  Q,  JB),  and  also  the  hyperboloid  determined  by 
(P,  Q,  S).  These  hyperboloids  having  two  right  lines  for  a  part 
of  their  curve  of  intersection  will  have  two  other  right  lines  for 
the  remainder  of  the  curve.  For,  let  the  equations  of  the  line 
P  be  (x  =  0,  y  =  0),  and  those  of  Q  be  (z  =  0,  w  =  0)  ;  then 
the  equation  of  any  hyperboloid  containing  these  lines  is 

x  (tnz+pw)  +y{lz  +  qw)  =  0  ; 
another  hyperboloid  containing  the  same  lines  is 

x  (m'z+p'w)+y  (fz  +  qfw)  =  0. 
Now  at  all  points  of  intersection  of  these  two  hyperboloids,  for 
which  x  and  y  do  not  both  vanish,  and  for  which  z  and  w  do  not 
both  vanish — i.  e.  at  all  points  of  their  curve  of  intersection, 
excluding  the  points  on  the  two  common  generators — we  have 
mz+pw  __  Iz+qw 
m'z+p'w  "~  Fz  +  tfw 

This  equation,  being  homogeneous  in  z  and  w,  denotes  two 
planes  passing  through  the  line  Q ;  but  any  plane  through  a 
generator  must  intersect  the  surface  again  in  a  right  line  ; 
therefore  these  two  planes  cut  the  surface  in  two  right  lines, 
which  are  the  remaining  part  of  the  curve  of  intersection  of  the 
two  hyperboloids ;  and  each  of  them  intersects  the  generators 
(P,  Q,  R)  and  the  generators  (P,  Q,  8)  ;  i.  e.  each  intersects  the 
four  lines  P,  Q,  It,  8.  Each  must,  therefore,  intersect  the  fifth 
force.     Q.E.D. 
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EXAMPLES 

1.  A  rigid  body  is  acted  on  by  forces  represented  in  magnitudes 
and  lines  of  action  by  the  sides  of  a  gauche  polygon  taken  in  order ; 
prove  that  the  forces  are  equivalent  to  a  couple,  and  that  the  sum  of 
their  moments  about  any  line  is  represented  by  double  the  area  of  the 
projection  of  the  polygon  on  a  plane  perpendicular  to  the  line. 

Let  the  forces  be  represented  by  the  lines  ,42?,  2?C,  CD,  ...(Fig.  242), 

and  let  OQ  be  any  axis. 

On  the  axis  take  any  point,  0,  and  reduce  the  forces  to  a  resultant,  R, 

of  translation  at  this  point,  together  with  a  couple,  O  (Art.  206). 
This  is  done  by  introducing  at  0  two  forces 
parallel  and  equal  to  AB  in  opposed  direc- 
tions, two  equal  and  opposite  to  BO,  Ac. 
Now  (Art.  199)  the  resultant  of  translation 
vanishes,  and  the  component  couples  are 
represented  by  double  the  areas  of  the  tri- 
angles OAB,  OBC,  &c.  If  the  axes  of  these 
couples  are  drawn  at  Ot  the  Bum  of  the 
moments  of  the  forces  about  OQ  will  be 
represented  by  the  sum  of  the  components  of 
the  axes  along  OQ;  but  this  is  the  same  as 
double  the  sum  of  the  projections  of  the 

areas  of  the  triangles  on  a  plane  perpendicular  to  OQ ;  that  is,  the 

moment  about  OQ  is  represented  by  double  the  area  of  the  projection 

of  the  polygon  on  a  plane  perpendicular  to  OQ. 

Again,  since  G  is  the  greatest  moment  round  any  axis  through  O 

(Art.  206),  it  follows  that  tbe  axis  of  the  resultant  couple  is  the  line 

perpendicular  to  the  plane  on  which  the  projected  area  of  the  polygon 

is  a  maximum. 

2.  When  the  resultant  of  translation  vanishes,  the  forces  will  be 
in  complete  equilibrium  if  the  sums  of  their  moments  round  any  three 
non-coplanar  axes  are  separately  equal  to  nothing. 

For  if  L  be  the  moment  round  the  axis  of  x,  the  moment  L\  round 
a  parallel  axis  through  the  point  (a,  0,  y)  is  Z  +  y2  Y—$LZ.  Hence 
Z  =  L,  3/"=  M,  N'zz  N ;  and  since  the  moment  round  an  axis 
through  (a,  )3,  y)  making  angles  A,  ja,  v  with  the  axis  of  co-ordinates  is 
V  cos  A  +  Af  cos  fx  +  N'  cos  v,  it  follows  that  the  moments  round  all 
parallel  axes  are  equal.  For  the  three  axes  of  moments  we  may  take, 
therefore,  three  lines  through  the  origin  making  angles  (X1,  filf  i>,), 
(Xjj,  fij,  2/2),  and  (X„  /a,,  i/8)  with  the  axes  of  co-ordinates.  Suppose 
then  that 

Zcc«Ax+Jf  cosfil+irco8J>1  =  0, 


and 


L  cos  \  -f  i^cos  I*, + iTcos  pf  =  0, 

XcOsAj  +  if  008/^4-^008  2^,=  0. 
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These  require  either  that  L  =  M  =  N  =  0,  or 

cosAj,     cos^,     cosx^ 

cos  A,,     cos/x^,     cosz>3     =0. 

cosAs,     cos/^,     cosi>s 

The  latter  condition  requires  that  the  three  axes  of  moments  he  in  one 
plane.  If  they  are  not  coplanar,  we  must  have  L  =  M  =  N  =  0,  i.e, 
the  forces  are  in  equilibrium. 

3.  A  tetrahedron  is  acted  on  by  forces  applied  perpendicularly  to 
the  faces  at  their  respective  centroids.  If  the  force  applied  to 
each  face  is  proportional  to  the  area  of  that  face,  prove  that  the 
tetrahedron  is  in  equilibrium,  the  forces  being  supposed  to  act  all 
inwards  or  all  outwards. 

Let  A,  B,  C,  D  be  the  vertices  of  the  tetrahedron,  and  denote  the 
areas  of  the  faces  opposite  these  vertices  by  AxtBxi  Ciy  Dlf  respectively. 

xv 

Denote  also  the  angle  between  the  faces  Ax  and  Bx  by  AXBV  Then 
evidently  xv  xx  xx 

A  j  =  Bx  cos  AXBX  +  Cx  cos  Ax Cx + Dx  cos  Ax  Dx ; 

or,  if  the  forces  perpendicular  to  the  faces  are  denoted  by  P,  Q,  R,  S9 
P-Q.cobPQ-R.cosPR-S.cobPS^O, 

which  shows  that  there  is  no  resultant  force  in  a  direction  perpen- 
dicular to  the  face  A1 ;  similarly  there  is  no  resultant  force  in  direc- 
tions perpendieular  to  the  other  faces;  therefore  the  resultant  of 
translation  vanishes. 

To  show  that  there  is  no  resultant  couple,  let  each  force  be  replaced  by 
three  equal  forces  acting  at  the  angles  of  the  corresponding  face.  Thus 
the  force  P  is  to  be  replaced  by  three  forces  each  equal  to  £P  acting 
at  the  points  2?,  C,  D  perpendicularly  to  the  face  BCD.  Let  us 
calculate  the  sum  of  the  moments  of  the  forces  about  the  edge  BC. 
For  this  purpose,  let  the  forces  $  Q  and  £  R  at  D  be  each  resolved  in 
the  direction  of  the  force  \P  at  this  point,  i.e.  perpendicularly  to  the 
face  BCD.     Supposing  the  forces  to  act  outwards,  the  components  of 

•x  /s 

J  Q  and  £  R  are  —  \  Q .  cos  PQ  and  —  $R .  cos  PR ;  therefore  the  sum 

of  the  moments  of  the  forces  at  D  about  BC  is  proportional  to 

/\  xv 

{Al—B1.  cos  AXBX — Cx .  cos  A  fl^p, 

xv 

or  Dx.p'  .coaAxDxt 

xv 
or,  again,  Dx .  p .  cot  A  XDX , 

j/  being  the  perpendicular  from  D  on  BC,  and  p  the  perpendicular 
from  D  on  the  base  ABC.    But  this  last  expression  is  three  times  the 

XV 

volume  of  the  tetrahedron  multiplied  by  cot  AXDX.    In  the  same  way, 

the  sum  of  the  moments  of  the  forces  at  A  is  represented  by  three 

xx 
times  the  volume  of  the  tetrahedron  multiplied  by  cot  AXDX ;  and  as 
these  moments  are  in  opposite  senses,  the  forces  have  no  moment  round 

e  % 
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the  edge  BC,  and  similarly  no  moment  round  any  of  the  edges.    Hence 
by  the  last  example  they  are  in  equilibrium. 

For  another  simple  method  of  proof  see  Collignon's  Statique,  p.  354. 

4.  Prove  that  a  solid  body  of  any  shape  is  in  equilibrium  if  it  is 
acted  on  throughout  its  surface  by  normal  forces,  each  force  being 
proportional  to  the  superficial  element  on  which  it  acts. 

One  very  simple  method  of  proof  consists  in  imagining  a  surface 
precisely  equal  and  similar  to  that  of  the  given  body  to  be  traced  out 
in  a  weightless  fluid  which  is  subject  to  any  pressure. 

5.  If  a  curved  surface  whose  edge  is  a  plane  curve  is  acted  on  all 
over  its  surface  by  normal  forces,  each  proportional  to  the  element  of 
surface  on  which  it  acts,  prove  that  these  forces  have  a  single  resultant 
if  they  all  act  towards  the  same  side  of  the  surface. 

6.  Forces  perpendicular  and  proportional  to  the  areas  of  the  faces 
act  at  the  centres  of  the  circles  circumscribing  the  faces  of  a  tetrahe- 
dron ;  prove  that  they  are  in  equilibrium,  if  they  all  act  inwards  or 
outwards. 

They  meet  in  the  centre  of  the  circumscribed  sphere.  The  proposi- 
tion is  evidently  true  also  for  any  polyhedron  bounded  by  triangular 
faces. 

Taking  the  results  of  this  example  and  example  3  together,  we  see 
that  forces  proportional  to  the  areas  and  perpendicular  to  them  are  in 
equilibrium  if  they  act  at  the  orthocentres  of  the  triangular  faces  of 
any  polyhedron. 

7.  Find  the  force  necessary  to  keep  a  heavy  door  in  a  given  position, 
the  hinge  line  being  inclined  to  the  vertical  and  the  hinges  smooth. 

Let  1  be  the  inclination  of  the  hinge  line  to  the  vertical,  and  a  the 
given  inclination  of  the  plane  of  the  door  to  the  vertical  plane  con- 
taining the  hinge  line.  Then  if  W  is  the  weight  of  the  door,  a  the 
distance  of  its  centre  of  gravity  from  the  hinge  line,  and  6  the  angle 
between  the  normal  to  the  plane  of  the  door  and  the  vertical,  the 
moment  of  the  weight  about  the  hinge  line  is 

Wa  cos  0. 
JJ  This  is  the  moment  of  the  required  force.     To 

V^N.  find  0,  let  lines  parallel  to  the  hinge  line  and  the 

"^Jl        vertical  be  drawn   through   any  point,   0,  and 
/  Vs     through  this  point  let  a  plane  be  drawn  parallel 
\      to  the  plane  of  the  door.    Round  0  let  any  sphere 
/  be  described;    let   V  and  L  (Fig.  243)  be  the 

points  where  these  lines  meet  the  sphere;    DL 
the  circle  in  which  the  plane  of  the  door  inter- 
Fig.  343.  sects  the  sphere,  and  N  the  point  in  which  the 
normal,  ON,  to  the  door  intersects  it      Then 
VL  =  t,  ZDLVsz  a,  and  NV=0,  and  we  have  from  the  spherical 
triangle  VDL,  ^  yD  =  ein  f-  gin  ^ 

or  cos0  =  sinisina, 
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since  N  is  the  pole  of  DL.    Hence  the  moment  of  the  required  force  is 

Wa  sin  t  sin  a> 
and  when  its  point  of  application  and  direction  are  known,  its  magni- 
tude is  therefore  known. 

8.  A  beam  can  torn  in  every  direction  about  one  end  which  is 
fixed;  the  other  end  rests  on  a  rough  inclined  plane.  Find  the 
limiting  position  of  equilibrium.  (See  Walton's  Mechanical  Problems, 
p.  191,  third  edition.) 

Let  AB  (Fig.  244)  be  the  beam,  A  the  fixed  end,  DPH  the  rough 
inclined  plane,  PH  the  intersection  of  this  plane  with  a  horizontal 
plane  through  A,APD  the  vertical  plane 
through  A  perpendicular  to  the  inclined 
plane,  BD  a  line  parallel  to  PH,  AO  a 
perpendicular  from  A  on  the  inclined 
plane,  DQ  a  perpendicular  on  the  hori- 
zontal plane,  i  the  inclination  of  the 
plane,  a  the  angle,  ABO,  between  the 
beam  and  this  plane,  and  fx  the  coefficient 
of  friction. 

Now  suppose  first  that  the  beam  is 
perfectly  inelastic.  Then  the  end  B  describes  on  the  inclined  plane  a 
circle  whose  centre  is  0,  and  if  it  is  about  to  slip,  the  force  of  friction 
assumes  a  direction  perpendicular  to  OB  in  the  inclined  plane.  The 
extreme  position  of  the  beam  will  be  denoted  by  the  angle,  0  or 
BOB,  between  the  plane,  A  OB,  through  the  beam  normal  to  the 
inclined  plane  and  the  vertical  plane,  AOD. 

The  forces  acting  on  the  beam  are  its  weight,  the  reaction  of  the 
smooth  joint  at  A,  and  the  total  resistance  of  the  inclined  plane  at  B. 
This  last  force  we  shall  consider  as  composed  of  a  normal  reaction,  R, 
and  a  force  of  friction,  \iR,  acting  perpendicularly  to  BO.  For  the 
equilibrium  of  the  beam  take  moments  about  a  vertical  axis  through 
A.  The  moment  of  the  normal  reaction  at  B  is  R&nixBD,  or 
Ruin  i. BO  and,  or  again,  Rami.  AB  cob  a  sin  $.  To  find  the 
moment  of  fiR,  resolve  it  into  \iR  cos  0  along  BD  and  \iR  sin  6 
parallel  to  OD;  and  resolve  this  latter  again  into  a  horizontal 
component,  \iR  sin  0  cos  t,  and  a  vertical  component,  \iR  sin  6  sin  1. 
The  moment  of  pR  is  then  equal  to  the  sum  of  the  moments  of 
fiR  cos  0  and  pR  sin  0  cos  t ;  that  is,  it  is  equal  to 

pRcoaOxAQ+iiRBinOcoBixBD. 

Hence  the  equation  of  moments  is 

R  (sint— 11  cos  i  sin  6)  BD  =  pR  cos  $ .  AQ. 

But    AQ  =  AP+PQ  =  ^+(OD--OP)coBi 

AB  .eina 


+AB  cos  t  cos  a  cos  0—ABsm  a  cot  t  cost 


=  AB  (sin  t  sin  a  +  cos  t  cos  a  cos  0)  ; 
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therefore 

(sin  t — /xcob  tain  0)  cos  a  sin  0  =  fx  cos0  (sin  i  sin  a + cos  t  cos  a  cos  0), 

or  sint cos  a  sin0  =  /i  cost  cos  a + /x  sint  sin  a  cos  0, 

or  sin  0 — /x  tan  a  cos  0  =  /xcot  t. 

Putting  /x  tan  a  =  tan/3,  we  have  0  from  the  equation 

sin(0— £)  =  /xcottcos/3.  (1) 

If  there  is  no  horizontal  plane  through  A  obstructing  the  beam,  it 
will  be  possible  for  the  end  B  to  describe  a  complete  circle  round  0. 
Let  us  inquire  the  condition  that  the  beam  should  rest  in  all  possible 
positions.  For  this  there  must  be  no  limiting  position  of  equilibrium, 
or,  in  other  words,  the  value  of  0  in  (1)  must  be  imaginary. 
The  required  condition  is,  then,  p.  cot  t  cos/3  >  1, 

that  is,  /x>- 


Vl—  tan2ttan2a 


Let  us  next  suppose  that  the  beam  is  elastic,  or  that,  in  virtue  of  a 
compression  of  the  beam,  B  is  not  constrained  to  move  in  the  circle 
whose  centre  is  0.  Supposing,  then,  that  the  beam  has  been  jammed 
against  the  plane,  if  the  coefficient  of  friction  is  gradually  diminished, 
B  will  begin  to  move  in  some  other  direction  than  that  perpendicular 
to  OB,  and  this  direction  will  be  exactly  opposite  to  that  in  which  the 
force  of  friction  acts.  Now  the  reaction  at  Ay  the  total  resistance  at 
By  and  the  weight  of  the  beam  lie  in  one  plane  which  must,  therefore, 
be  the  vertical  plane  through  the  beam.  The  total  resistance  at  B 
must,  moreover,  lie  inside  or  on  the  cone  of  friction  described  round 
B.  Hence  if  the  position  of  the  beam  is  such  that  the  vertical  plane 
through  it  touches  this  cone,  equilibrium  will  be  at  its  limit,  since  the 
line  of  action  of  the  total  resistance  is  the  line  of  contact  of  the 
vertical  plane  with  the  cone. 

Let  the  lines  and  planes  of  the  figure  be  projected  on  a  sphere 
described  about  B  as  centre  with  arbitrary  radius.  Then  the  cone  of 
friction  will  appear  as  a  small  circle  of  an- 
gular radius,  AV  (Fig.  245),  equal  to  A,  the 
Angle  of  friction.  Let  iV"  be  the  point  in 
which  the  normal  to  the  inclined  plane  at  B 
meets  the  sphere ;  A,  the  point  representing 
the  beam,  and  A  CVihe  vertical  plane  through 
the  beam  touching  the  cone  of  friction.  Now 
the  vertical  line  at  B  lies  in  the  vertical 
plane,  ACV,  through  the  beam,  and  it  makes 
Fig.  345.  &n  angle  equal  to  i  with  the  normal  to  the 

inclined  plane.  Hence,  take  a  point  V  in 
ACV  so  that  NV=  t,  and  we  have  NV,  the  circle  answering  to 
the  vertical  plane  through  B  normal  to  the  inclined  plane  (a  plane 
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Kg.  246. 


which  is  parallel  to  the  plane  APD,  Fig.  244).     In  the  spherical 

triangle  NVC  we  have,  then, 

sin  NY .  sin  N YO  =  sin  NO, 

or  sin  %  sin  0  =  sin  A  ; 

.    A      sin  X 
sin  0  =  — ; — r  • 
smt 

This  second  solution  supposes  that  the  only  condition  to  which  the 
total  resistance  is  subject  is  that  of  making  with  the  normal  an  angle 
not  greater  than  the  angle  of  friction.  The  supposition  of  perfect 
rigidity,  on  the  contrary,  restricts  the  direction  of  the  force  of  friction 
in  the  inclined  plane,  making  it  perpendicular  to  the  line  OB, 

9.  A  heavy  elastic  beam  rests  on  two  rough  inclined  planes  whose 
intersection  is  a  horizontal  line.  Show  that  every  position  of  the 
beam  may  be  one  of  equilibrium  if  the  inclination 
of  each  plane  is  less  than  the  angle  of  friction  for 
that  plane  and  the  beam. 

Let  A  (Fig.  246)  be  one  «nd  of  the  beam,  AN 
the  normal  to  the  plane  on  which  A  rests,  and 
AV  the  vertical  at  A.    Then  if  the  beam  is  suf- 
ficiently elastic,  it  may  be  jammed  against  the 
planes,  and  the  only  condition  to  which  the  total 
resistances  at  its  ends  are  subject  are  the  conditions 
of  making  with  the  normals  angles  not  greater  than 
the  corresponding  angles  of  friction.     Hence  in  the  extreme  position 
in  which  the  end  A  is  about  to  slip,  the  vertical  plane  through  the 
beam  must  touch  the  cone  of  friction 
described  round  the  normal,  AN.     But 
this  is  manifestly  impossible,  since  the 
angle  X  is  >  VAN;  for  the  vertical  line 
is  included  within  the  cone,  and  through 
this  line  no  plane  can  be  drawn  to  touch 
the  cone.     There  can,  therefore,  be  no 
limiting  equilibrium  at  either  end  in 
any  position  of  the  beam. 

10.  A  ladder,  ABCD  (Fig.  247), 
whose  centre  of  gravity  divides  it  into 
two  given  segments,  rests  with  one  end, 
ABy  on  the  ground,  the  upper  end,  CD, 
resting  symmetrically  against  two  equal  y 
rough  vertical  planes  which  include  a 
given  angle;  find  its  limiting  inclination 
to  the  ground. 

On  account  of  the  equal  roughness  of 
the  vertical  walls  and  the  symmetrical 
position  of  the  ladder,  the  total  resist- 
ances at  0  and  D  are  equal ;  moreover  they  have  a  single  resultant 
passing  through  the   middle  point  of  CD,   since  the  two  normal 


Fig.  247. 
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pressures  and  the  two  forces  of  friction  have  resultants  passing 
through  this  point. 

At  each  of  the  points  A  and  B  the  total  resistance  makes  the  angle 
of  friction  with  the  normal,  and  the  resultant  of  these  forces  acts  at 
the  middle  point  of  AB,  making  the  angle  of  friction  with  the  vertical. 
The  resultant  resistance  above  and  that  below  must  meet  in  the 
vertical  through  the  centre  of  gravity  of  the  ladder. 

Let  X  be  the  angle  of  friction  at  the  ground ;  A'=  that  for  each 
wall ;  a  =  lower  and  b  =  upper  segment  of  ladder  made  by  its 
centre  of  gravity ;  $  =  limiting  inclination  of  ladder ;  <f>  =  angle 
made  with  vertical  by  the  resultant  of  the  total  resistances  at  C  and 
D.    Then,  by  the  '  cotangent  formula '  of  Art.  35,  we  have 

(a+&)tan0  =  --6cot<fc  (1) 

where  p  =  tan  A. 

The  angle  <f>  may,  of  course,  be  found  by  the  ordinary  method  of 
determining  the  magnitude  and  direction  of  the  resultant  of  forces 
from  their  several  components ;  but  we  prefer  to  employ  for  the 
purpose  the  method  of  spherical  projection,  which  is  more  simple,  and 
which  will  be  frequently  employed  in  the  sequel.  The  method  con- 
sists in  constructing  a  sphere  of  any  radius,  and  drawing  through  its 
centre  lines  and  planes  parallel  to  the  lines  and  planes  in  our  figure  ; 
these  will  intersect  the  surface  of  the  sphere  in  points  and  circles, 
respectively, — as  illustrated  in  examples  7,  8,  9  already. 

Let  0  (Fig.  248)  be  the  centre  of  the  sphere ;  OZ  a  parallel  to  the 
vertical ;  OJ^and  ON'  parallels  to  the  normals  to  the  planes  zy  and 

zx,  respectively;  ZC  and  ZD 
planes  parallel  to  these  planes 
respectively;  OR  and  OBf 
lines  in  the  planes  ZN  and 
ZN\  each  inclined  at  the 
angle,  A',  of  friction  to  the 
corresponding  normal;  then 
OR  and  OK  represent  the 
lines  of  action  of  the  total 
resistances  at  C  and  D.  If  S 
is  the  middle  point  of  the  arc 
RR/f  the  resultant  of  the  resistances  acts  in  OS,  and  the  arc  ZS  =  <f>. 
If  a  is  the  angle  between  the  walls,  DC  =  a,  and  JKflP= w-a ;  there- 
fore the  angle  RZS  =  -— - ;  and  applying  Napier's  Analogies  to  the 
triangle  RZS,  we  have 
Hence  (1)  gives  cot  *  = /cosec  f 

(a+b)tan$ss--bi/ooBec^,  (2) 

which  determines  the  limiting  inclination. 
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11.  If  the  vertical  walls  are  unequally  rough,  show  that  the  initial 
motion  of  the  ladder  cannot  he  one  in  which  the  line  CD  moves  down 
parallel  to  its  original  position. 

12.  If  the  walls  are  unequally  rough,  show  that  the  initial  motion 
cannot  be  one  in  which  one  corner  (D)  is  for  the  moment  at  rest, 
while  slipping  takes  place  at  two  other  corners  (C  and  B). 

13.  A  solid  rectangular  block  is  placed  with  one  of  its  faces  on 
an  inclined  plane  so  rough  as  to  prevent  slipping,  while  tumbling 
is  possible ;  to  investigate  the  positions  of  equilibrium. 

Let  ABC  (Fig.  249) 
be  the  face  on  the  in- 
clined plane.  All  the 
different  positions  may 
be  obtained  by  turn- 
ing the  block  round 
the  edge,  AI,  through 
any  corner  of  the  base, 
which  is  perpendicular 
to  the  inclined  plane. 
Draw  the  horizontal 
line  Ax  in  the  inclined 
plane.  Let  G  be  the 
centre  of  gravity  of 
the  block ;  0  that  of 
the  face  ABC;  <?Pthe 
vertical  line  through 
G  meeting  the  face 
ABC  in  P.  Since  GO 
is  perpendicular  to  the 

inclined  plane,  L  PGO  =  t  =  inclination  of  plane,  so  that  the  sides 
of  the  triangle  OGP  are  all  constant  whatever  be  the  position  of  the 
block ;  therefore  if  the  successive  positions  of  P  are  marked  on  the 
face  ABC,  they  trace  out  in  it  a  circle  with  centre  0. 

Again,  since  Axis  the  line  of  intersection  of  the  inclined  plane  and 
a  horizontal  plane,  it  is  at  right  angles  to  the  plane  of  two  intersecting 
normals  to  these  planes;  it  is  therefore  at 
right  angles  to  the  plane  of  GO  and  GP, 
and  hence  to  OP  in  all  positions  of  the 
block. 

Therefore  if  Fig.  250  represents  the  base 
of  the  block  and  the  circle  traced  out  in 
it  by  the  motion  of  P,  the  points  in  which 
the  circle  intersects  the  sides  of  the  face 
tetng  Pit  Pa  Pu  Pt>  we  see  that  if  we  turn 
the  block  round  A I  bo  that  any  one  of  the 
lines  Op19  Op%,  Op9,  OpA  is  at  right  angles 
to  Ax,  we  obtain  a  position  in  which  the  block  is  about  to  tumble ; 
in  other  words,  make  a  perpendicular  to  any  of  the  lines  Opl9  Opi9 ... 


Fig.  349. 
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(drawn  in  the  plane  of  the  base)  horizontal,  and  we  obtain  a  limiting 
position. 

If  2a  and  26  are  the  lengths  of  the  edges  AB  and  AC,  and  e  is  the 
distance  of  O  from  the  base,  the  conditions  that  the  circle  should 
intersect  all  the  edges  of  the  base  are  c  tan  %  >a  and  c  tan  i  >b,  where 
i  is  the  inclination  of  the  plane. 

Obviously  if  the  block  be  any  solid  body  having  a  base  of  any 
form,  the  solution  is  the  same.  If  0  is  the  projection  of  G  on  the 
base,  and  OG  =  c,  describe  a  circle  round  O  with  radius  c  tan  i ;  let 
p  be  any  point  of  intersection  of  this  circle  with  the  contour  of  the 
base;  then  make  a  perpendicular  to  Op  horizontal,  and  we  obtain 
a  limiting  position. 

14.  A  heavy  uniform  bar  rests  with  its  extremities  on  two  rough 
inclined  planes  whose  line  of  intersection  is  horizontal;  supposing 
that  the  bar  is  slightly  elastic  and  can  be  jammed  between  the  planes, 
investigate  its  positions  of  limiting  equilibrium. 

We  may  evidently  consider  the  centre  of  the  bar  to  be  restricted 
to  a  fixed  vertical  plane  which  is  perpendicular  to  both  of  the  in- 
clined planes.  Take  this  plane  as  that  of  yz,  the  axis  of  x  being  the 
line  of  intersection  of  the  inclined  planes,  and  the  axis  of  z  a  vertical 
Hue.  Let  (y,  z)  be  the  co-ordinates  of  the  centre  of  gravity  of  the  bar ; 
2a  =  length  of  the  bar;  0  =  angle  between  the  bar  and  a  vertical 
line ;  <f>  =  angle  between  vertical  plane  through  the  bar  and  the  plane 
yz ;  t  and  t'  the  inclinations  of  the  given  planes ;  X  and  X'  the  angles 
of  friction  between  them,  respectively,  and  the  bar. 

Then  the  co-ordinates  of  the  extremities  of  the  bar  are 

a  sin  0  Bm<f> ;  y  +  a  sin  0  cos  <f> ;  z+acoB$  for  one  extremity,  A> 
— a  sin  0  sin  <f> ;  y—a  sin  0  cos  <£  ;  *— a  cos  0  for  the  other,  B. 
Since  these  lie  on  the  inclined  planes,  we  have 

s+acos  0  =  (y +a  sin  0  cos  <£)  tan  t,  (1) 

*— acos0  =  (y— a  ein  0  cos  </>)  tan  ty .  (2) 

Now,  as  in  Example  9,  if  the  first  end  is  going  to  slip, 

sin  i  sin  <f>  =  sin  X,  (3) 

since  the  vertical  plane  through  the  beam  touches  the  cone  of 
friction  at  this  end.  If  the  other  end  were  about  to  slip,  we  should 
k*™  sint'sin^rnsinX';  (4) 

so  that  both  ends  cannot  slip  at  once  unless 

sin  X      sin  X' 

sin  i  ""  sin  t* 

Let  t  and  t!  stand  for  tan  1  and  tan  V ;  then,  eliminating  0  from 
(1)  and  (2),  we  have 

Hence  the  positions  in  which  either  end  is  about  to  slip  are  such 
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that  the  centre  of  gravity  lies  on  a  certain  ellipse — any  position  of 
this  point  on  the  ellipse  being  admissible — the  corresponding  value  of 
<p  being  given  by  (3)  or  (4),  and  that  of  6  by  (1)  or  (2). 

We  have  now  to  determine,  however,  whether  both  ellipses  are 
admissible  or  not — i.e.  whether  there  are  positions  in  which  the 
end  A  is  about  to  slip,  while  B  remains  at  rest,  and  also  positions 
in  which  B  is  about  to  slip  while  A  remains  at  rest. 

Assuming  that  A  is  about  to  slip,  the  vertical  plane  through  the 
bar  touches  the  cone  of  friction  described  around  the  normal  at  A 
to  the  inclined  plane  (t) ;  but  at  the  same  time  this  vertical  plane 
must  not  lie  wholly  outside  the  cone  of  friction  at  B}  i.e.  it  must 
intersect  this  latter  in  two  real  right  lines.  Now  if,  for  simplicity, 
we  transfer  the  origin  to  B,  the  axes  remaining  unchanged  in  direction, 
the  equation  of  the  vertical  plane  through  the  bar  is 

a:— y  tan<£  =  0, 
and  the  cone  of  friction  at  B  is 

(ysint/H-«cosi/)s— cos"X/(aj9+y2+«a)=  0; 
and  these  will  intersect  in  a  pair  of  real  lines  if 
sin  i  sin  <f>  <  sin  A', 

,     /1%X  sin  A      sin  A' 

or  by  (3),  -r— -  <  -z—+  • 

*  Hint      sinr 

If  this  inequality  is  satisfied,  it  is  only  the  end  A  that  can  slip  ;  if 
the  reverse  holds,  it  is  the  end  B  that  can  slip.  Thus  both  values 
of  <f>  are  not  admissible. 

15.  If  at  any  point,  P,  a  plane,  w,  be  drawn  perpendicular  to  the 
axis  of  principal  moment  at  the  point,  find  the  envelope  of  m  as  P 
moves  along  a  given  curve. 

Simplicity  will  be  gained  by  taking  Poinsot's  Axis,  Oz  (Fig.  236, 
p.  16),  as  axis  of  z.  Let  (a,  /3,  y)  be  the  co-ordinates  of  P  with  refer- 
ence to  Oz  and  any  two  axes  of  x  and  y.  Then,  introducing  two  forces 
equal  and  opposite  to  R  at  P,  we  shall  have  the  whole  force  system 
equivalent  to  R  at  P,  Poinsot's  couple  K,  and  a  couple  Rp,  where  p 
is  the  perpendicular  from  P  on  Oz.  We  may  replace  the  couple  Rp 
by  two  components  parallel  to  Ox  and  Oy,  and  these  will  be  —RJ3 
and  Ra;  so  that  the  component  axes  of  the  principal  couple  G 
at  P  are  (—Rf},Ra}  K).  Hence  the  equation  of  the  plane  m  is 
-RP(x-a)+Raty-p)  +  E(z~y)  =  09 

or  ^Saj-ay-— («-y)  =  0.  (1) 

If  the  equations  of  the  curve  along  which  P  moves  are 
<*  =  <My),    0  =  *(?)> 

substitute  these  values  of  a  and  )8  in  (1),  and  eliminate  y  from  the 
resulting  equation  and  its  derived  with  respect  to  y. 

Verify,  in  particular,  the  result  of  Art.  235,  that  if  P  moves  a 
right  line,  9,  will  turn  round  another  right  line ;  that  Poinsot's  Axis 
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intersects  the  shortest  distance  between  these  two  lines,  dividing  it  in 

the  ratio  — -r  (Art.  212). 

cot  9 x  ' 

16.  Find  the  surface  traced  out  by  the  axes  of  principal  moment 
at  points  taken  along  a  right  line  intersecting  Poinsot's  Axis  per- 
pendicularly. 

Let  Ox  (Fig.  236)  be  the  assumed  line,  and  let  it  be  taken  as  axis 
of  x,  Poinsot's  Axis,  OK,  being  that  of  z.  Let  00'=  a?,  and  let  (yf  z) 
be  the  co-ordinates  of  any  point  on  0*0.  Then,  if  </>  =  Z  ff0'iT', 
we  have  z  Gn       K 

-  =  COt<J>  =  7^7-=  15 — » 

y  ^      On     R.x 

K 

or  as&rz—.y, 

K 

an  equation  which  denotes  a  hyperbolic  paraboloid.  As  the  point 
0'  moves  out  from  0  along  Ox,  the  axes  (such  as  0^0)  of  principal 
moment  revolve  towards  the  right ;  as  0'  moves  in  towards  Of  they 
revolve  towards  the  left,  and,  after  coincidence  with  Poinsot's  Axis  at 
0,  they  still  revolve  towards  the  left.  At  an  infinite  distance  from  0 
they  are  at  right  angles  to  Poinsot's  Axis. 

1 7.  Find  tbe  surface  traced  out  by  the  axes  of  principal  moment 
at  points  taken  all  along  any  arbitrary  curve. 

From  Example  15,  the  equations  of  the  principal  axis  at  the  point 
(a,  /3,  y)  with  reference  to  Poinsot's  Axis  as  axis  of  «,  and  any  two 
rectangular  axes  of  x  and  y  are 

a?--q_y-ft_  g— y 
-0  -     a     ~     p    ' 
where  p  is  the  pitch  of  the  wrench  to  which  the  given  forces  are 
equivalent     From  these  we  have 

fl=.g  Px+y(*-r).    fl-w  py-x(*-y). 
F'  (*-y)a+i>*  '    p~p'  (*-?)2+*>2  ' 

and  if  the  point  (a,  /3,  y)  moves  along  the  curve  whose  equations  are 

<M«>Ay)  =  0,     *(a,/3,y)  =  0, 
substitute  the  above  values  of  a  and  /3  in  these  equations  and  then 
eliminate  y.    The  resulting  equation  in  x,  y,  z  is  that  of  the  surface 
traced  out. 

18.  A  plank,  AB,  laid  on  a  rough  inclined  plane,  has  attached  to 
its  upper  extremity,  A,  a  cord  which  lies  along  the  plane  in  the 
direction  of  the  plank  and  is  pulled  with  a  constant  force,  P ;  find 
the  limiting  position  of  equilibrium  of  the  plank. 

Aim.  Let  W=  weight  of  plank,  t  =  inclination  of  the  plane, 
A  =  angle  of  friction,  and  0  =  inclination  of  the  plank  to  a  horizontal 
line  drawn  in  the  inclined  plane  ;  then 

.    A      P»+TT,(l-cos9tsec9X) 

sin  0  = • 

2PWani 
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19.  Show  that  the  initial  motion  of  the  plank  will  be  one  of  trans- 
lation simply,  in  a  direction  making  with  a  horizontal  line  in  the 
inclined  plane  an  angle  <j>  determined  by  the  equation 

.       .       Psinfl—  JFsint 

***+ iw 

where  0  has  the  value  found  in  last  example. 

20.  If  P  =  0,  explain  the  values  of  0  in  the  cases 

%>k9     t<X,     t  =  A. 

21.  Find  the  value  of  P  so  that  the  direction  of  slipping  shall  be 
at  right  angles  to  the  direction  of  the  plank,  and  find  0. 

Ans.    P  =  WV 1 — cos" t sec2  A,   and  cos0  = . • 

tan* 

[This  case  is  the  same  as  that  in  which  the  cord  is  replaced  by  a 
smooth  pivot  at  the  extremity  A.] 

22.  A  triangular  prism  is  placed  with  its  triangular  face  on  a 
rough  inclined  plane,  which  is  rougb  enough  to  prevent  slipping ; 
find  the  greatest  height  of  the  prism  so  that  there  may  be  at  least 
one  position  of  equilibrium. 

An8.  If  i  =  inclination  of  plane,  and  if  the  sides  of  the  tri- 
angular face  are  a,  b,  c,  in  descending  order  of  magnitude,  the 
greatest  height  is 

\  >/2a,  +  26a-c2.cot  t. 

23.  A  heavy  plate  of  any  form  rests  on  two  rough  fixed  pegs  A 
and  By  the  line  joining  which  is  not  horizontal ;  the  plate  can  turn 
round  a  pivot,  without  friction,  at  a  point  0 ;  if  C.  is  raised  so  that 
the  plate  turns  gradually  about  the  fixed  line  AB,  find  the  inclination 
of  the  plane  ABC  to  the  horizon  when  the  plate  begins  to  slip  on 
the  pegs. 

24.  A  particle  is  acted  on  by  any  number  of  given  forces,  Plf 
?„...;  prove  that  if  R  is  their  resultant, 

2P  =  2(^  +  22(^^,008  PJ>%\ 

where  PtP2  denotes  the  angle  between  the  directions  of  P1  and  Pv 

25.  Prove  that  a  system  of  forces  acting  on  a  rigid  body  may  be 
replaced  by  two  equal  forces  whose  lines  of  action  are  perpendicular 
to  each  other,  and  each  inclined  at  an  angle  of  45°  to  Poinsot's  Axis : 
the  forces  act  at  the  ends  of  a  line  bisected  by  this  axis ;  the  length 

2K  R 

of  this  line  is  -^-,and  each  force  is— 7=, 5  being  the  resultant  of 

M  4/2 

translation,  and  K  Poinsot's  moment. 

26.  Prove  that  the  distance  between  the  lines  of  action  of  the  two 
rectangular  forces  which  equivalently  replace  a  given  system  of  forces 
is  a  minimum  when  the  forces  are  equal 
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27.  A  BOD  is  a  tetrahedron ;  forces  P,  Q,  R  act  along  the  edges 
BC,  CA,  AB  in  order,  and  forces  i*  Q',  R  act  along  AD,  BD,  CD ; 
prove  that  the  condition  for  a  single  resultant  is 

PP'  Off  RK 

BC.AD^CA.BD^AB.CD" 

28.  A  rough  heavy  body,  bounded  by  a  curved  surface,  rests  upon 
two  others  which  themselves  rest  on  a  rough  horizontal  plane ;  show 
that  the  three  centres  of  gravity  and  the  four  points  of  contact  lie  in 
one  plane. 

29.  A  heavy  beam  rests  on  two  smooth  inclined  planes  ;  show  that 
their  line  of  intersection  must  be  perpendicular  to  the  beam  and 
parallel  to  the  horizon. 

30.  Prove  that  the  moment  of  a  force  represented  by  the  right  line 
PQ,  about  a  right  line  AB  is  six  times  the  volume  of  the  tetrahedron 
ABPQ  divided  by  AB. 

31.  Three  equal  heavy  spheres  hang  in  contact  from  a  fixed  point 
by  strings  of  equal  length  ;  find  the  weight  of  a  sphere  of  given  radius 
which  when  placed  upon  the  other  three  will  just  cause  them  to 
separate. 

An*.  If  W  and  a  be  the  weight  and  radius  of  each  of  the  three 
spheres,  W  and  r  the  weight  and  radius  of  the  superincumbent 
sphere,  and  I  the  length  of  each  string, 


W        _        /3r8+6ar-qa 
W  +  3W      V    3P  +  6aZ-a*' 


32.  Three  spheres  are  placed  in  contact  on  a  rough  horizontal  plane, 
and  a  fourth  sphere  is  placed  upon  them,  there  being  no  friction 
between  the  spheres  themselves.    Show  that  equilibrium  is  impossible. 

33.  Three  equal  spheres  are  placed  in  contact  on  a  rough  horizontal 
plane,  and  a  fourth  sphere  is  placed  upon  them,  there  being  friction 
between  the  spheres  themselves.  Find  the  least  coefficient  of  friction 
between  the  spheres  which  will  allow  of  equilibrium. 

Ans.  If  a  is  the  radius  of  each  of  the  equal  spheres  and  r  that  of 
the  superincumbent  sphere,  the  least  value  of  A,  the  angle  of  friction, 
is  given  by  the  equation 

sin  2A  =  -—  —^-  • 
V3  «  +  *■ 

(The  total  resistance  between  the  upper  sphere  and  any  one  of  the 
lower  spheres  must  be  capable  of  acting  through  the  point  of  contact 
of  the  latter  and  the  ground.) 

34.  Three  forces  whose  lines  of  action  are  given,  but  not  their 
magnitudes,  have  a  single  resultant.  Prove  that  the  surface  traced 
out  by  the  line  of  action  of  the  resultant  is  a  hyperboloid  of  one  sheet. 

(Draw  any  three  lines  across  the  given  lines  of  action.  Then  the 
line  of  action  of  the  resultant  must  always  intersect  these  three.) 

35.  A  heavy  triangular  plate  of  uniform  thieknesa  is  suspended 
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from  a  fixed  point  by  means  of  three  strings  attached  to  the  point 
and  to  the  vertices  of  the  plate ;  prove  that  the  tension  in  each  string 
is  proportional  to  the  length  of  the  string. 

(Let  0  be  the  fixed  point,  A,  B,  C  the  vertices  of  the  plate,  and  0 
its  centre  of  gravity. 

Then  G  mast  lie  vertically  under  0.  Take  3  OG  to  represent  the 
weight  of  the  plate.  Then,  by  Leibnitz's  graphic  representation 
[Art.  199],  the  force  3  OG  may  be  resolved  into  the  forces  0Af  OB,  OC. 
But  a  given  force  can  have  only  one  set  of  components  along  three 
given  concurrent  lines.    Therefore,  &c.) 

36.  At  points  on  any  right  line  the  axes  of  principal  moment  of  a 
given  system  of  forces  are  drawn ;  prove  that  their  extremities  trace  out 
another  right  line.     (Wolstenholme's  Problems,  p.  387,  2nd  edition.) 

(At  any  point  0  on  the  given  line  draw  R  and  G.  Take  as  axes  of 
x,  yt  and  z  the  given  line,  the  line  OG,  and  a  line  at  0  perpendicular 
to  R  and  the  given  line.  Then  at  any  point  P  on  the  given  line  at  a 
distance  x  from  0  if  the  axis  of  principal  moment  be  drawn,  the 
co-ordinates  of  its  extremity  will  be  x,  G,  and  Rx  sin  a,  where  a  is  the 
angle  which  R  makes  with  the  given  line.  Hence  the  extremities  lie 
on  the  line  y  =  G,  z  =  Rx  sin  a.) 

37.  Prove  that  the  axes  of  principal  moment  at  points  along  any 
right  line  whatever  trace  out  a  hyperbolic  paraboloid. 

(With  the  same  axes  as   in  last  example,  the   surface  has  for 

equation  xy  =  •=— : z.) 

38.  Find  the  condition  that  a  given  right  line  should  intersect 
Poinsot's  Axis. 

Ans.  If  the  equations  of  the  line  are  x  =  mz+p,  y  =n«+g,  the 
required  condition  is 

R\mL+nM+N+q  (X-mZ)-p(Y-nZ)]  =  K(mX+nY+Z), 

where  X  is  used  for  2X,  &c. 

(It  will  be  found  that  the  equations  of  Poinsot's  Axis  can  be  put 
into  the  forms 

X       KY-MR  Y        KX-LR 

*  =  -ZZ+—RZ~>   *  =  ZZ RZ— 

the  origin  being  anywhere.) 

39.  A  given  system  of  forces  is  to  be  reduced  to  two  inclined  at  the 
angle  a ;  prove  that  the  shortest  distance  between  their  lines  of  action 

2G       a 
cannot  be  less  than  -^- cot--    (Wolstenholme's  Book  of  Math.  Prob., 
Jti        2 

p.  387,  second  ed.) 

40.  Given  any  system  of  forces,  find  the  point  on  a  given  right  line 
at  which  the  axis  of  principal  moment  is  least  inclined  to  the  line. 

Ans.  The  foot  of  the  shortest  distance  between  Poinsot's  Axis 
and  the  given  line. 
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[Most  easily  seen  by  spherical  projection.  Let  0  be  any  point  on 
the  given  right  line ;  round  0  as  centre  describe  a  sphere  of  any 
radius;  let  the  given  right  line,  OL,  cut  the  sphere  in  L;  let  the 
resultant  of  translation  at  0  and  the  axis,  G,  of  principal  moment  at 
0  cut  the  sphere  in  R  and  G,  respectively.  Draw  the  great  circle 
arcs  LR,  LG.  Then  at  any  distance,  x,  along  OL  from  0,  the  axis 
of  principal  moment  is  the  resultant  of  an  axis  equal  and  parallel  to 
G,  and  an  axis  Ex  perpendicular  to  the  plane  LOR.  Let  a  line,  OQ, 
drawn  through  0  parallel  to  this  latter  meet  the  sphere  in  Q.  Draw 
the  great  circle  arc,  QG,  meeting  LB  in  H,  suppose.  Then  the  re- 
sultant of  G  and  Rx  is  an  axis  somewhere  in  the  plane  QG ;  but,  Q 
being  the  pole  of  LR,  the  arc  LH  is  perpendicular  to  QG,  and  there- 
fore is  the  least  arc  that  can  be  drawn  from  L  to  QG.  Hence  when 
Rx  and  G  give  a  resultant  along  OR,  the  axis  of  principal  moment  is 
least  inclined  to  OL.  Poinsot's  centre  being  always  sought  on  a  line 
perpendicular  to  R  and  to  the  axis  of  principal  moment  at  any  point, 
the  rest  follows.] 

41.  The  first  case  considered  in  example  8  is,  equally  with  the 
second,  a  geometrico-staticaj  problem.  Solve  it  without  any  mention 
of  force. 

(Express  the  condition  that  the  vertical  through  the  extremity 
A  of  AB  is  intersected  by  a  line  inclined  at  the  angle  A  to  the  normal 
at  B,  this  line  lying  in  the  plane  of  the  normal  and  a  perpendicular 
to  OB.) 

42.  AQB  is  any  unclosed  curve  in  space,  A  and  B  its  extremities, 
and  Q  any  variable  point  on  the  curve ;  P  is  any  fixed  point  in  space, 
PQ  =  r,  ds  =  element  of  length  at  Q,  0  =  angle  between  PQ  and  ds. 

If  each  element  ds  is  acted  upon  by  a  force  k  — ~ —  perpendicular 

to  the  plane  of  PQ  and  ds,  k  being  a  constant,  find  the  resultant  force 
and  couple  of  this  force  system. 

An*.  Let  (a,  /3,  y),  (as, ,  ylt  zj,  (»2,.y2,  %)  be  the  co-ordinates  of 
P,A,B;  let  PA  =  r19  PB  =  ra,  L,  M,  N  the  component  moments 
round  axes  through  P ;  and  let 


/7-'-/?-«/t-*- 


Then 

X=k(-z rA  with  similar  values  of  7,  Z\. 

^dy      dp' 


L  =k  ( — ),  with  similar  values  of  M.  N. 


fCl  —  Xt         a"Xl\ 

^        *T 

The  axis  of  resultant  moment  is  the  external  bisector  of  BPA,  and 
=zkBm\BPA. 

Hence  if  the  curve  is  closed,  the  force  system  has  a  single  resultant, 
which  passes  through  P. 


CHAPTER  XIV. 

ASTATIC  EQUILIBRIUM. 

242.]  Definition.  When  a  body  is  in  equilibrium  under 
the  action  of  forces  applied  at  given  points  in  the  body,  with 
fixed  magnitudes,  and  directions  fixed  in  space,  it  will,  under 
certain  conditions  to  be  satisfied  by  the  forces,  continue  in 
equilibrium  when  it  is  displaced  in  any  manner.  Each  force, 
then,  while  continuing  to  act  at  the  same  point  in  the  body  and 
retaining  its  direction  in  space,  alters,  of  course,  its  actual  line 
of  action. 

Equilibrium  which  thus  subsists  in  all  positions  of  the  body 
is  called  Astatic  Equilibrium.  Some  results  connected  with  the 
astatic  equilibrium  of  coplanar  forces  for  displacements  in  their 
plane  have  been  given  in  Chap.  V,  Vol.  I. 

The  astatic  conditions  of  a  rigid  body  acted  on  by  any  forces 
have  been  investigated  at  great  length  in  Moigno's  Statique 
(Dixieme  Le§on),  and  also  in  a  memoir  by  M.  Darboux  (Bordeaux, 
1877).  Treated  by  the  ordinary  Cartesian  method,  the  theory  of 
Astatic  Equilibrium  is  somewhat  cumbrous.  For  this  reason  the 
method  here  adopted  is  of  a  different  nature,  viz.  one  which 
involves  the  elementary  processes  of  Quaternions,  with  which 
the  student  is  assumed  to  be  familiar.  This  method  is  one 
which  possesses  great  advantages  in  every  respect  over  the 
Cartesian  method,  and,  in  particular,  has  a  power  of  suggesting 
results  which  the  older  method  would  fail  to  suggest,  and 
could  demonstrate  only  by  long  and  painful  analysis. 

The  equilibrium  of  a  rigid  body  is  preserved  by  two  condi- 
tions— namely,  the  vanishing  of  the  Resultant  of  Translation  of 
the  acting  forces,  and  the  vanishing  of  the  Principal  Moment 
calculated  for  any  origin. 

The  general  displacement  of  a  rigid  body  can  always  be  pro- 
duced by  a  motion  of  translation,  together  with  a  motion  of 
rotation  about  some  axis,  and  such  is  the  displacement  which 
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Va* 


must  be  contemplated  in  discussing  the  Astatic  Conditions.  It 
is  obvious,  however,  that  a  motion  of  translation  can  alter 
nothing  in  the  equilibrium  of  the  forces,  so  that  we  may  confine 
our  attention  to  a  displacement  produced  by  the  rotation  of  the 
body  about  an  axis. 

243.]  Alteration  of  a  Vector  by  rotation.  Suppose  that  a 
body  is  rotated  about  an  axis  drawn  through  an  origin  0  in  the 
direction  of  a  unit  vector  <r,  what  does  any  vector,  a,  drawn 
from  0  to  a  fixed  point  in  the  body,  become  ? 

Let  a  sphere,  described  with  0  as  centre,  meet  the  directions 
of  <r,  a,  and  Fa<r  in  points  represented  in  the  figure  by  these 
letters.     Suppose  that  after   rotation  the  vector  a  takes  the 

direction  denoted  by  a' ;  let  the 
angle  between  Oa  and  0<r>  be  0, 
and  let  the  body  rotate  through  an 
angle  \fr.     Assume 

a'  =  xa+ycr+zVao  ; 
.\    Saa'  =  xa2+y8a<r, 
Sad  =  xSaa+yo2, 
Sa'Vav  =  z(Fa<r)2  =  -sa2sin20. 
/Saa'  =  - T2 a (cos20  +  sin20 cosi/r),    since    Ta'=  Ta ; 
&ra'  =  —  Ta.cosfl,     /SaTaa  =  Pa.sin2^  sini/f. 
Hence  we  have 

fl?  =  cos^;y=(l—  cos\/f)ra.cos0=  —  (I— cos\/f)5a<r;  #=— -sinv^; 
.\     a'=  acos^  — (1  —  cos \fr)a8a(r—  sin^r  Fa<r,  (A) 

which  determines  the  vector  into  which  a  is  transformed  by 
rotation. 

244.]  General  Astatic  Conditions.  Let  a19  a2,  az,  ...  be 
the  vectors  from  a  fixed  origin  to  the  points  in  the  body  at 
which  forces  represented  in  magnitudes  and  directions  by  the 
vectors  v19  w2,  ct3,  ...  are  applied.  Then  the  resultant  of  trans- 
lation is  «i-|-«r2  +  «r3+  ...,  or  2tsr ;  and  if  0  is  the  vector  axis 
of  the  resultant  couple  for  the  assumed  origin, 

<?  =  F(a1tSr1  +  a2tSr2+...).  (£) 

The  conditions  of  equilibrium  are,  then, 

2w  =  0,  (B) 

2  V*m  =  0.  (rj) 


Fig.  251. 


Now 
also 
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Now  by  the  rotation  of  the  body  about  any  axis  through  0,  each 
vector,  a2,  a2,  ...  becomes  altered  according  to  (A);  and  sub- 
stituting the  altered  value  for  each  in  (£),  the  couple,  <?',  is 
given  by  the  equation 

2 

2  w,  of  course,  remains  unchanged.  This  expression  must  vanish 
independently  of  <f>  and  <r ;  hence  we  must  have 

2(7W£a<x)  =  0,  (1) 

S(F.wfa(r)=  0.  (2) 

Equation  (2)  at  full  length  is 

a(5a1flrI+#a2w2+...)  =  a15WiO-  +  a25W2<r+..., 
or  A  a-  =  <£<r,  (3) 

where  </><r  is  the  linear  vector  function  2a£W<r  at  the  right  side, 
and  A  is  the  scalar  multiplier  of  <r  at  the  left. 

Now  4>'<r,  the  conjugate  function  (Tait's  Quaternions,  Chap.  V.), 
is  w15a1<r  +  *j2#a2(r  +  ...,  or  JLvrSaa;  and  we  can  now  show  that 
<f>  and  tf  are  identical — i.e.  <j>  is  self-conjugate — in  virtue  of  (rj). 
For,  operating  on  (rj)  with  F.  p,  we  have 

«r15a1p  +  'sr25a2p+  ...  =  c^S^rf  +  a2Sm2p+ ... , 
i.e.  <P  P  =z  <£p> 

where  p  is  any  vector.     Hence  when  2  row  =  0',  {he  function  <j>p, 
or  2a£crp,  w  self -conjugate. 
Equation  (1)  is  merely 

P<f><r.<r  =  0.  (4) 

Now,  by  supposition,  (3)  and  (4)  must  be  satisfied  by  all  values 
of  <r.  This  requires  h  =  0,  and  </><r  =  0.  The  quantity  £  is  the 
Virial  of  the  given  forces. 

We  can  show  that  both  the  conditions  h  =  0  and  2  Tarn  =  0 
are   included    in    the    identical    vanishing    of   <f><r.     For,    let 
<r  =  wi+yj  +  zk,  where  (f,  y,  £)  are  a  rectangular  system  of  unit 
vectors ;  then  <j><r  =  0  must  be  satisfied  by  all  values  of  x,  y,  z. 
Hence  we  have 

ZaSivr  =  0,  laSjvr  =  0,    2aSkm  =  0.  (0) 

Multiplying  these  by  *,  j\  A,  respectively,  and  adding,  we  have 

2av  =  0, 
which,  of  course,  gives  25a«r  =  0  and  2  Fav  =  0. 
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Hence  the  two  equations 

Stsr  =  0,  (A) 

laSvra-  =  0,  or  <f)<r  =  0,  (y) 

include  all  the  necessary  astatic  conditions. 

The  vanishing  of  the  linear  vector  function  4><r  for  all  values 
of  a  is  guaranteed  by  its  vanishing  when  the  unit  vectors  i,  j,  k 
are  substituted  for  <r ;  so  that  we  may  take  (A)  and  the  three 
equations  (0)  as  completely  expressing  the  astatic  conditions. 

Cob.  If  a  body  in  equilibrium  under  the  action  of  any  forces 
is  displaced  round  any  axis,  <r,  the  moment  of  the  forces  in  the 
new  position  is  given  by  the  equation 

e'=-2sin2^r<r^<r+sin^(A<r-0<r).  (£) 

245.]  Equation  of  Poinsot's  Axis.  For  any  assumed  origin, 
(/  (Fig.  236,  p.  16),  let  G  (=zO'G)  be  the  vector  axis  of  the 
principal  couple,  and  let  II  (or  Sw)  be  the  Resultant  of  Trans- 
lation. 

TG 
Then  the  distance  &0  is  ^=  sin  <£,  where  4>  is  the  angle  RffG ; 

TG  FTl  C 

therefore  the  vector  CO  is  -=—  sin<£  UVW  6?,  which  is    ^     ; 

henee  the  equation  of  the  line  OK  (Poinsot's  Axis)  is 

246.]  Vector  to  Centre  of  Parallel  Forces.  If  at  the  ex- 
tremities of  two  vectors,  ax,  a^ ,  two  parallel  forces  of  magnitudes 
Px  and  P2  act,  the  vector  to  their  centre  is 

and  for  any  number  of  parallel  forces  of  magnitudes,  Tw1 ,  Tzr2 ,. .  • 
the  vector  to  their  centre  is 

SoZV 

247.]  One  Force.  To  find  the  conditions  that  a  system  of 
forces  should  be  astatically  equivalent  to  a  single  force. 

Suppose  that  a  force  nlf  acting  at  the  extremity  of  a  vector 
Ax  drawn  to  a  point  fixed  in  the  body,  astatically  equilibrates  the 
given  system. 
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Denote  Stsr  by  IT,  and  SaSiw,  Sa^w,  SaS&vr  by  J,  /,  K 
respectively.     Then  we  have,  by  (0)  and  (A), 

4^*11=:/,    A^jn^jr,    AlSkIl=:K9 
which  give  the  conditions 

JL      J  -  K 
sm  ~" sjn~~ skn' 

These  conditions  are  always  satisfied  when  the  given  forces  form 

T  y   w 

a  parallel  system,  since  -~-r=  obviously  becomes     T       >  which  is 

J  K 

also  the  common  value  of  ~-t-=  and  ^j—  >  and  the  vector  to  the 

centre  of  parallel  forces. 

I         J         K 

In  general,  the  vectors  7777;  >    tt^f;»  ~crm  are  those  drawn 
&  S%n     Sjll    sm 

from  the  origin  to  the  points  of  application,  Pit  i},  ij,  of  three 
systems  of  parallel  forces  which  are  obtained  by  resolving  each 
force  into  three  rectangular  components  in  the  directions  i,  j,  k. 
Denote  these  vectors,  respectively,  by  ai9  aj9  ak. 

In  the  present  case,  then,  the  points  Pi9  Pjy  Pk,  must  coincide. 

248.]  The  Centres  of  three  component  parallel  systems. 
It  is  essential  to  have  a  clear  idea  of  the  points  whose  vectors 
from  any  origin  we  have  just  denoted  by  a<,  ay,  ak.  Resolve, 
in  any  position  of  the  body,  the  force  tsrx  at  the  point  ax  into 
three  components  parallel  to  any  three  rectangular  fixed-space 
directions,  i,  j,  k  ;  and  similarly  resolve  all  the  other  forces.  In 
all  positions  of  the  body  these  components  of  mx  are  each  abso- 
lutely constant  in  magnitude  and  in  direction,  since  we  assume 
each  force  of  the  system  to  retain  the  same  direction  in  fixed 
space.  And  since  these  forces  act  each  at  one  and  the  same 
point  (or  particle)  of  the  body  in  all  positions  of  the  body,  it 
follows  that  the  set  of  components  parallel  to  t,  for  example, 
constitute  a  system  exactly  the  same  as  the  weights  of  a  number 
of  particles  forming  a  rigid  body,  or  rigidly  connected  together 
even  if  they  do  not  form  a  continuous  solid.  It  is  quite  clear, 
then,  that  their  centre  (the  point  ij)  must  he  an  invariable  point 
in  the  body  (or  in  rigid  connection  with  it)  however  the  body 
may  be  displaced,  whether  by  translation,  or  by  rotation,  or  both. 

Similarly  the  other  centres  (of  components  parallel  to  j\  and 
of  those  parallel  to  h),  Pj9  Pk,  are  both  fixed  points  in  the  body. 
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So  long,  then,  as  the  chosen  fixed-space  directions  are  the  same, 
the  points  I},  Pj,  Pt  are  the  same  ;  but  when  all  the  forces, 
Wj,  «r2,  are  resolved  into  a  parallel  set  in  any  other  direction, 
the  centre  of  this  parallel  system  will  be  a  different  point  in  the 
body. 

We  shall  now  prove  that,  whatever  this  new  direction  may  be, 
the  centre  of  components  parallel  to  it  lies  in  the  plane  of  the  points 
Pt,  ly,  lt,  corresponding  to  any  three  chosen  directions. 

Let  the  new  direction  be  that  of  the  unit  vector  xi+yj+zh, 
where  x,  y,  z  are  its  direction-cosines.  Let  p  be  the  vector  to 
the  new  centre.    Then 

_  a1S(xi+yj  +  zk)*rJ  +  .„ 
9 ""    jS(xi+yj+zi)vT1  +  ... 
_  #2  a  Sit?  +y2aSj 'w  +  zlaShm 
""      x2Sivr+y2Sj*r  +  z281kiir 

denote  2Sivr,or  Sill,  by— a;  2/ff/tsrand  S/Sfosrby  —  b  and  — c, 
respectively,  so  that  a,  b,  c  are  the  components  of  the  resultant 
of  translation  in  the  directions  of  i,j,  k.     Then 

.  a*  = 9  &c. ; 

a 

,  axai  +  bya4  +  czah 

hence  p  =  —      t\    -9 

ax+oy  +  cz 

which  proves  that  the  extremity  of  p  lies  in  the  plane  of  the 
points  P{,  ij,  Pt,  since  (Tait's  Quaternions,  §  30)  the  extremities 
of  four  vectors  p2,  p2,  p3,  p4  drawn  from  the  origin  will  be 
eoplanar  if  Aft+Aft+Aft+Ap4  =  0, 

and  A+A+A+A=0. 

This  plane,  which  is  therefore  absolutely  fixed  in  the  body, 
we  shall  call  the  plane  of  centres.  It  depends  simply  on  the 
magnitudes  and  directions  of  the  forces  and  the  points  at  which 
they  are  applied. 

A  special  centre  of  parallel  forces  deserves  to  be  noticed.  It 
is  that  obtained  by  resolving  all  the  forces  parallel  to  their 
resultant  of  translation,  FT.  The  vector  to  this  point,  which  we 
shall  call  the  principal  centre  of  the  plane  of  centres,  is 

aPai  +  Paj  +  cPai 

a2  +  j2  +  c2 
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249.]  Two  Forces.  To  find  the  conditions  that  a  system  of  forces 
should  be  statically  equivalent  to  two  forces. 

Let  the  two  forces  be  Ux  and  IT2  at  points  whose  vectors  are 
Ax  and  Ar 

Hence  r^  +  ITg  +  n   =  o,  (1) 

AxSiX\x  + A%SiX\%  =  — I,  (2) 

Ax8jnx  +  A%8jUi=-J,  (3) 

AiSkUi+AtSkU^-K.  (4) 

The  last  three  equations  show  that  /,  J,  K  most  be  coplanar 
with  Ax  and  A^     Hence     8IJK  =  0.  (a) 

Bat  there  is  another  condition  to  be  satisfied ;  for  if  11+  mJ 
+  »JC  =  0,  when  I,  m,  n  are  given  scalars,  by  multiplying  (2), 
(3),  and  (4)  by  I,  m,  n,  adding,  and  equating  to  zero  the  coeffi- 
cients of  Ax  and  A2  (for  no  such  equation  as  pAx  +  qJ2  =  0  is 
possible,  p  and  q  being  scalars)  we  have 

lS%Wx  +  m8jXlx  +  n8kX\x  =  0,  (5) 

ISiU^  +  mSjU^  +  nSkU^  =  0,  (6) 
which,  from  (1),  give  by  addition  this  second  condition, 

ISin  +  mSjn  +  nSkll  =  0.  (£) 

Now  it  is  easy  to  see  that  (a)  and  (£)  signify  that  the  three 
centres,  ij,  i},  Pk  of  parallel  forces  are  in  one  right  line.  For 
we  have  assumed  ISiYl.^  +  mSjU ,a^-\-nSkU  ,ah  ==  0;  and  we 
know  that  the  extremities  of  three  vectors  will  be  collinear 
(Tait's  Quaternions,  §  30)  if  the  sum  of  their  multipliers  in 
this  equation  is  zero — which  is  asserted  in  (/3).  We  shall  call 
this  the  Line  of  Centres.  Moreover,  the  points  of  application  of 
rij  and  n2  must  also  lie  on  this  line.     For  (2)  can  be  written 

AxSinx  +  A28in2  +  8ill.ai  =  0; 

and  since,  by  (1),  Si^  +  tfiIT2  +  SiU  =  0,  this  equation  shows 
that  the  points  at  which  U1  and  I7a  act  lie  on  a  right  line 
through  ij ;  similarly,  they  lie  on  a  right  line  through  i} ; 
therefore,  &c. 

Again,  the  forces  E^  and  IT2  are  obviously  known  in  magni- 
tudes and  directions  from  equations  (1)  ...(4)  as  soon  as  their 
points  of  application  are  assumed ;  and  in  all  cases  they  are  both 
parallel  to  a  given  plane  ;  for  (5)  gives 
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and  a  similar  equation  in  II2,  which  show  that  Ul  and  I72  are 
both  perpendicular  to  the  vector  li  +  mj  +  ni,  as  is  also  the 
Resultant  of  Translation  of  the  given  system,  by  (p). 

Now/  =  —  aoiy    J=z—baj,    K  =  —cak. 

Assume  the  vectors  Ax  and  A2.     Let 

A  =  «<  +  a?(a<-ai);     A%  =  ai+y(ai-aj). 

Then  equations  (2),  (3),  (4)  give 

1  a?-y  '     l  a?— y  *         n(x-y) 

„._  a#  0.„  £(a?— 1)  0,„.  cnx  +  bm 

ff_y  '    *  a-y  2         n(x-y)' 

which,  of  course,  determine  II 2  and  I72. 

If  we  take  ITj  and  n2  at  right  angles  to  each  other,  we  have 

sin^iu^Sjn^jn^sku^iUz  =  o, 

which  gives 

n2(a2  +  b*  +  (*)a;y  +  bn(<m-bn)(x+y)  +  b2(m2  +  n2)  =  0. 
Now  it  is  obvious  that  the  distance  of  the  extremity  of  Ax 
from  ij  is  #.i}i},  and  the  distance  of  the  extremity  of  A2  from 
ij  is  y .  PiPj  ;  and  this  last  equation  shows  that  these  distances 
(£j  and  £g)  are  connected  by  an  equation  of  the  form 

£i£2+i>(£i  +  £2)  +  ?=<>, 
and  that,  therefore,  the  points  at  which  F^  and  n2  are  applied 
are  conjugate  points  of  an  involution   system  on  the  line   of 
centres  PiPjPk* 

The  distance  of  the  centre  of  this  involution  system  from  P{  is 
b(bn-cm) 
n(a2  +  b2  +  c2)i J' 
so  that  the  vector,  12,  to  this  centre  is 

b(bn  — cm)     .  . 

a2ai  +  b2aj  +  c2ak  f 

or  fl=         2  .  *2  ,    2       '  (7) 

which  is  (Art.  248)  the  vector  to  the  centre  of  a  system  of 
parallel  forces  whose  common  direction  is  that  of  the  Resultant 
of  Translation  of  the  given  system — i.e.  the  principal  centre. 

Hence,  when  a  system  of  forces  can  be  astaticatty  equilibrated  by 
two  rectangular  forces \  the  points  of  application  of  these  latter  must 
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lie  on  the  line  of  centres,  and  be  conjugate  points  of  an  involution 
system  whose  centre  is  the  centre  of  a  system  parallel  to  the  Result- 
ant qf  Translation. 

It  remains  to  be  proved  that  the  line  of  centres  is  unique. 
For  this  purpose  we  shall  show  that,  if  the  given  forces  are  each 
resolved  in  the  direction  of  any  vector,  the  centre  of  this  system 
will  lie  on  the  line  i}^ Pk. 

If  Via  the  assumed  vector,  let  i'  =  xi  +yj  +  zh ;  then  the  vector 
to  the  centre  of  forces  parallel  to  i'  is 

c^  Si'^  +  o2  Si'vr2  + . . .  xl+yJ  +  z  K 

8i'iff1  +  Si''eT2+...      '  ax+by  +  cz 

If  T  is  this  vector,  we  have 

{ax  +  by  +  cz)I'— aw.a4  —  by.aj— cz.at—0; 
and  since  the  sum  of  the  multipliers  of  /',  ai9  a,,  ak  is  zero,  and 
the  extremities  of  the  latter  three  are  collinear,  the  extremity  of 
r  must  lie  on  the  line  of  centres. 

The  relations  between  the  vectors  Ax  and  A2  and  the  forces 
Ut  and  IT2  will,  perhaps,  be  better  seen  if  we  use  0  for  the  unit 
vector  in  the  direction  of  the  line  of  centres. 

Clearly,  then,  we  may  put,  when  n1  and  I72  are  rectangular, 

(*) 


^2 


J=-aG-*0,      J  =  -ba-/0,      K  =  -ca-s"$, 

where  h2>  s,  s\  sf'  are  all  given   constants,  and  x  any  variable 
scalar. 

Equations  (2),  (3),  (4)  then  determine  r^  and  II2,  and  give 

_     h*n+x®  _     x*n-x® 

where  0  =  si+/J  +  /'tt  so  that  0  is  a  given  vector  parallel  to 
the  plane  to  which  II,  fFj ,  and  I72  are  all  parallel. 

It  is  easy  to  prove  in  different  ways  that  the  vectors  n  and  0 
are  perpendicular  to  each  other.  One  simple  method  consists  in 
the  fact  that  5llin2  must  be  zero  independently  of  the  value  of  x. 
It  may  be  seen  otherwise  thus : 

aI+bJ+cK=  -(a2+52  +  t?2)f2-(^+fe'  +  c*")^; 
and  this  gives,  by  (7),  as  +  bsf  +  c/'=  0,  which  is  the  condition 
that  0  and  II  should  be  perpendicular. 
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The  condition  tflTjIIj  =  0  farther  gives 
A2n2-02  =  O, 
or,  if  22  be  m,  TQ  =  hR 

Corresponding  to  different  values  of  x  we  can  represent  the 
magnitudes  and  directions  of  ITj  and  IT2.  Since  they  equilibrate 
FT,  they  must,  of  course,  be  represented  by  the  two  sides  of  a 
right-angled  triangle  described,  in  a  plane  fixed  in  space,  on  II 
as  hypotenuse. 

Draw  from  any  origin,  0,  two  right  lines,  OA  and  OB,  in  the 
directions  of  IT  and  0  respectively.  Then,  if  the  components  of 
rii  along  OA  and  OB  are  Xx  and  Tlf  we  have 

_    h*R  hRx 


#  +  «■■      M~   A2**2  ' 
therefore,  if  1^  =  0Pt,  we  have 

tanP^  =  |, 

which  determines  the  direction  of  U1 . 

Again,  we  can  prove  the  following  theorem : — 

As  their  points  of  application  along  the  line  of  centres  vary,  the 

two  rectangular  forces  which  astatically  equilibrate  the  system  trace 

out  a  hyperbolic  paraboloid. 

For  if  p  is  the  vector  to  any  point  on  the  surface  traced  out 

byni>  ^      A      h2n+x® 

where  x  and  y  are  any  variable  scalars ;  or,  if  the  centre  of  the 
line  of  centres  is  taken  as  origin  of  vectors, 

The  Cartesian  equation  of  this  surface,  referred  to  the  line  of 
centres  as  axis  of  x,  and  those  of  II  and  0  as  axes  of  y  and  z, 
respectively,  is  xy  =  hz. 

Since  the  two  forces  nx  and  II2  are  equivalent  to  the  given 
system,  the  discussion  of  these  forces  may  replace  the  discussion 
of  the  system.  For  example,  to  find  Poinsot's  Axis,  we  have, 
from  (8)  and  (9), 

taxux+  va%u2  =  -  r(nn+0Q). 
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Hence,  from  Art.  245,  Poinsot's  Axis  is 

or,  if  the  centre  of  the  line  of  centres  is  taken  as  origin  of  vectors, 

so  that  Poinsot's  Axis  will  coincide  with  the  Resultant  of  Trans- 
lation at  the  centre  of  the  line  of  centres  if  Fd€>U  =  0,  or,  in 
other  words,  if  the  line  of  centres  is  perpendicular  to  the  plane 
(of  6  and  n)  to  which  the  forces  Ul9  I72,  and  n  are  parallel. 
The  body  may,  of  course,  be  turned  round  so  that  this  perpen- 
dicularity occurs. 

A  system  qf  forces  can  be  astatically  equilibrated  by  two  forces 
when  all  the  forces  of  the  system  are  parallel  to  one  plane. 

For,  let  the  unit  vector  perpendicular  to  this  plane  be  taken 

as  i.    Then  8kvrl  =  0,  Skw2  =  0, ;  therefore  K  =  0,  and 

the  equations  reduce  to 

1^+1^+11  =  0,  (10) 

AlSini  +  A28in2  +  SiTL.ai  =  o,  (11) 

AlSjnl+AiSjn2+Sjn.aJ  =  o.  (12) 

The  second  shows  that  the  extremities  of  the  vectors  A19  A%> 
and  a{  are  collinear,  since  by  (10)  the  sum  of  their  multipliers  is 
zero.  Similarly  (12)  shows  that  the  extremities  of  Al9  A2,  and 
as  are  collinear ;  therefore  the  points  of  application  of  IIj  and  I72 
lie  on  the.  line  of  centres. 

A  system  of  forces  may  be  astatic  for  displacements  about  a  par- 
ticular axis  without  being  astatic  for  displacements  about  other  axes. 

If  o-  is  the  unit  vector  in  the  direction  of  the  axis  of  displace- 
ment, the  conditions  of  continuous  equilibrium  are 

2w=  0, 

cos\/f2ra«r+2sin2~2(rflr<r5a<r)  +  sin\/f2r.orra<r  =  0; 

the  latter,  holding  for  all  values  of  yfr,  gives 

2Fcw=0,     2(Fw<rSa(r)  =  0,     iF.vVaa  =  0. 

Consider  the  case  in  which  all  the  forces  lie  in  one  plane,  and 
let  the  axis  of  displacement  be  any  axis  perpendicular  to  this 
plane.    Also  take  the  origin  of  vectors  in  the  plane. 
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Then  these  conditions,  since 

SajC  =  Sa2ar  = =  0,     8^0  =  Sw2<r  = =  0, 

become  2«r  =0,     2  Vavr  =  0,     28avr  =  0. 

It  has  been  shown  (Vol.  I,  pp.  130,  131)  how  these  conditions 
are  otherwise  deduced,  it  being  observed  that  25a  w  is  obviously 
the  Virial  of  the  forces. 

Such  a  system  of  forces  as  this  can  always  be  equilibrated  (for 
the  displacements  considered)  by  a  single  force.  For,  let  the 
force  be  nx  at  the  extremity  of  a  vector  Av    Then  the  conditions 

a*>  I^  +  IJrrO,       A^  +  Zav^  0; 

„  _  .        Saw 

.-.   n1=-n,     A  =  -n-' 

the  expression  for  Ax  being  evidently  a  vector,  since  alf  «r19 ... 
and  II  are  all  coplanar. 

We  thus  arrive  at  the  'Centre*  of  the  system,  and  it  is  very 
easy  to  prove  that  (see  Vol.  I,  p.  1 30)  this  point  is  characterised 
by  the  vanishing  of  the  sum  of  the  moments  and  of  the  Virial 
of  the  forces  about  it. 

250.]  Three  Forces.  To  investigate  the  astatical  equivalence  of 
a  system  of  forces  to  three  forces. 

Let  the  forces  be  Uu  11^,  and  n3  at  the  extremities  of  vectors 
A\<t  A2i  Az, 

Then  Ux+  n2  +  n3  =  -II,  (1) 

ijSini  +  ^24$eii2 + j8fl*n8  =  -i,  (2) 

AxSjUx  +  A2SjU2  +  AsSjYls  =  _/,  .  (3) 

AxSknx  + A2Sin2  +  AsS&U3  =z  -K.  (4) 

Now,  SiH  being  still  denoted  by  —a,  See.,  (2)  can  be  written 

AiSill^A^iU^AzSiYls— aa{  =  0, 
while  (1)  gives  flir^* SiTI2  +  SiUz-a  =  0. 

Hence  (Art.  248)  the  extremities  of  AX9  A2,  and  A3  lie  in  a 
plane  containing  the  point  ij,  which  has  been  shown  to  be  the 
centre  of  a  system  of  parallel  forces  obtained  by  resolving  each 
force  parallel  to  i. 

The  remaining  equations  show  in  the  same  way  that  these 
extremities  lie  in  a  plane  containing  i}  and  Ph. 

Hence  the  points  of  application  of  the  three  forces  which  astati- 
cally  equilibrate  the  system  lie  in  the  plane  of  the  three  centres 
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Ii9  Pjy  Pk ;  that  is,  the  plane  containing  the  extremities  of  the 
vectors  aifaJyak.  This  plane  we  have  called  the  Plane  of  Centres. 

The  astatic  redaction  to  three  forces  is  therefore  always  possible. 

The  equation  of  the  plane  of  centres  is,  of  course, 

8(Fajat+  Faka{  +  Fa{a3) p  =  —  Sa^ja^  (5) 

Operating  on  (2),  (3),  (4)  with  5.  FA2A&  we  have 

Si  nx .  SAXA2A3  =  -SIFA2AZ, 

Sj^ .  SAXA2A^  =  -SJFA2AZ, 

Si^.SA^A^  =  —SKFA2Az\ 
which  give 

Ux  =8AlA  A  (iSIFA2Az+jSJFA2Az  +  kSKFA2Az) ; 

12     3 

and  in  the  same  way  we  obtain  I72  and  IT3,  so  that,  when  their 
points  of  application  are  assumed,  the  forces  U19  n2,  n3,  are  thus 
completely  known. 

It  may  be  observed  that  the  origin  of  vectors  can  always  be 
so  chosen  that  the  vectors  a<,  ajt  ah  shall  be  a  rectangular  system, 
the  vectors  i,j\  i9  remaining  the  same.  For  the  points  ij,  ij,  Pk 
depend  only  on  the  vectors  t,  /,  k,  and  not  on  the  origin  of 
vectors ;  and,  given  three  points  Pi9  Pj,  Pk>  two  other  points, 
Q  and  Qf>  can  be  found  such  that  the  lines  QPiy  QPj,  and  QPk  are 
a  rectangular  system,  as  are  also  the  lines  Q'iJ,  Q'Pj9  and  Q'Pk. 

The  points  Q  and  Q'  are  the  points  common  to  three  spheres 
described  on  the  sides  of  the  triangle  ij  P,  Pk  as  diameters ; 
they  are  equidistant  from  this  plane  on  opposite  sides,  and  lie  on 
the  perpendicular  to  it  drawn  through  the  orthocentre  of  the 
triangle. 

We  may  suppose  either  of  these  points  taken  as  origin  of  vectors, 
and  treat  I,  J9  K  as  a  rectangular  system. 

For  simplicity,  denoting  the  vectors  FA2AZ9  FA3AX,  FAXA2  by 

€i>  f2>  e3»  we  nave 

n,  =  '  (iSItl  +JSJ(1  +  iSKeJ,  (6) 

na  =       *        (isitt  +js/(i + &sk<2),         (?) 

n8  =  1  (iSItz  +JSJta + iSKe3).  (8) 

V—S(1fati 
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It  may  be  noticed  that,  for  different  systems  of  rectangular 
vectors  i',/,  V,  the  vectors  to  the  centres  of  the  corresponding 
systems  of  parallel  forces  are  in  the  directions  of  conjugate 
diameters  of  a  certain  ellipsoid.     For  if 

t=*i+M  +  zi,    f=<Si+tfj  +  z'k,    K  =  aTi+fj+z"k, 
it  is  obvious  that  /,  /',  Kr  are 

xI+yJ  +  zK,    afI+/J+JK,    aTI+fJ+z"K 
respectively.    And  since  xaf  +yif+zJ  =  0,  &c,  it  follows  that 

sir  sir    sjrsjr    sKrsKr    ^ . 
—74—  +  —ji—  +  — ji—  =  0>**-* 

showing  that  the  vectors  to  the  new  centres  are  in  the  directions 
of  conjugate  diameters  of  the  ellipsoid 

S*Ip  S*Jp  S2Kp  _ 
/*  +  /*  +  ~K*~  ~ 
The  origin  of  vectors  is  now  a  fixed  point  in  the  body,  and  the 
points  ij,  i},  Pk,  are,  of  course,  fixed  points  in  the  body;  and, 
by  the  nature  of  astatic  equilibrium,  we  may  consider  the  body 
as  being  placed  in  any  position  whatever.  Suppose,  then,  that 
it  is  so  turned  round  the  origin  of  vectors  that  J,  J,  and  K 
coincide  in  directions  with  i,  j\  k  respectively.  This  may  be 
regarded  as  a  sort  of  initial  position  of  the  body.  Let  the  tensors 
of  /,  /,  and  K  be  ty,  t2,  and  tz  respectively.     Then 

iSI^+JSJe^iSK^ 
becomes   tliSi€1  +  t2J8j€1  +  tziSi€li  that  is,    a  self-conjugate 
linear  vector  function  of  er     Denote  it  by  <f>€v     Then  (6),  (7), 
and  (8)  give 

But  in  the  ellipsoid  Sp4>p=  1 ,  the  normal  at  the  extremity  of 
a  vector  a  is  parallel  to  <j>a  (Tait's  Quaternions,  Chap.  VIII). 

Hence  we  have  the  following  theorem : — 

The  body  being  placed  in  the  initial  position,  the  forces  applied  at 
the  extremities  cf  any  three  vectors,  Ax,  A2,  Az,  drawn  front  the 
origin  to  points  in  the  plane  cf  centres,  are  in  the  directions  cf 
normals  to  the  ellipsoid  8p<j>p  =  1  at  the  points  where  its  surface  is 
intersected  by  the  vectors  VAXA2,  VA%AZ,  VAZA^ 

If  we  wish  the  forces  IT1,  I72,  n3  to  be  a  mutually  rectangular 
set,  we  must  take  S<j>€x<j>€2  =  0,  &c,  from  which  it  is  evident 
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that  the  directions  of  €lf  *a,  and  t3  must  be  conjugate  diameters 
of  the  ellipsoid  Spf2  p  =  1. 

Of  course  the  centres  i},  1J,  7fc  may  be  taken  as  those  at 
which  the  forces  are  applied.  The  forces  will  then  be  in  the 
directions  i,j,  i  respectively,  and  in  the  initial  position  they  will 
meet  in  a  point.  Their  magnitudes  are  obviously  a,  b>  c— by  the 
very  nature  of  a  resolution  of  the  given  system  of  forces  into 
three  component  parallel  sets  (Art.  248). 

What  we  have  just*-  called  the  initial  position  of  the  body 
requires  a  few  words  to  render  its  nature  more  clear.  Any  three 
directions  *,  /,  £,  fixed  in  space,  being  chosen,  and  the  centres 
Piy  Pj,  Pk  corresponding  to  them  being  taken,  join  these  centres 
to  one'of  the  two  points,  Q,  at  which  they  subtend  right  angles  in 
pairs.  When  the  body  has  a  position  given  to  it  at  random  the 
lines  QPit  Qi},  QPk  are  not  parallel  to  the  corresponding 
directions  i,J9  h ;  but  {Q  being  obviously  a  point  in  rigid  con- 
nection with  the  body)  if  the  body  is  moved  so  that  these  lines 
OiJ,  &c.,  are  parallel  to  t,  /,  A,  the  system  of  forces  will  have  in 
this  position  a  single  resultant. 

For  it  is  obvious  from  elementary  principles  (see  Art.  248) 
that  the  given  force  system  could  always  be  replaced  by  a  force 
at  Pi  parallel  to  i  and  equal  to  the  sum  of  the  components  of 
all  forces  parallel  to  i,  together  with  forces  at  Ps  and  Pk  equal  to 
the  sums  of  components  parallel  to/  and  k.  Hence  these  forces 
would  act  in  the  lines  QP{,  QPj,  QPk  if  these  lines  were  placed 
parallel  to  i,  j\  h,  and  there  would,  therefore,  be  a  single 
resultant. 

Since  any  directions  may  be  chosen  for  i,  j\  i,  there  will  be 
an  infinite  number  of  triads  of  centres  Pi9  Pjt  Pk — all  lying  in  a 
plane  fixed  in  the  body — and  of  lines  QPt ,  &c.,  and  therefore  of 
initial  positions.  Hence  an  initial  position  is  simply  any  one  in 
which  the  forces  have  a  single  resultant. 

If  the  vectors  al9  cr2,  ...  are  measured  from  a  Q-point  (i.e.  a 
point  at  which  ij,  7},  Pk  subtend  right  angles  in  pairs),  the 
function  2aSmp  will  be  self-conjugate  in  the  initial  position  in 
which  the  single  resultant  passes  through  this  point  (Art.  244). 
Generally,  in  all  questions  relating  to  the  equilibrium  of  a  given 
force  system,  we  may  substitute  for  the  system  three  forces,  viz. 
those  which  are  astatically  equivalent  to  the  system  at  any 
triad  of  centres,  ij,  PJ9  Pk. 
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251.]  Grouping  of  the  Centres  round  the  Principal 
Centre.  Simplicity  will  be  gained  by  taking  the  principal 
centre  as  origin  of  vectors,  and  supposing  that  all  positions  of 
the  body  are  obtained  by  rotation  round  this  point  as  a  fixed 
point  in  space.  Further,  of  the  three  fixed-space  vectors  i,  j,  kt 
we  shall  take  i  in  the  (invariable)  direction  of  the  Resultant  of 
Translation  of  the  forces.  This  latter  assumption  will  make 
b  =  0,  c  =  0,  since  the  sums  of  the  components  of  the  forces 
perpendicular  to  the  direction  of  their  Resultant  of  Translation 
are  necessarily  zero.  The  constant  a  becomes  then  the  magnitude 
of  this  resultant.  Moreover,  since  Q,,  the  vector  from  the  origin 
to  the  principal  centre,  is  zero,  we  must  have  (Art.  249)  J  =  0. 

The  vectors  /  and  K,  of  course,  remain.  Let  C  be  the 
principal  centre,'  then  /and  fare  vectors  at  (7  in  the  plane  of 
centres,  and  we  can  easily  see  that  the  fixed-space  directions 
j  and  k  can  be  so  chosen  as  to  make  /  and  K  at  right  angles  to 
each  other.  For,  let  f  and  U  be  any  two  rectangular  unit 
vectors  in  the  plane  of  ji,  let  0  be  the  angle  between 
/  andy.     Then 

f=j  cos  0  +  Asin0;  ^=  — /sin0  +  Acos0; 
and  if  /'  and  K  are  the  vectors  corresponding  to  f  and  k\ 
/'=  SafyV,   Z'=  2a£/fc'<sr  ;  therefore 
/"=  /cos0  +  ifsin0;  K'  =  - /sin  0  + if  cos  0; 
so  that  /'  and  K '  will  be  rectangular  if 

*      »*       28JK 

We  shall  suppose,  then,  that  j  and  k  have  been  chosen  so 
that  /  and  K  are  rectangular  ;  and  these  latter  we  shall  call  the 
principal  vectors  in  the  plane  of  centres  ;  the  axes  of  i,j\  &  thus 
chosen  may  be  called  the  principal  fixed  space  axes. 

Now  let  li  +  mj +nk  be  a  unit  vector,  p,  in  any  direction  at  C, 
its  direction-cosines  being  /,  *»,  n.  The  vector  to  the  centre,  P, 
which  corresponds  to  this  vector  is 

TitJ+nK.  *  x 

~Ta (1) 

If  the  vectors  /  and  K  are  taken  as  axes  of  y  and  #,  respec- 
tively, and  if  their  tensors  are  t  and  t\  the  co-ordinates  of  P 
being  (y,  z),  we  have 

flit  fib  ,_x 
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a  being,  as  before  said,  the  magnitude  of  the  Resultant  of  Trans- 
lation of  the  given  forces. 

If  p  is  any  vector  in  a  given  plane,  px+qy+rz  =  0,  we  have 
pl+qm  +  rn  =  0,  so  that  the  locus  of  P  is  the  right  line 

Jjr+^+J-o.  (3) 

If  p  is  any  vector  making  a  constant  angle,  0,  with  the 
direction  of  the  Resultant  of  Translation,  we  have 

*»2  +  »*  =  sina0; 
therefore  the  locus  of  P  is  the  ellipse 

£  ,^_tan*0. 

And  if  we  wish  to  astatically  equilibrate  the  given  system  by 
three  forces  at  the  three  centres,  P,  P/i  P",  corresponding  to 
any  three  rectangular  directions, 

li  +  mj  +  nk,  Fi+m'j  +  n'&9  V'i  +  m"j  +  n'% 
the  magnitudes  of  these  forces  will  be,  respectively,  la,  fa,  F'a, 
and  they  will  be  parallel  to  the  assumed  directions  li  +  ntj  +  nk, 
&c.  (p.  79). 

It  is  to  be  noted  that,  with  the  origin  of  vectors  as  now  chosen, 
the   general  values  (6)   &c,  of  Art.  250  for  Ulf  II2,  n8  all 

assume  the  indeterminate  form  ->  since  the  vectors  Au  A29  As 

are  coplanar,  the  operations  8 .  VA2A3,  &c,  by  which  they  were 
obtained  from  (2),  (3),  (4)  being  illusory.  But  the  student 
will  have  no  difficulty  in  obtaining  the  result  just  given  (which 
is  obvious  from  first  principles)  from  the  general  equations 
referred  to. 

A  given  system  of  forces  can  always  be  replaced,  with  complete 
^statical  equivalence,  by  three  equal  and  mutually  rectangular 
forces.  For  we  have  only  to  choose  the  directions  li  +  mj+nk> 
&c.,  parallel  to  which  all  the  forces  are  resolved,  so  that 

that  is,  the  three  equivalent  forces  are  all  inclined  to  the  direction 
of  the  Resultant  of  Translation  at  cos-1-—*  and  each  force 

-  Si* 
vol.  u*  a 
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The  corresponding  centres  (all  lying,  of  course,  on  the  ellipse 
(4) )  form  a  triangle  of  which  the  centre  of  the  ellipse  is  the 
centroid  ('  centre  of  gravity '). 

252.]  Principal  Moment  at  the  Principal  Centre.  Replace 
the  system  by  three  mutually  rectangular  forces  at  any  three 
centres,  P,  P',  P",  whose  vectors  are 

tnJ+nK     m'J+n'K     m"J+n"K 
la  ta  V'a 

the  principal  fixed  space  axes  being  those  of  reference.  The 
corresponding  forces  are  la(li  +  mj+ni),  &c.  Then  G,  the  axis 
of  principal  moment  at  C  (the  principal  centre),  being  2  Paw, 
we  have  0  =  F(Jj+K&).  (1) 

Also,  i  being  the  direction  of  II,  the  Resultant  of  Translation, 
the  condition  for  a  single  resultant  is  SGi  =  0,  or 

SJk  =  SKj9  (2) 

that  is,  the  body  must  be  turned  round  C  until  the  body-vectors 
/  and  K  satisfy  this  condition. 

The  position  of  the  body  being  any  whatever,  Poinsot's 
moment  is  S(Jk-Kj),  (3) 

since  it  is  8U  G. 

253.]  Wrench  of  Maximum  Pitoh.  Poinsot's  moment  is 
evidently  a  numerical  maximum  in  some  position  or  positions  of 
the  body,  since  when  there  is  a  single  resultant  it  is  zero.  When 
it  is  a  maximum  its  differential  must  vanish  for  any  small  change 
of  position  of  the  body — La  for  a  rotation  through  any  small 
angle  A^  round  any  axis.  Equating  to  zero  the  differential  of  (3), 
S(kdJ-jdK)  =  0.  (1) 

Now,  if  <r  is  a  unit  vector  in  the  direction  of  any  axis  by  small 
rotation  round  which  the  new  position  of  the  body  is  attained,  it 
is  obvious  either  from  first  principles,  or  from  (A)  of  Art.  243, 
that  dJ  =  —  Ai/r.  r/<r,  and  dK=  -  Ayfr.  FK<r.  (2) 

Hence  substituting  in  (1)  we  have 

S(iJ-jK)<r=09  (3) 

which  must  hold  for  every  value  of  <r.  But  this  is  impossible 
unless  7{kJ-jK)  =  0,  (4) 

which  obviously  requires,;,  h,  J  and  K  to  be  coplanar. 

Hence  the  principal  body- vectors  must  be  placed  in  the  plane 
of  the  principal  fixed-space  vectors/,  h 
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If,  then,  0  is  the  angle  between  /  and  j\  Poinsot's  moment 

=  SJk—SKj  =  (t  +  tf)  sin  0,  which  is  a  maximum  when  0  =  - ; 

i.e.  the  body  must  be  turned  round  the  principal  centre  so  as  to 
make  /  coincide  with  k  and  K  with  — /,  and  the  maximum 
pitch  is  t+^ 

When  /  coincides  with  —  h  and  K  with/,  the  pitch  is  —  (t  +  0» 
an  algebraic  minimum. 

254.]  Minding's  Theorem.  Whenever  the  body  is  so  placed 
that  the  forces  have  a  single  resultant,  its  line  of  action  intersects 
two  conies  fixed  in  the  body.    The  equation  of  Poinsot's  axis  is 

p  =  xU  +  T2      (Art.  245).   Substituting  ai  for  n,  and  the  value 

of  G  from  Art.  252,  this  becomes 

p  =  axi  +  -(jSiJ+kSiK).  (1) 

We  shall  now  by  means  of  (2)  of  Art.  252  express  j  and  k  in 
terms  of  i,  /,  and  K.     Putting  Vij  for  h9  this  condition  gives 
SKJS.jnj=09 
or    SKj-  SJij  =  0,  or  SKj  -  S .  FJi  .j  =  0, 
or,  finally,  S(K+  ViJ)j  =  0, 

i.e.  j  is  perpendicular  to  K+  ViJ;  and  it  is  also  perpendicular 
to  i,  so  that  it  must  be  proportional  to  Vi(K+  ViJ).  Assume, 
then,  yj  =  r(iK+iFiJ), 

where  y  is  a  scalar.     This  is  the  same  as 

yj=  ViK-J-iSiJ,  (2) 

since  (Tait's  Quaternions,  Art.  90)  V.  a  Ffiy  =  ySafi—fiSay. 

Now  by  squaring  (2),  denoting  the  tensors  of  J  and  Z,  as 
before,  by  t  and  f,  and  the  unit  vector  perpendicular  to  J  and  K 
(i.e.  to  the  plane  of  centres),  by  v,  we  have 

y2  =  t*  sin*  0  +  t'2  sin*? -2  tt'Siv,  (3) 

where  0  and  tf  are  the  angles  between  i  and  /,  and  between 
%  and  K,  respectively. 

In  exactly  the  same  way,  if  in  (2)  of  Art.  252  we  put  Vki  for 
/,  we  find  yk  _  r(-iJ+  iViK) ; 

and  treating  this  as  above,  we  find  the  same  value  for  /  as  for  y, 
so  that  yk  =  -  ViJ—K-iSiK*  (4) 

0% 
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Substituting  the  values  of  j  and  k  from  (2)  and  (4)  in  (1),  we 
have        ay  p  =  j>  i-JSiJ-  KSi  K + SiJFiK-SiKriJ,  (5) 

where  p  is  a  scalar.  The  last  two  terms  of  this  are  easily  proved 
to  be  of  the  form  bi  +  cv;  for  they  are  SJiFiK+SiKVJi;  and 
if  q  and  r  are  any  quaternions,  SqFr  +  SrFq=Fqr—F.FqFr; 
hence  these  two  terms  are  equal  to  —  FJK—F.FJiFiK.  But 
the  vectors  VJi  and  FiK  are  each  perpendicular  to  t,  therefore 
the  vector  of  their  product  is  parallel  to  i,  while  for  FJKwe  can 
use  tifv.     Hence  (5)  becomes 

ayp  =  zi—JSiJ—KSiK—tif*  v9 
where  z  is  simply  a  scalar.     We  may  denote  the  linear  vector 
function  —JSJ<r—K8K<r  by  \a,  so  that 

ayp  =  zi  +  xi—tf*v, 
=  (x  +  *)i—tf.v. 
To  find  the  point  in  which  this  line  intersects  the  body-plane 
Kv,  put  SJp  =  0.  Now  8Jxi  =  —J2SJi  =  fiSJi ; 

therefore  {t2  +  z)  SJi  =  0, 

which  gives  z=—fl.     Hence  for  the  point  of  intersection 

ayp  =  (K-fi)i-tt'v;  (6) 

therefore    ay(x—t2)-*p  =  i-tf(X-t2)-lv.  (7) 

Now  if  for  simplicity  we  use  A  and  u.  for  unit  vectors  in  the 
directions  /  and  K,  so  that  J  =  tk>  K  =  fy^ 

x<r=  -t2\8\*-f2ixSix<r; 
also  t2<r=  —t*(\S\<r  +  ixSn<r  +  vSvcr), 

...     (K-P)<r  =  (fl-f2)pSp<T  +  PvSv<r9  (8) 

and  from  this  we  find  at  once 

if  #A<r=0,  i.e.  if  rr  is  coplanar  with  p  and  v,  as  p  in  (6)  is  sup- 
posed to  be.     [To  invert  the  function  x~-^2>  assume 

{*-*)-**=  Ap  +  Bp, 
where  A  and  B  are  unknown  scalars ;  then  operate  on  both  sides 
with  x— *2>  and  we  get  A  and  B  at  once.] 

From  (9)  we  have  (x""^2)"1"  =  —  s  >  so  that  (7)  becomes 

*y  U-n^  =  >+*»-  (10) 
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From  (6)  and  (10),  by  taking  the  sealar  of  the  product, 

=  t*  sin2  e  + 1'*  sin*  fl'-  Ztt'Siv, 
(remembering  that,  since  \,p,v  are  rectangular  unit  vectors, 
(£tA)*+(i$»/i)2+(S*v)«=  1,    or    (5»j>)*=I-cos«5-cos»^). 
Hence  we  have  i 

sp(X-*rip=z  (H) 

for  the  point  in  which  the  line  of  the  single  resultant  intersects 
the  body-plane  Kv.  But  if  the  lines  A,  p,  v  are  taken,  respectively, 
as  axes  of  a?,  y,  and  s,  and  the  quadric 

is  constructed,  equation  (11)  denotes  the  focal  conic 

t'*-t**  ^/2-   l 

in  the  plane  y*,  so  that  this  conic  is  the  locus  of  points  in  which 
the  single  resultant  intersects  the  plane.  Similarly  the  points 
in  which  it  intersects  the  plane  xz  lie  on  the  focal  conic 

x*  z2 

4-  _L  —  1 

t*—t'*     t2  ~~ 

Thus  the  Theorem  of  Minding  is  proved. 

[The  proof  here  given  proceeds  on  the  basis  of  a  proof  given 
by  Professor  Tait  in  a  more  condensed  form.] 

255.]  Theorem.  At  every  point  there  can  be  found  two  axes 
round  either  of  which  if  the  body  is  displaced  by  rotation  through 
any  angle,  the  sum  of  the  moments  of  the  forces  about  the  axis  is 
zero. 

Let  0  be  any  point  (taken  as  origin  of  vectors),  and  let  the 
body  be  rotated  round  an  axis  through  0  in  the  direction  of  the 
unit  vector  cr.     Then  taking  as  before  <p<r  =  2aSm<r, 

4>'a  =  2'aSa<r9   h  =  25atsr,   and  0  =  2Pa«r, 
the  new  principal  moment  at  0  is,  from  (f),  Art.  244,  given  by 
the  equation 

<?'  =  (?cos^  — 2sin2~r<r0'<r  +  sin^(^(r— 0<r);  (a) 

2 
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and  if  the  sum  of  the  moments  about  the  axis  of  rotation  is 
zero,  we  must  have  SG'<r  =  0, 

independently  of  the  value  of  yjr. 

Now  SG'v  =  cos^  SGa— sin ^  (A  +  SvQa), 

so  that  we  must  have 

SG<r  =  0,    S<r<t>*=  -h,  (b) 

while,  of  course,  To-  =  1. 

The  first  of  these  shows  that  <r  must  be  perpendicular  to  6, 
the  axis  of  principal  moment  at  0  before  rotation,  while  the 
second  and  third  show  that  it  must  be  a  vector  drawn  to  some 
point  on  the  curve  of  intersection  of  a  unit  sphere  with  the 
quadric  S<r<p<r=  —  A.  Now  this  curve  is  intersected  by  the  plane 
SGa  =  0  in  four  points  which  lie  in  pairs  (by  symmetry)  on 
two  right  lines  drawn  through  0. 

If,  then,  translation  along  the  axis  of  rotation  is  prevented  by 
suitable  means,  the  body  will  be  in  equilibrium  in  every  position 
produced  by  rotation  round  either  of  these  lines. 

256.]  Reduction  to  a  Force  and  Two  Couples.  A  par- 
ticular case  of  the  reduction  to  three  forces  deserves  to  be 
noticed.  Suppose  the  direction  of  the  vector  i  to  be  chosen  so  as 
to  coincide  with  that  of  the  Resultant  of  Translation.  Then  j  and 
k  are  perpendicular  to  this  direction,  and  therefore  b  and  c,  the 
sums  of  the  resolved  parts  of  the  forces  in  directions  perpendicular 
to  the  Resultant  of  Translation,  are  each  zero.  Hence  Ps  and  Pk 
are  at  infinity,  while  P{  is,  of  course,  the  centre  of  the  plane  of 
centres.  The  vectors  /and  K  of  course  remain,  and  the  directions 
of  j  and  k  may  be  so  chosen  that  /  and  K  are  perpendicular  to 
each  other,  as  has  been  already  shown  (Art.  251).  Let  C  be  the 
principal  centre  of  the  plane  of  centres,  and  suppose  that  0,  the 
origin  of  vectors,  is  chosen  on  the  perpendicular  through  C  to 
this  plane,  so  that  the  points  Pi  (that  is,  C),  i},  and  Ph  subtend 
right  angles  in  pairs  at  0,  the  two  latter  points  being  at  infinity 
on  the  lines  OJ  and  OK. 

Let  the  force  nx  be  applied  at  C,  i.e.  Ax  =  OC  =  —  •     Then, 

the  body  being  placed  in  an  initial  position,  the  axes  of  the 
quadrics  SpQp  =  1  and  Sp<j>2p  =  1  are  in  the  directions  0(7,  0/, 
OK.  Hence  the  vectors  fa  and  c3  are  in  the  plane  JOK,  and  (the 
applied  forces  being  taken  as  a  rectangular  system)  ex  coincides 
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in  direction  with  Ax ;  therefore  the  vectors  A2  and  A9  are  in  the 
plane  JOK,  and  their  extremities  are  at  infinity.  The  forces  I72 
and  n8  are  then  applied  at  infinity,  and  we  can  see  that  the 
magnitude  of  each  is  zero.  For,  denoting  (as  in  the  previous 
cases  in  which  the  origin  of  vectors  is  not  taken  at  the  principal 
centre)  the  tensors  of  i,  J,  K  by  tv  £2,  tZi  since 

— Sre1€2c8  =  82AXA2A^ 

it  is  very  easy  to  show  in  equations  (6),  &c,  of  Art.  250  that 

where  px  is  the  angle  between  the  direction  of  Ax  and  the  plane 
of  A^A3,  and  019  <f>1}  ^  are  the  angles  between  cx  and  the 
directions  of  I,  J,  K.     Similar  values  are  obtained  for 

TU2  and  Tns. 

Now,  in  the  present  case,  TA2  =  TAS  =  00  ;  therefore  IT2 
and  n3  are  zero  forces  applied  at  infinity. 

This  result,  of  course,  indicates  a  new  mode  of  reduction — 
namely,  to  a  force  and  two  couples ;  and  this  is  the  mode  of  re- 
duction adopted  in  all  cases  by  Moigno. 

Let  the  principal  centre  be  taken  as  origin  of  vectors,  and 
suppose  a  force  fl2  applied  at  the  extremity  of  a  vector  y,  while 
a  force— IT2  is  applied  at  the  extremity  of  /.  Then  in  equa- 
tion (2)  of  Art.  250  we  shall  have  the  term  ySiII2— ySHl2, 
or  (y— y)SiW2.  Denote  y~y'  by  jx;  then  p  is  the  vector 
joining  the  points  at  which  the  forces  (Il2,  — 172)  constituting 
the  couple  act.  Similarly,  let  //  be  the  vector  joining  the  points 
at  which  the  forces  (ns,~n3)  act.  We  may,  for  shortness,  call 
/x  and  y!  the  vector  arms  of  the  couples.  Then  our  equations  are 
(/and  Ax  being  zero) 

1^  +  11  =  0, 

fAflinf+//<wn8:=o, 
M^n2+/^n3=-/, 

liSkU2  +  y!8kUz  =  —  K. 

The  second  requires  SiU2  =  0,  5in3  =  0;  i.e.  the  forces  of  the 
couples  are  in  a  plane  perpendicular  to  the  Resultant  of  Transla- 
tion.   Let  the  tensors  of  /  and  K  be  now  t  and  tf,  as  in  Art.  251. 
Suppose  the  body  placed  in  the  initial  position ;  then  J  =  tj\ 
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K  =  t'i,  and  i  is  the  unit  vector  perpendicular  to  the  plane  of 
centres.     Hence  we  have 

liBjU%+ tajik  *=-tj9 

pS&n2 + p'smz  =  —  t'k. 

Operate  on  these  with  S.  Fip\  and  observe  that 

Surif/^-siiifi'zz  -  sirup' =Trw'; 

also  A;  Ftp's -£*/; 

then  we  have         83U*=  J7i^n     8kU*  =  ~Wirf' 

Hence  n2  =  ^l-^-tjSkp'+t'kSjp')  (1) 

Let  IT2  and  II3  be  perpendicular  to  each  other.     Then 
SjiiSjyf  ,  SipSkp'_„ 

which  shows  that  the  directions  of  p  and  //  are  those  of  a  pair  of 
conjugate  diameters  of  the  ellipse 

8p*p=l  (3) 

where  <t>p=f*(4z8jp  +  j?28&p)>  and /  (denoting  any  constant 
force  magnitude)  is  introduced  for  homogeneity. 

Assume  the  arms  to  be  represented,  not  only  in  directions,  but 
also  in  magnitudes,  by  a  pair  of  semi-conjugate  diameters.    Then 

W 
TFpp'  is  constant  and  equal  to  -^-,  the  product  of  the  semiaxes. 

Hence,  from  (1)  and  (2), 

n,=/»(-^¥)  -rv%  +*$>• 

Now  the  ellipse  (3)  can  be  written  T\j/p  =  1,  where 
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and  yfrp  obviously  -denotes  the  vector  to  the  corresponding  point 
on  the  circumscribed  circle.     Hence  we  have  simply 

n2=/.^  n2  =/.**/  (4) 

and  we  arrive  at  the  following  result : — 

The  body  having  been  placed  so  that  the  plane  of  centres  is  per- 
pendicular to  the  Resultant  of  Translation,  and  the  principal  vectors 
J  and  K,  fixed  in  the  body,  coincide  with  the  corresponding  vectors 
j  and  k  fixed  in  space,  the  system  may  be  astatically  equilibrated  by 
a  single  force  acting  at  the  centre  of  the  plane  of  centres,  equal  and 
opposite  to  the  Resultant  of  Translation,  together  with  two  couples 
in  this  plane,  the  forces  of  these  couples  acting  in  two  rectangular 
directions  at  the  extremities  of  any  pair  of  semi-conjugate  diameters 
cf  a  certain  ellipse,  their  forces  being  all  equal  and  of  constant 
magnitude  whatever  pair  of  diameters  be  chosen,  and  the  forces  at 
the  extremities  of  each  semi-diameter  of  the  ellipse  being  parallel 
to  the  corresponding  semi-diameter  of  Us  circumscribed  circle. 

257.]  Larmor's  Proof  of  Minding^  Theorem.  Professor 
Larmor  has  treated  questions  relating  to  astatic  equilibrium  in 
the  following  manner  (see  The  Messenger  of  Mathematics,  No.  160, 
August,  1884).  The  position  of  any  line  in  space  may  be  de- 
fined by  six  constants,  or  ( co-ordinates/  which  are  connected 
by  two  equations.  These  co-ordinates  are  the  direction-cosines, 
I,  m,  n,  of  the  line,  and  the  moments  round  the  axes  of  refer- 
ence of  a  unit  force  acting  along  the  line.  If  £,  rj,  (  are  the  co- 
ordinates of  any  point  on  the  line,  these  moments  are  mC—nrj, 
»£—  Z&  li\—mc.  Denote  these  by  X,  jx,  v,  respectively.  Then 
the  two  equations  connecting  the  six  co-ordinates  (l}  m,  n,  X,  /*,  v) 
are  l2  +  m2  +  n2  =  1, 

Ik  +  mp+nv  =  0. 

A  single  homogeneous  equation  of  the  nih  degree  between 
these  co-ordinates  represents  a  complex  of  lines  of  the  nth  order. 
By  substituting  in  such  an  equation  the  values  of  X,  p,  v  in 
terms  of /,...,£,...  we  obtain  the  relation  between  the  direction- 
cosines  of  all  the  lines  of  the  system  that  can  be  drawn  through 
a  given  point  (£,  rj,  £).  The  lines  of  the  complex  which  lie  in 
any  plane  envelope  a  curve ;  the  lines  common  to  two  complexes 
form  a  congruency\  those  common  to  three  complexes  form  a 
ruled  surface. 

Now  replace  the  given  force  system  by  a  single  force,  R,  equal 
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and  parallel  to  the  Resultant  of  Translation,  at  the  principal 
centre,  and  two  couples,  each  in  the  plane  of  centres,  each 
having  its  forces  equal  to  R,  one  force  of  each  couple  acting 
at  Ct  and  the  others  at  points  on  the  two  principal  body-vectors 
J  and  K  at  distances  t  and  if  from  C  (/  in  the  last  Article  being 
taken  as  unity). 

Taking,  as  previously,  /,  K,  v,  as  axes  of  xy  y,  z,  respectively, 
let  the  direction-cosines  of  the  resultant  force  and  those  of  the 
couples  be  (I,  m, »),  (/a,  m2,  n2\  and  (/8,  w3,  «3),  respectively. 
Then  the  whole  system  is  equivalent  to  the  three  component 
forces  Rl>  Rm,  Rn, 

together  with  the  three  component  couples 

v**2 — *^3/»  R  •  1 1$,    —  R.tl2i 
along  the  axes.     Now  this  system  can  be  reduced  to  a  wrench 
(JR,  joR),  where  jp  is  the  pitch  of  the  wrench  on  an  axis  whose 
co-ordinates  are,  suppose,  I,  m,  n,  A,  /a,  v. 

Then  expressing  that  the  wrench  has  the  same  moments  about 
the  axes  as  the  given  forces,  we  have 

A  +j)l  =  tn2  —  tfm3,  (1 ) 

H+'pm=fl3,  (2) 

v+pn=-tl2.  (3) 

Multiplying  these  by  /,  m3  n  and  adding,  we  have 

^  =  —  tmz  +  fn2,  (4) 

while  by  squaring  and  adding,  we  have,  after  substituting  for  jo, 
A*  +  M*  +  „*  _  ftp  +  f%n*%  (5) 

Also  from  (2)  and  (3), 

£/2  -,  £2 —  *2    +  *3 

=  *»2+»2.  (6) 

The  axes  of  all  the  wrenches  form  a  complex  which  is  given 
by  (5),  while  (6)  denotes  the  complex  formed  by  all  those  which 
have  a  given  pitch. 

Now  if  jp  =  0,  the  wrench  reduces  to  a  force.    Then  (6)  gives 

jfi  +  -r2  =  m2  +  n\  Dividing  (5)  by  £a,  and  subtracting  from 
(6),  we  have  A*  tf  ( 
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Equations  (7)  and  (8)  denote  a  congruency  of  lines,  and  if  we 
wish  to  find  the  points  in  which  it  intersects  the  plane  my,  we 
pat  f=  0  in  the  values  of  A,  p,  v.    Then  (7)  gives 

t'*-t2     t'2        ' 
which  shows  that  the  points  lie  on  a  focal  conic  of  the  quadric 
before  discussed.     Similarly  for  the  points  in  which  the  lines  of 
single  force  intersect  the  plane  yz. 

258.]  Stability  and  Instability  of  Equilibrium.  A  rigid 
body  acted  upon  by  any  system  of  equilibrating  forces,  each  of  which 
is  constant  in  magnitude,  direction,  and  point  of  application,  is  in 
stable  or  unstable  equilibrium,  according  as  the  Virial  of  the  forces 
i*  a  minimum  or  a  maximum. 

Consider  a  small  angular  rotation,  Ai/f,  round  an  axis  coin- 
ciding with  any  unit  vector  <r.  Then  according  as  the  couple, 
G,  called  into  existence  by  this  displacement  tends  to  diminish 
or  to  increase  the  angular  displacement,  the  equilibrium  is  stable 
or  unstable. 

Observe  that  in  Art.  243,  in  which  our  fundamental  equation 
for  the  alteration  of  vectors  is  obtained,  the  angular  rotation, 
Vr,  is  taken  as  positive  when  it  is  in  the  sense  of  the  versor 
of  <t,  and  negative  when  in  the  contrary  sense.  Now  if  \jr  is 
positive,  for  stability  G  must  project  along  a  in  the  sense  of 
— tr ;  in  other  words,  SGa  is  positive. 

But,  rejecting  infinitesimals  of  the  second  order,  we  have 
G  =  (ha— <(>*).  A\jr; 
.\    SG<r=  -(A  +  iScr<£cr).A>/r. 
Hence  for  stability  h  +  Sa<f>a  must  be  negative. 

Now  consider  the  alteration  produced  in  the  Virial,  2  5  a  tar, 
by  rotation.    We  have 

da  =  —  A\jfFa<r, 
dh  _  oxr 


=  — Sflisr 


a  a, 


and  £&*"     SS.vFaa.o' 


=      28v(a<r— Saa)<r  =  2(  —  Svra  —  SvaSatr) 
=  —  (h  +  Sa<f>a); 
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so  that  by  the  previous  result  £,  the  Virial,  is  a  minimum  for 
stability. 

It  is,  of  course,  obvious  that  for  such  a  force  system  as  we  are 
discussing  it  is  sufficient  to  calculate  stability  for  rotation  round 
axes  through  any  origin,  and  that  the  Virial  is  the  same  with 
respect  to  all  origins ;  for,  changing  the  origin  of  vectors  amounts 
only  to  writing  a+  c  for  a,  and 

2<S(a  +  e)isr  =  k  +  Stll^k,   V  II  =  0. 


Examples. 

1.  A  system  of  forces,  each  of  which  is  constant  in  magnitude, 
direction,  and  point  of  application  in  a  rigid  body,  keeps  the  body  in 
equilibrium  in  a  certain  position.  If  they  keep  it  in  equilibrium  in 
another  position  differing  infinitely  little  from  the  previous  one,  the 
same  line  of  points  in  the  body  being  common  to  both  positions,  prove 
that,  any  angular  displacement  whatever  being  given  to  the  body 
round  this  line,  equilibrium  will  continue  to  subsist. 

Let  0-  be  a  unit  vector  along  the  line  common  to  two  positions. 
Then  the  second  position  is  obtained  by  an  infinitesimal  rotation, 
A\fft  round  this  line,  so  that   in  the  value  of  &  given  by  (£)  of 

Art.  244  we  may  neglect  the  term  in  sin*-£  in  comparison  with  the 

last ;  and  since  G'  =  0,  by  hypothesis, 

<f>(T  =  ha. 
But,  this  equation  holding,  we  shall  always  have  the  coefficient  of 
sin  2~  equal  to  zero,  whatever  yj/  may  be.     Hence  C  =  0  for  all  dis- 

placements  round  the  line. 

This  result  is  also  very  easily  proved  by  the  ordinary  Cartesian 
method.  For,  taking  the  common  line  as  axis  of  x,  the  co-ordinates 
of  a  point  (x,  y,  z)  become  by  rotation  round  this  axis 

(a>;  ycos^f— «sini/r;  zcos^r+ysin^r). 

If  X,  Y,  Z  are  the  components  of  the  force  at  this  point,  the 
moments  round  the  axes  vanishing  in  the  first  position  (that  in 
which  \jr  =  0),  we  have 

S^-2  7«=0j  2Xs-2£a;=0;  2  7a;-2Xy=0.       (a) 

Hence  the  new  moments,  2/,  M\  N\  are 

V  =  -2£a?  +  cos  yf,  2  X*  +  sin  yjr  2Xy, 

M'=     2  Yx-coB\ff  SXy  +  sin^2JT«, 

-BPsa     sin^2(lry+^). 
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Now  we  are  given  that  these  vanish  when  A\fr  is  put  for  yfr ;  L  e. 
we  are  given 

2Xy  =  0;  2Z*  =  0;  2(7y+£*)  =  0. 

These  and  (a)  give  2Zx  =  0,  2  7a?  =  0;  so  that  L\  M\  and  S9 
all  vanish  whatever  yfr  may  he. 

2.  If  a  system  of  forces  acting  on  a  rigid  body  is  astatic  for  all 
displacements  of  rotation  round  each  of  two  intersecting  lines,  it  is 
astatic  for  all  displacements  of  rotation  round  all  lines  in  the  plane 
of  these  two. 

Let  <r  and  </  denote  the  two  given  lines.  Then  we  have  by  (£), 
Art.  244,  <t><r  =  her,  and  <j></  =  ha' ;  and  it  is  at  once  obvious  that, 

with  these  conditions  satisfied,  the  coefficients  of  sin*  ~  and  sin  \jr  will 

each  vanish  if  x  <r+y</  is  written  for  <r,  whatever  x  and  y  may  be. 

3.  If  a  rigid  body  acted  upon  by  any  forces  is  placed  bo  that  the 
forces  reduce  to  a  single  resultant  at  the  principal  centre,  C,  show 
that  if  it  is  turned  through  any  angle  round  any  axis  at  C  lying  on 
a  certain  cone,  the  sum  of  the  moments  of  the  forces  round  the  axis 
is  zero. 

Taking  in  the  initial  position  the  vectors  J  and  K  (which  coincide 
in  directions  with  j  and  k)  as  axes  of  x  and  yy  respectively,  the  axis  of 
displacement  may  be  any  one  joining  C  to  the  curve  of  intersection  of 
the  unit  sphere  x*  +  y*  +  s?  =  1  with  the  cylinder  ta?  +  tfy*  =  —  h. 

For  this  case  <J><r  =  2  a  Surer  =  tjSj<r  +  fkSk<r,  as  we  see  by  re- 
placing the  given  force  system  by  three  forces  as  in  Art.  252,  and 
observing  that  in  the  position  of  the  body  before  displacement  J  =  tj, 
K  =  tfk.    Also  the  value  of  h  is  easily  seen  to  be  —  (t  +  if). 

If  the  body  is  not  in  the  initial  position,  </><r  (the  vectors  being 
measured  from  C)  will  be  JSjv  +  KSka. 

The  result  holds,  of  course,  with  respect  to  any  point  on  the  line 
of  action  of  the  single  resultant  when  this  has  any  position. 

4.  If  a  rigid  body  acted  on  by  any  forces  is  turned  so  as  to  have 
a  maximum  Virial  with  respect  to  the  principal  centre,  show  that 
J  and  K  coincide  with  ,;*  and  h  at  the  principal  centre,  and  the 
maximum  value  is  t  +  tf. 

5.  Prove  that  there  are  two  positions  of  the  body  for  which  the 
forces  reduce  to  identically  the  same  wrench.     (Prof.  Larmor.) 

S Consider  in  (6)  of  Art.  257  the  co-ordinates  /,  f»,  n,  A,  /ut,  v  given, 
make  the  values  of  p  equal.  The  axis  of  this  wrench  is  a  line 
of  the  congruency  determined  by  the  complex  of  axes  (5)  and  by  the 
complex  denoted  by 

Hence  eight  such  axes  pass  through  every  point.] 
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6.  Determine  the  locus  of  axes  of  wrench  in  which  the  two  pitches 
are  equal  and  opposite.     (Prof.  Larmor.) 

Ans.  The  congruence  determined  by  the  complex  (5)  and  the 
complex -^+—  =  0. 

7.  Show  that  a  heavy  magnetic  solid  can  be  astatically  equilibrated 
by  two  forces,  or  by  a  force  and  a  couple,  and  discuss  its  equilibrium. 

Whatever  may  be  the  directions  of  magnetisation  inside  the  body — 
i.e.  the  directions  of  the  indefinitely  small  magnets  of  which  we  may 
imagine  the  solid  to  consist — the  magnetic  forces  produced  by  the 
Earth  are  all  parallel  to  a  certain  vertical  plane,  the  plane  of  the 
magnetic  meridian ;  hence  all  the  applied  forces  are  parallel  to  one 
plane,  and  therefore  (Art  249)  they  can  be  astatically  equilibrated 
by  two  forces,  or  by  a  force  and  a  couple. 

Take  the  centre  of  gravity,  Gt  of  the  body  as  origin  of  vectors,  the 
axis  of  k  vertically  up,  and  that  of  j  in  the  plane  of  the  magnetic 
meridian.  Let  P  and  Q  be  the  north  and  south  poles  of  any  one  of 
the  elementary  magnets,  let  ct  be  the  Earth's  magnetic  force  exerted 
on  P,  and  let  ja  be  the  vector  QP.  Let  FT  be  the  single  force,  applied 
at  the  extremity  of  the  vector  a,  and  let  FT  be  the  force  in  the  couple 
whose  vector  arm  is  /3,  which  are  to  astatically  equilibrate  the  weight 
and  the  magnetic  forces.  The  weight  being  —  Wk,  the  equations  of 
astatic  equilibrium  are 

n-TP£  =  0,  (1) 

pSjW  =  — Sptytr  =  J,  suppose,  (2) 

-Wa  +  pSkW  =  -?,iLSkm  =  K....  (3) 

The  vectors  J  and  K  are  vectors  fixed  in  the  body,  and  depend 
on  the  direction  and  intensity  of  magnetisation  at  each  point. 

Equation  (2)  shows  that  /3,  the  vector  arm  of  the  equilibrating 
couple,  is  fixed  in  direction  in  the  body,  being  parallel  to  J.  Also 
(3)  shows  that  the  point  of  application  of  the  force  II  is  any  one 
whatever  on  a  right  line  parallel  to  J,  since 

*  r 

<*=-  yp+xJ> 

where  £  is  a  variable  scalar.  The  direction  of  this  line  depends, 
therefore,  only  on  the  magnetism  and  not  on  the  weight  of  the  body, 
so  that  it  would  not  be  altered  by  adding  a  non-magnetic  portion  to 
the  body. 

The  length  of  the  arm  /3,  and  also  its  actual  position,  are  arbitrary. 
We  may  assume  a  and  (3  at  will,  and  then  the  direction  (in  fixed 
Space)  and  magnitude  of  II'  are  known.  If  6  is  the  angle  which  the 
direction  of  the  force  II'  makes  with  j,  equation  (3)  can  be  written 

—  Wa+Jt*nO  =  Kt 

so  that  if  a  is  assumed,  the  direction  of  II'  is  Jcnown, 
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We  may  take  two  points,  D  and  E,  on  the  vectors  J  and  K,  re- 

J       J£ 

spectively,  such  that  GD  =  =  9GE  =  — - ==;  then,  A  being  any  point 

on  the  line  drawn  through  E  parallel  to  J,  the  last  equation  is 
GD.t*,nO  =  GA--GE 
=  EAf 
so  that  tan0  =  -r-jz  • 

The  principal  couple  at  £  in  any  position  is  JFFa£  +  F/3II';  and 
there  will  be  a  single  resultant  if 

skpw  =  of 

that  is  (since  II'  is,  like  all  the  other  forces,  parallel  to  the  plane  jk), 
if  the  body  is  turned  so  that  the  two  body-vectors  J  and  K  lie  in  the 
magnetic  meridian.  For  all  displacements  in  this  plane  there  is  an 
astatic  centre  (Art.  249,  and  p.  129,  vol.  I.),  at  which  a  single  force 
will  keep  the  body  in  astatic  equilibrium.  Such  displacements  may 
be  produced  by  fixing  an  axis  in  the  body  perpendicular  to  the  plane 
of  the  magnetic  meridian. 

If  the  direction  of  magnetisation  is  constant  throughout  the  body, 
ft  is  of  constant  direction,  so  that  SfiSjer  =  pSSjir,  and  the  vectors 
J  and  K  are  coincident  in  direction  with  /a,  while  the  locus  of  the 
point  A  is  a  line  parallel  to  /a  through  the  centre  of  gravity  of  the 
body. 

Let  1  denote  the  intensity  of  magnetisation  at  any  point  (both  as 
regards  magnitude  and  direction)  and  let  y  denote  similarly  the 
intensity  of  the  Earth's  magnetic  force  (i.e.  its  force  per  unit  pole). 
Then  if  dm  denotes  the  strength  of  the  element  pole  at  the  extremity 
of  ti,  we  have  by  definition 

fidm  =  Idxdydz, 

where  dxdydz  is  the  volume  of  the  element  of  the  body  at  the  point 
considered.  If  /is  the  tensor  of  y,  or  the  Earth's  resultant  magnetic 
force  per  unit  pole,  the  expression  2pSjv  is  obviously  SpSjydm, 
or  —fcoebSfjidm,  (where  i  is  the  dip)  or  —  /  cos  bfldxdydz,  or 
flSeoBb,  where  S  =f  dxdydz  =  the  volume  of  the  magnetic  portion 
of  the  body,  /  being  assumed  constant  throughout  the  body.    Hence 

/=://£ cos 3;  K=fISfanbf 

and  a=siF  (cosfltanfl— sin 5)./. 

W 

Again,  the  position  of  the  astatic  centre  is  easily  found. 
For  (Art.  249)  if  €  is  the  vector  to  it)  we  have 

_  2a«r  __  2pydm  __       S  Iy 

€  ""  "IT  "  ~~^Wk~  """FT* 

But  if  %  is  a  Unit  vector  perpendicular  to  the  magnetic  meridian, 
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drawn  towards  the  east,  £  =  /(sin8+t  cos  8),  since  the  angle  between 


,;  and  k  is  - + 8.    Hence 
2 

e=-£?(isin«+/'cos8), 

if  we  denote  by  T  the  vector  Vli  perpendicular  to  7  in  the  plane 
of  the  magnetic  meridian.  The  tensors  of  I  and  I'  are  equal. 
Hence  a  very  simple  construction  for  the  astatic  centre,  or  point  at 
which  a  single  force  will  keep  the  body  in  astatic  equilibrium  for 
displacements  in  the  plane  of  the  magnetic  meridian.  The  product 
of  S  and  the  tensor  of  /  is  the  magnetic  moment  of  the  whole  body, 
which  may  be  denoted  by  M ;  and  fM  is  the  maximum  moment  ex- 
erted on  the  body  by  the  Earth's  magnetic  attraction.  If  [m]  denotes 
the  strength  of  the  unit  pole,  M  may  be  represented  by  the  product 

[m]xJ, 

where  I  may  be  regarded  as  the  length  of  the  simple  equivalent  magnet. 

Again,  /is  of  the  form  r  -.  ,  so  that  our  value  of  €  is  a  linear  magni- 
tude, as  it  ought  to  be.  As  /  is  known  to  be  about  «47  dynes,  if  W 
denotes  the  number  of  dynes  in  the  weight  of  the  body,  the  astatic 

•47 
centre  is  at  a  distance  of  —  x  I  from  the  centre  of  gravity,  and  on  a 
W 

line  making  an  angle  equal  to  the  dip  with  the  direction  of  mag- 
netisation of  the  body. 

8.  Prove  from  first  principles  that  if  a  body  is  astatic  for  displace- 
ments round  any  axis,  it  is  astatic  for  displacements  round  all  axes 
parallel  to  the  given  one. 

9.  Prove  that  the  moment  of  a  force  «r  acting  at  the  end  of  a  vector 
a  about  an  axis  through  the  origin  in  the  direction  of  a  unit 
vector  a  is  -S<ravr. 

10.  If  a  system  of  forces  is  astatic,  prove  that  if  each  force  is 
resolved  into  two  components,  one  parallel  to  any  given  axis  and  the 
other  perpendicular  thereto,  the  set  of  components  parallel  to  the  axis 
and  the  set  of  components  perpendicular  to  it  are  separately  astatic. 

The  direction  of  the  axis  parallel  to  which  all  the  forces  are  resolved 
may  be  taken  as  that  of  t,  and  the  two  components  of  any  force,  «r, 
are  then  —iSim  and  vr+iSivr.  It  will  be  found  that  each  set 
satisfies  the  necessary  conditions  of  making  the  vector  sum  of  the 
forces  vanish  and  the  linear  vector  function  SclStsj'p  vanish  when 
t,  j9  and  h  are  written  for  p9  denoting  by  «■/,  «/,...  the  forces  at 
the  extremities  of  Oj,  a^,...  in  either  resolved  system. 

11.  A  rigid  body  is  in  equilibrium,  under  a  system  of  forces ;  find 
the  condition  that  there  should  exist  some  axis  for  all  displacements 
round  which  the  body  is  astatic. 
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If  o-  is  a  unit  vector  in  the  direction  of  the  required  axis,  the 
vector  couple  produced  by  rotation  being 

cob^S  Paw— 2sina  -£  PV<£<r+sin>^(A<r— <j>&), 
2 

it  is  necessary  and  sufficient  that  this  should  vanish  identically. 

Hence  we  must  have 

<f><T  =  h<r. 

But  there  are  three  directions  of  p  for  which  <f>p  =  gp,  and  three 
corresponding  values  of  g.  (Tait's  Quaternions,  Chap.  V.)  Hence 
the  necessary  condition  is  that  A,  or  SSavr,  must  be  one  of  the 
three  principal  parameters  of  the  function  <f)p  or  2aSmp;  in  other 

1 
words,  —y=  must  be  one  of  the  semiaxes  of  the  quadric  Sp<f>p  =  1. 

12.  Supposing  that  an  axis  exists  for  all  displacements  round  which 
the  equilibrium  is  astatic,  prove  that  if  each  force  is  resolved  into 
two  components,  one  parallel  and  the  other  perpendicular  to  the 
axis,  each  of  these  component  sets  is  astatic  for  displacements  round 
the  axis. 

13.  In  a  non-equilibrating  system  of  forces,  if  each  force  is  resolved 
into  two  components,  one  parallel  to  an  axis  and  the  other  perpen- 
dicular to  it,  find  the  conditions  that  the  second  set  should  be  astatic 
for  displacements  round  the  axis. 

An*.  In  the  first  place  the  axis  must  be  parallel  to  the  resultant 
of  translation  of  the  given  system ;  and  if  ft  is  this  resultant  and 
R  its  magnitude,  we  must  have  in  addition 

711^11:=  JP2Fa«r, 

SU^U  =  -^SSatsr, 

the  origin  of  vectors  being  anywhere. 

The  first  of  these  equations  shows  that  the  axis  of  the  principal 
couple  at  the  origin  must  be  at  right  angles  to  the  resultant  of 
translation  of  the  given  forces,  i.e.  there  must  be  a  single  resultant. 
We  may  suppose  that  the  origin  is  chosen  on  the  line  of  action  of  this 
single  resultant,  so  that  we  have  FIT<J>IT  =  0,  i.e.  <J>IT  =  AIT,  where 
A  =  2£anr,  by  the  second  equation.  Hence  A  must  be  one  of  the 
three  principal  parameters  of  the  function  <£>,  and  the  resultant  must 
coincide  in  direction  with  one  of  the  axes  of  the  quadric  Sp(f>p  =  1. 

14.  For  a  system  of  forces  each  of  which  retains  its  magnitude, 
direction,  and  point  of  application  in  a  rigid  body,  prove  that  there 
are  four  positions  of  the  body  for  which  the  forces  reduce  to  a  single 
resultant  passing  through  a  given  point. 

(See  Schell,  Theorie  der  Bewegung  und  d&r  Krotfte,  vol.  II.,  p.  247.) 

15.  When  the  force  system  is  equivalent  to  a  couple,  prove  that 
there  are  four  positions  of  equilibrium  of  the  body.    (Schell,  ibid.) 

vol.  n.  B 


CHAPTER  XV. 

THE  FBINCIPLE  OF  VIRTUAL  WOEK  APPLIED  TO   ANY  SYSTEM 
OF  BODIES. 

259.]  Forces  applied  to  a  Particle.  .  It  has  been  shown 
in  Art.  199,  p.  2,  that  the  resultant  of  any  number  of  forces 
applied  to  a  particle  may  be  represented  by  the  side  required 
to  close  the  polygon  of  the  forces.  And  whether  the  polygon 
OPxP2  ...Pw  be  plane  or  gauche,  it  is  clear  (as  in  Art.  55)  that 
the  sum  of  the  projections  of  the  sides,  taken  in  order,  along  any 
line  OA,  is  equal  to  zero. 

Let  the  projections  of  the  sides  be  denoted  by  Qx,  Qa, ...  Qn. 
Then  Q2+  $2+...  +  Qw  =  0.  Multiplying  this  by  OA,  an 
arbitrary  length  along  the  line  OA,  we  have 

Q1.OA  +  Q2.OA  +  ...  +  QH.OA  =  0. 
But  if  jox  is  the  projection  of  OA  along  OP1 ,  we  have  (see  Art.  56) 

Q^OA^OP^p,. 
If,  then,  the  sides  OPly  PxP29%9mbe  denoted  by  Pv  P2,... 
wehave  P1.pl  +  P%.p%  +  ...  +  Pu  •  />.  =  0; 

and  if  the  sides  represent  forces,  each  term  in  this  equation  is 
the  virtual  work  of  the  corresponding  force  for  the  displacement 
OA.  Since  the  resultant,  22,  of  n—  1  of  the  forces  is  — P„,  we 
teve  R.r  =  Pl.Pl+P2.p2...l 

and  if  the  displacement  is  small,  this  equation  is  written  (as  in 
Art- 64)  Rbr  =  Pl8ft  +  Pl»A+ ....  (l) 

In  particular,  if  JT,  7",  Z  denote  the  rectangular  components  of 
R}  we  have  Rlr=  Xba  +  Tby  +  Zlz.  (2) 

260.]  Extension  to  any  number  of  Connected  Particles. 
If  two  particles,  %  and  m29  are  connected  by  a  rigid  inextensible 
rod,  and  are  in  equilibrium  under  the  action  of  forces,  P19  Qv**. 
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applied  to  %  and  P2,  Q2, ...  applied  to  m2i  it  is  evident  (as  in 
Art.  105)  that  the  force  arising  from  the  connexion  acts  in  the  line 
joining  mx  to  «,.  If,  then,  this  force  be  denoted  by  T,  and  the 
distance  between  the  particles  by  rt  we  have  for  the  equilibrium 

of*i  P1bp1+Q1bq1  +  ...  +  Tblr  =  0, 

5jf  denoting  the  change  in  r  arising  from  an  arbitrary  small 

displacement  of  mx .     The  equation  of  equilibrium  of  m%  is 

and  if  in  the  new  positions  of  ml  and  m2  the  distance  between 
them  remains  unaltered,  d1r  +  52r=0.  Hence,  by  addition, 
from  these  equations  we  obtain  the  equation 

■Pi^i  +  Qi^?i  +  -.  +  P2^a+G2^?2  +  —  =  °>  0) 

which  is  free  from  the  internal  force  T. 

This  is  exactly  the  same  as  the  investigation  already  given  for 
coplanar  forces  in  Chap.  VI.  The  extension  to  any  number  of 
particles,  that  is,  to  any  extended  body,  proceeds  just  as  in  that 
chapter,  and  the  enunciation  of  the  principle  of  virtual  work 
there  given  applies  in  general  without  the  limitation  that  the 
forces  are  coplanar. 

If  in  the  case  of  the  two  particles  mx  and  m2,  considered 
above,  their  new  positions  are  such  that  the  distance  between 
them  is  altered  by  fir,  the  equation  of  virtual  work  will  be 

-Pi^i+Qi^?i--+-P2^2+^?2+--  +  yar=  o;  (2) 
and,  generally,  if  the  virtual  displacement  is  such  that  the 
internal  forces  do  virtual  work,  these  forces  will  enter  into  the 
equation  of  virtual  work  in  exactly  the  same  manner  as  the 
applied  forces.  The  theorem  of  virtual  work  may,  therefore,  be 
thus  enunciated : — 

When  a  material  system  is  in  equilibrium  under  the  action  of  any 
external  and  internal  forces,  the  sum  of  the  virtual  works  of  the 
external  and  internal  forces  is  equal  to  zero  for  any  small  virtual 
displacement  whatsoever. 

Instead  of  saying  that  the  total  virtual  work  is  zero,  we 
should  in  strictness  say  that  it  is  an  indefinitely  small  quantity 
of  the  second  order,  the  greatest  of  the  displacements  being 
considered  as  a  small  quantity  of  the  first  order.  This  has  been 
already  explained  in  Vol.  I. 

The  proof  of  the  converse  proposition — namely,  that  when  the 
virtual  work  vanishes  for  all  imagined  displacements,  the  system 

H3 
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is  in  equilibrium — has  been  already  given  in  Art.  108  for  coplanar 
forces ;  and  as  the  proof  obviously  holds  for  non-coplanar  forces, 
it  is  unnecessary  to  reproduce  it  here. 

261.]  Displacements  along  Smooth  Surfaces.  If  any  body 
or  system  of  connected  bodies  be  in  contact  with  smooth  curves 
or  surfaces,  and  the  system  be  imagined  to  receive  any  small 
displacement  along  these  curves  or  surfaces,  it  is  clear  that,  since 
the  point  of  application  of  each  of  the  geometrical  forces  (reactions 
of  the  curves  or  surfaces)  moves  in  a  plane  at  right  angles  to  the 
corresponding  force,  these  forces  will  contribute  nothing  to  the 
equation  of  virtual  work  for  such  a  displacement. 

If  any  of  the  bodies  of  the  system  are  connected  by  strings 
or  rods  whose  lengths  are  unaltered  in  the  virtual  displacement 
chosen,  the  tensions  of  these  strings  or  rods  will  not  enter  into 
the  equation  of  virtual  work.  But,  as  already  explained  in 
Arts.  73  and  107,  we  may  choose  virtual  displacements  of  the 
system  which  violate  the  imposed  conditions  at  the  expense  of 
bringing  into  our  equation  the  corresponding  forces. 

262.]  Kinematioal  Theorem  I.  When  all  the  points  of  a 
rigid  body  move  parallel  to  a  plane,  the  motion  may  be  produced 
by  a  pure  rotation  round  an  axis  perpendicular  to  this  plane. 

Dbp.  A  motion  of  a  body  round  an  axis  whereby  each  point 
in  the  body  describes  an  arc  of  a  circle  having  its  centre  on  the 
axis  and  its  plane  perpendicular  to  it  is  catted  pure  rotation. 

The  position  of  the  body  will  evidently  be  known  if  the 
positions  of  any  two  points  in  a  plane  parallel  to  the  plane  of 
motion  are  known. 

Let  A  and  B  be  any  two  points  in  such  a  plane,  and  suppose 
that  after  the  displacement  of  the  body  they  occupy  the  positions 
A'  and  B?  (Fig.  25a).  At  the  middle  points  of  AA'  and  BB 
erect  two  perpendiculars,  which  meet  in  I.  Then  in  the  triangles 
AIB  and  A!IB,  AI=  A'I9  BI  =  B>I,  and  AB  =  A'H ;  therefore 
the  triangle  A' IB?  is  nothing  more  than  AIB  turned  round  the 
point  I  through  an  angle  AIA'  or  BIS.  Hence  the  line  AB 
can  be  brought  into  its  new  position  by  a  pure  rotation  about  7, 
and  the  same  is  true  of  every  point  rigidly  connected  with  A 
and  B  in  the  plane  AIB. 

If  through  Jan  axis  be  drawn  perpendicular  to  the  plane  of 
motion,  it  is  evident  that  the  body  can  be  brought  into  its  new 
position  by  a  pure  rotation  about  this  axis  through  an  angle 
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=  AIA\  however  complicated  the  paths  along  which  A  and  B 
have  travelled  to  A'  and  &. 

When  the  motion  of  the  body  is  small,  this  axis  is  called  the 
Instantaneous  Amis;  and  it  is  obviously  constructed  by  drawing 
two  planes  normal  to  the  lines  of  motion 
of  any  two  points  in  the  body.  The  in- 
tersection of  these  planes  is  the  instan- 
taneous axis. 

When  the  body  is  a  plane  figure,  the 

point  I  is  called  the  Instantaneous  Centre ; 

and  the  consideration  of  this  point  is  of 

very  extensive  use  in  Kinematics,  Statics, 

and  Geometry.  w 

Fiflf  252. 
To  construct  the  instantaneous  centre, 

at  any  two  points  erect  perpendiculars  to  the  lines  of  motion  of  these 

points,  and  their  intersection  is  the  required  point. 

263.]  Kinematical  Theorem  II.  The  motion  of  a  rigid  body 
round  a  fixed  point  is  at  every  instant  a  pore  rotation  round  an 
axis. 

One  point,  0,  in  the  body  being  fixed,  the  position  of  the  body 
will  be  known  if  the  positions  of  any  two  points,  A  and  B,  not  in 
directum  with  0  are  known. 

Bound  0  let  a  sphere,  forming  part  of  the  body  or  rigidly 
connected  with  it,  be  described  with  arbitrary  radius,  and  let  A 
and  B  (Fig.  25a)  be  any  two  points  on  the  sphere.  After  the 
motion  of  the  body  let  A'  and  Br  be  the  positions  of  A  and  B. 
Imagine  the  lines  AB,  A'ff>  AA\  and  BBf  in  this  figure  to  be 
arcs  of  great  circles  on  the  sphere  instead  of  right  lines.  Then, 
at  the  middle  points  of  AA'  and  BB?  draw  two  great  circles 
perpendicular  to  AA'  and  BB*,  respectively,  and  let  them  meet 
in  L  In  exactly  the  same  way  as  in  the  last  theorem,  we  have 
the  spherical  triangles  AIB  and  A' IB?  equal ;  that  is,  the  latter 
triangle  is  the  former  turned  round  the  axis  01  through  an 
angle  AIA'  or  BIB?.  Hence  the  whole  body  is  brought  by 
rotation  through  this  angle  round  the  axis  01  from  the  old  to 
the  new  position. 

264.]  Kinematioal  Theorem  III.  If  a  body  has  a  motion 
of  translation  represented  in  magnitude  and  direction  by  a  right 
line  OA,  and  at  the  same  time  a  motion  of  translation  repre- 
sented in  magnitude  and  direction  by  a  right  line  OB,  the 
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resulting  motion  of  translation  is  represented  in  magnitude  and 
direction  by  the  diagonal,  OC,  of  the  parallelogram  determined 
by  OA  and  OB. 

This  proposition  has  been  already  illustrated  in  Art.  11.  It 
follows  immediately  that  any  motion  of  translation  can  be 
resolved  by  the  parallelopiped  law  into  three  motions  along  the 
axes  of  x,  y,  and  z,  after  the  manner  of  forces. 

265.]  Kinematical  Theorem  IV.  If  a  body  receives  a 
motion  of  rotation  round  an  axis  OA,  the  rotation  being  repre- 
sented in  magnitude  by  OA, — i.e.  so  many  units  of  circular 
measure  being  represented  by  so  many  centimetres,  the  scale 
being,  of  course,  quite  arbitrary — and  at  the  same  time  a  motion 
of  rotation  (of  the  same  sign  as  the  first)  round  an  axis  OB,  the 
rotation  being  represented  in  magnitude  by  OB,  the  resulting 
motion  is  one  of  rotation  round  the  diagonal,  OC,  of  the  paral- 
lelogram determined  by  OA  and  OB,  and  is  represented  in 
magnitude  by  this  diagonal. 

[The  signs  of  rotations  are  determined  by  the  rule  given  in 
Art.  200.  We  shall,  for  definiteness,  suppose  that  when  a  watch 
is  held  with  its  face  perpendicular  to  A09  so  that  OA  passes 
up  through  the  glass,  the  rotation  about  OA  takes  place  in  a 
sense  opposite  to  that  of  the  hands  ;  and  similarly  for  OB.] 

Let  P  be  any  point  on  OC,  p  the  perpendicular  from  P  on 
OA,  q  the  perpendicular  from  P  on  OB,  and  k.  OA  and  k.  OB 
the  angular  motions  round  OA  and  OB,  respectively.  Then  in 
virtue  of  the  rotation  round  OA,  P  moves  upwards  from  the 
plane  of  the  paper  through  a  distance  equal  to  kp  .  OA  ;  and  in 
virtue  of  the  rotation  round  OB,  P  moves  downwards  from  the 
plane  of  the  paper  through  a  distance  equal  to  kq.  OB.  Therefore 
the  whole  motion  of  P  upwards  is  equal  to 

k(p.OA-q.OB). 

But  this  is  obviously  zero ;  therefore  P  is  at  rest,  and  so  is  every 
point  on  OC.  The  motion  is,  then,  a  rotation  round  OC.  Let 
Q,  be  the  angular  rotation  of  the  body  round  OC.  Then  the 
point  A  moves  upwards  from  the  plane  of  the  paper  through 
a  distance  equal  to  12 .  OA  sin  AOC,  since  OA  sin  AOC  =  the  per- 
pendicular from  A  on  OC.  But  A  in  turning  round  OB  moves 
through  a  distance  equal  to  k .  OB .  OA  x  sin  AOB.     Hence 

a .  OA  sin  AOC  =  k .  OB .  OA  sin  AOB% 
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^       a   r>x>  Bin  AOB 
or  12  =  k.OB.-. — T7rFr 

sin -4  0(7 

=  k.OC. 

Therefore  the  resulting  angular  velocity  is  represented  by  OC, 

if  the  component  rotations  are  represented  by  OA  and  OB. 

This  proposition  is  known  as  the  '  parallelogram  of  angular 
velocities.'  It  follows  at  once  that  an  angular  motion  about  any 
axis,  OL,  may  be  decomposed  into  three  angular  motions  about 
three  axes,  Ox,  Oy,  and  Oz.  If  these  latter  are  rectangular,  an 
angular  motion  a>  about  OL  is  equivalent  to  angular  motions, 
m  cos  o,  to  cos  0,  and  a>  cos  y,  of  the  same  sign,  round  the  axes  of 
xt  y9  and  z,  the  direction  angles  of  OL  being  a,  0,  y. 

266.]  General  Displacement  of  a  Rigid  Body.  The  position 
of  every  point  in  a  rigid  body  is  known  when  the  positions  of 
any  three  points  in  it  are  known,  provided  that  these  points  are 
not  in  one  right  line.  The  general  displacement  of  a  rigid  body 
is,  therefore,  the  same  as  that  of  a  system  of  three  points  forming 
a  triangle. 

Let  A9  B,  C  be  the  positions  of  three  points  in  the  body 
before  the  displacement,  and  A\  Bf,  (f  the  positions  occupied 
by  these  points  after  the  displacement.  Then  the  triangle  ABC 
may  be  brought  into  the  position  A'B^Cf  by  moving  A  directly 
to  A'  while  B  and  C  move  parallel  to  AAf  through  distances  equal 
to  AA\  and  then  turning  the  triangle  about  A'  until  B  and  C 
coincide  with  Bf  and  C.  But  (Art.  263)  this  latter  motion  is 
one  of  rotation  round  some  axis  through  A'.  Hence  the  general 
displacement  of  a  rigid  body  consists  of  a  motion  of  translation 
which  is  the  same  for  all  its  points,  and  a  motion  of  rotation  round 
an  axis  through  an  angle  which  is  the  same  for  all  its  points. 

To  find  the  changes  produced  in  the 
co-ordinates,  0,  y,  z  of  any  point  in  the 
body  by  a  general  displacement,  we  may 
consider  the  motions  of  translation  and 
of  rotation  separately. 

Although  we  shall  be  concerned  only 
with  small  displacements,  it  is  well  to  Fig.  253. 

investigate  the  changes  produced  in  the 

co-ordinates  of  a  point  by  a  rotation  through  any  angle,  0,  round 
an  axis  whose  position  is  given. 

Let  the  direction  angles  of  the  axis,  OL  (Fig.  253),  be  a,  j3,  y ; 
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let  P  be  the  point  (x,  y,  z)  which,  after  the  body  has  rotated 
through  an  angle  0  round  OL,  occupies  the  position  Q;  let 
PL  (= i>)  be  the  perpendicular  from  P  on  OL,  and  Qr  a  per- 
pendicular from  Q  on  ZP.  Now  the  x  of  Q  is  the  projection  of 
OQ  on  the  axis  of  x ;  therefore  the  change  in  a?  is  the  projection 
of  PQ  along  Ox,  or  the  sum  of  the  projections  of  Pr  and  rQ. 
But  Pr  =  j»  (1  —  cos  0),  and  Qr  =  jd  sin  ft 

Again,  if  the  direction  angles  of  PL  are  A,  p,  i>,  since  Qr  is  at 
right  angles  to  OL  and  PZ/,  the  direction  cosines  of  Qr  are 
cos  $  cos  v— cos  y  cos/tx,  &c.     Hence,  if  the  w  of  Q  is  af9 

af—aa  =jDsin0(cosj8cosz>— cosy  cos/m)— 2jocosXsin2--    (1) 

But  jdcosA  is  the  projection  of  PX  along  the  axis  of  #,  or 

the  projection  of  OP  —  the  projection  of  OL,  and  since  OL  = 

«cosa+y  cos /3  +  s  cosy, 

jpcosA  =  0— (a?cosa+$rco80  +  *cosy)cosa. 

Similarly 

jdcos/i  =  ,y— (a?cosa+yco8  0  +  scosy)cos£, 
jocose  =  21— (jDCOsa+^cos0  +  2cosy)cosy. 

Substituting  these  values  in  (1),  we  have 

Q 

gf—x-=.  ein0  (scos/3  —  ycosy)  +  2sin2-[(#cosa+ycos0  + 

21  cosy)  cos  a— a?],  (2) 
and  similar  values  for  the  changes  in  y  and  z,—  a  result  which 
follows  at  once  from  the  equation  (A),  p.  66,  by  taking  S.i  of 
both  sides,  i  being  a  unit  vector  in  the  direction  of  the  axis 
of  a?. 

If  the  angular  rotation  0  is  very  small,  we  have 
bx  =  (scos/J—  y  cosy)  80, 
by  =  (a?  cosy— *cosa)80, 
bz  =  (ycosa— 0  cos  0)80, 
and  if  the  components  of  the  rotation  bd  along  the  axes  be 
denoted  by  b$1}  802,  808,  these  equations  give 
bx  =  zb02—yb$A 

ly  =  mhOz-Miel.  (3) 

5^=y801— xbOj 
Of  course  these  equations  can  be  obtained  very  simply  by  con- 
sidering the  separate  changes  in  the  co-ordinates  produced  by 
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successive  rotations  b0t,  502,  bOs  round  the  axes  of  x,  y,  z,  re- 
spectively.    (See  Routh's  Bigid  Dynamics.) 

If  the  components  of  the  motion  of  translation  common  to 
all  points  in  the  body  be  ba,bb,bc,  the  complete  changes  in  the 
co-ordinates  for  a  small  displacement  will  be 
bx  =  ba+zb62-yb03\ 
by  =  bb  +  xbOz-zboA.  (4) 

bz  =  bc+ydOi— xbOj 
267.]  Deduction  of  the  Six  Equations  of  Equilibrium. 
Replacing  the  virtual  work  of  each  force  in  equation   (1)   of 
Art.  260  by  the  virtual  work  of  its  three  components,  the 
general  equation  of  virtual  work  becomes 

2(Xbx  +  Yby+Zbz)  =  0,  (1) 

and  substituting  in  this  equation  the  values  of  bx,  by,  and  bz 
given  by  (4),  we  have 

ba.lX+bb.ZY+bc.lZ+bei.ZiZy—Yz) 

+  b$2.2(Xz-Zx)  +  be3.2(Yx-Xy)  =  0.  (2) 

Now,  the  displacement  being  quite  arbitrary,  its  components 
ha,  bb,  be,  b$t,  b02,  b0z,  are  completely  independent.  Hence 
in  (2)  we  may  consider  all  of  them  zero  except  one,  and  the 
equation  then  gives  the  coefficient  of  this  one  equal  to  zero. 
Thus  (2)  involves  the  six  equations 

2X=0,     2  7=0,     2#=0, 
2(3y-7*)=  0,     2(-&-^)  =  0,     2(r*-Jy)  =  0, 
which  are  the  equations  of  equilibrium  before  obtained  (see 
p.  47). 

268.]  Method  of  Lagrange.  Lagrange  based  the  whole  of 
Dynamics — alike  its  applications  to  the  equilibrium  and  motion 
of  rigid  bodies,  of  inextensible  and  extensible  strings,  of  elastic 
rods  and  membranes,  of  fluids,  and  of  elastic  media  propagating 
disturbances  by  undulatory  motions — on  the  single  Principle 
of  Virtual  Work.  So  fer  as  the  equilibrium  problem  is  con- 
cerned, in  its  reference  to  any  of  the  material  systems  just 
named,  the  idea  of  the  method  is  shortly  this — 

Imagine  the  system  to  have  taken  its  position  or  configuration  of 
equilibrium;  then  imagine  any  small  derangement  whatever  of  the 
points,  or  infinitesimal  elements,  of  the  system;  calculate  the  total 
quantity  of  work,  both  of  the  external  forces  applied  to  the  system 
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and  of  its  internal  forces  {force*  mutually  exerted  by  neighbouring 
parts  of  tie  system),  and  equate  to  zero  this  sum  total  of  work. 

Now  the  system  whose  equilibrium  is  proposed  for  investiga- 
tion in  any  case  may  be  one  in  which  certain  specified  geo- 
metrical conditions  have  to  be  satisfied — as,  for  instance,  a  system 
of  particles  connected  by  inextensible  flexible  strings  or  inex- 
tensible  and  inflexible  rods — and,  as  has  been  abundantly  illus- 
trated in  the  earlier  parts  of  this  work,  we  may  either  respect 
the  imposed  geometrical  conditions  (as  it  is  often  convenient  to 
do  when  we  merely  seek  for  positions  of  equilibrium),  or  we  may 
imagine  a  derangement  of  the  parts  of  the  system  in  which  no 
regard  is  paid  to  these  imposed  conditions.  But  if  we  do  the 
latter,  it  is  at  the  expense  of  introducing  into  our  equation  of 
Virtual  Work  the  work  which  would  be  done  by  an  internal 
force  whose  existence  is  a  necessary  consequence  of  the  par- 
ticular geometrical  condition  under  consideration.  The  im- 
position of  every  geometrical  condition  in  a  system  establishes 
the  existence  of  an  internal  force  in  the  system  ;  and  the 
examples  hitherto  treated  have  related  to  the  simpler  cases  in 
which  such  forces  are  due  to  the  invariability  of  distances 
between  particles  or  the  restriction  of  the  positions  of  particles 
to  smooth  surfaces. 

We  now  proceed  to  consider,  after  the  manner  of  Lagrange, 
the  theory  of  all  imposed  geometrical  conditions  for  a  system 
of  particles  in  a  general  manner. 

269.]  Equations  of  Condition  may  be  replaced  by  Forces. 
Suppose  a  system  of  n  particles  whose  co-ordinates  are  connected 
by  k  equations  of  condition, 

2^  =  0,    i2=0,...iJfe=0,  (1) 

each  of  these  equations  being  of  the  form 

that  is,  involving  the  co-ordinates  of  all  the  points  in  general. 
Then  the  equation  of  virtual  work  for  the  position  of  equilibrium 
of  the  system  is 

2(Xbx+Tby  +  Zbz)  =  0, 

which,  when  written  at  full  length,  is 

X1bx1  +  Y1byl  +  Zlbz1  +  ...+Xnbxu+Tnbyn  +  Znbzn=0.    (2) 


269.]    EQUATIONS  OP  CONDITION  BEPLACED  BY  POBCES.     107 

Now  if  the  virtual  displacements  of  the  particles  were  all  in- 
dependent, this  equation  would  involve  the  vanishing  of  the 
coefficient  of  each  displacement  (see  Art.  267) ;  but  the  displace- 
ments of  the  particles  must  be  such  as  still  to  satisfy  the  equa- 
tions (1).  Hence  the  quantities  bx,  &c,  are  connected  by  the  k 
equations 


dL-t .        dL* .        dZ* . 


\ 


dxl 


d3f\ 


dzx 


dL, .        dL, .        dL, . 
dZ2 .      t  dZ2  dZ2  % 


dL, 


dL. 


dL, 


+x****++***+*>*'*=*> 


dxn 


tyn 


<fe. 


y 


(3) 


dZh%t        dZ..        dZhmk 

*•  4r.     *         <*W  / 

Solving  these  k  equations  for  any  k  of  the  displacements — 
suppose  bx19  bxt> ...  bxh — and  substituting  their  values  in  (2), 
we  obtain  an  equation  connecting  the  remaining  Zn  —  k  displace- 
ments of  the  form 

^Blbyi  +  ...^Bnbyn 

+  C1S*1  +  ...  +  C»8*„=:0.  (4) 

Now,  the  remaining  quantities,  bxk+1>  &c,  are  completely 
independent,  and  therefore  (see  Art.  267)  every  coefficient  in 
this  equation  must  =  0.  Thus,  we  obtain  3n—k  equations 
involving  the  forces,  that  is,  statical  equations  of  condition. 
Combining  these  statical  equations  with  the  equations  of  con- 
nexion (1),  we  have  finally  3»  equations  for  the  3»  co-ordinates 
of  the  particles.  The  elimination  of  the  displacements  from  the 
equations,  can,  however,  be  exhibited  in  a  more  symmetrical  and 
useful  form. 

Multiply  the  left  sides  of  the  equations  (3)  by  Al9  A2, ...  Xk  in 
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order,  these  multipliers  being  undetermined  quantities ;  then  add 
all  the  results  together,  and  finally  equate  to  zero  the  coefficient 
of  every  displacement  in  the  resulting  equation.  Thus  we  shall 
have  the  following  3*  equations : — 


~     ,.  did*        dLQ  v  dL. 


2^1    "•     *<^1 


_     ,  dL,     .   dL»  .       .  .  dLk 


y         w 


If  from  these  equations  we  eliminate  the  k  undetermined 
multipliers,  we  shall  have  3n—h  statical  equations  of  condition, 
as  before;  and  we  see,  as  an  essential  characteristic  of  the 
Lagrangian  method,  that  the  variation*  of  the  co-ordinates  of  all 
the  particle*  of  the  system  may  be  treated  as  independent  quantities 
after  we  have  taken  the  variations  of  the  left-hand  sides  of  all  the 
equations  cf  condition^  multiplied  each  of  these  by  an  arbitrary 
multiplier^  and  included  the  products  in  one  equation  of  Virtual 
Work. 

Now,  this  method  of  elimination  has  the  advantage  of  dis- 
covering the  geometrical  forces,  or  forces  arising  from  the  con- 
nexions, of  the  system.  For,  suppose  that  we  suppress  the 
condition  Lx  =  0 ;  then  the  system  will  begin  to  move ;  but  it 
may  be  kept  at  rest  by  applying  a  special  force  to  each 
particle. 

Let  the  components  of  the  force  applied  to  m^  be  Jf/,  J/,  #/, 
those  of  the  force  applied  to  m2i  X2\  Y2',  Z%\  and  so  on  for  all 
the  others.     The  equations  of  equilibrium  of  %  will  then  be 

Y  +X'  +  A    — 24-        4-X  ^-0 

*dyx  ltdy1 

similar  equations  holding  for  the  other  particles. 


269.]    EQUATIONS  OP  CONDITION  BEPLACED  BY  FOEOBS.      109 

Subtracting  the  left  side  each  of  these  from  that  of  the  cor- 
responding equation  in  (5),  we  have 

Hence  X/:  7/:^'  =  ^:^:^*, 

1       *      *      dxx    dyx    dzx 


If,  now,  all  the  co-ordinates  involved  in  the  equation  Lx  =  0 
are  considered  constant  except  ®x,yXi  and  zv  this  equation  will 
denote  a  surface  on  which  the  particle  mx  is  constrained  to  lie, 
md  dlx      dLx      dLx 

dxx       dyx       dzx 

eachdmdedby  ^/(^)  +  (^J)  +  (^)  > 

will  be  the  direction-cosines  of  the  normal  to  this  surface  at 
the  point  (xx,  yx,  zx).  It  is  evident,  therefore,  that  the  force 
required  to  keep  the  particle  mx  at  rest,  when  the  condition 
Lx  =  0  is  suppressed,  is  a  force  acting  normally  to  this  surface, 
its  magnitude  being 

/  ,dLxf      ,dLxf     TdlZ* 

In  the  same  way  the  force  required  to  keep  m2  at  rest  acts 
normally  to  the  surface  denoted  by  Lx  =  0  when  a?2,  y2,  z%  are 
considered  as  the  only  variable  co-ordinates  in  the  equation,  and 
the  magnitude  of  this  force  is 

W  <$?+<%)' +<%>'■ 

If  the  condition  L%  =  0  were  suppressed,  it  follows  in  like 
manner  that  forces 


ww +<%>'+ <%>'■*• 


110  THE   PRINCIPLE   OF   VIRTUAL  WORK.  [269, 

should  be  applied  to  the  particles  mly  &c.,  in  directions  normal 
to  the  surfaces  represented  by  the  equation  L%  =  0  when  the 
sole  variables  in  it  are  the  co-ordinates  of  %,  &c.,  in  succession. 
It  is  easy  to  see  that 

is  equal  to      2^ (cob  a.S^  +  cos/S.^  +  cos  y  .0^), 
where  Fx  is  the  force  of  connexion  acting  on  %  in  virtue  of  the 
condition  Lx  =  0,  and  a,  0,  y  the  direction  angles  of  the  normal 
to  the  surface  denoted  by  Lx  =  0  when  the  co-ordinates  of  mY 
are  regarded  as  the  only  variables  in  it. 

Now,  the  multiplier  of  Fx  in  this  expression  is  evidently  the 
projection  of  the  displacement  of  m1  along  the  normal  to  this 
surface.  If  this  projection  be  denoted  by  bn,  n  being  the 
length  of  the  normal  at  the  position  of  m1  measured  from  some 
fixed  point  on  the  normal,  we  have 

in  which  the  variation  of  Lx  has  reference  solely  to  the  par- 
ticle %. 

The  right-hand  side  of  this  equation  at  once  identifies  the 
term  A^i^  with  the  virtual  work  of  an  internal  force,  since 
Fxln\B  explicitly  such ;  and  this  force  acts  along  the  direction 
in  which  the  function  Z1  varies  most  rapidly  (i.e.  the  normal 
to  the  surface  denoted  by  the  equation  2/x  =  0). 

Hence  Lagrange  habitually  speaks  of  such  a  term  as  kbL  in 
the  equation  of  virtual  work  as  '  the  virtual  moment  of  a  force 
tending  to  vary  the  function  i/ 


Examples. 

1.  A  number  of  heavy  particles  are  attached  at  given  intervals  to  a 
weightless  string  tbe  extremities  of  which  are  fixed ;  investigate  the 
circumstances  of  equilibrium  (Funicular  Polygon). 

Let  (a,  b)  be  the  co-ordinates  of  one  of  the  fixed  extremities,  (a^,  y,)f 
(a*2,  y8),...  the  co-ordinates  of  the  particles  taken  in  order  from  this 
extremity,  lm,  Z„,...  the  lengths  of  the  portions  of  the  string  between 
these  points,  and  Wl9  TTS,...  the  weights  of  the  particles. 

Then  the  equations  of  connexion  of  the  system  are 
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Hence  the  Lagrangian  equation  of  virtual  work  is 

^i»yi+^i»yi+.»-*i{(«-«i)»«k+(»-y1)8yl} 
m  +x«{(ai~aj«)(8»i-^^)+(yi-y,)(^yi-«y2)}  +  -  =  0. 

Equating  to  zero  the  coefficients  of  the  several  displacements, 

»V-*i<yi-y«)+Mya-y.)  =  o. 

The  first  set  of  these  equations  evidently  gives 

K(a-*li  =  Ki^i-Xt)  =  Aifo-<0  =  -  =  T>  appose, 
-  and  by  substituting  in  the  remaining  set, 

*-yi  =  y,-y«,  wt 
yi-y«:_y>--y» ,  tt, 

But   — ^  is  the  tangent  of  the  inclination  of  the  portion  l0l  of  the 

string  to  the  horizon.     Hence  we  have 

tan  001  =  tan  *„+-', 

W 
tan0M  =  tan0M  +  -^> 


as  in  Art.  35.    Also  the  tension  of  the  string  joining  (a,  b)  to  (x1}  yx)  is 
~  acting  from  the  first  point  towards  the  second,  and  so  on  for  the 

other  tensions. 

2.  Deduce  by  the  method  of  Lagrange  the  conditions  of  equilibrium 
of  a  system  of  three  particles  forming  a  rigid  triangle,  each  particle 
being  acted  on  by  given  forces. 

Let  (&!,&,  2j)  be  the  co-ordinates  of  one  particle,  and  (Xlf  Tlf  Z^ 
the  components  of  the  force  acting  on  it,  with  similar  notation  for  the 
other  two  particles.  Then,  if  /12,  lni  ln  denote  the  sides  of  the 
triangle,  the  equations  of  connexion  are 

fo-ag'+fyi-y^+fo-**)*  =  y, 
(*,-^)8+(y,-yi)9+(v-*i)a  =  V- 

Hence  the  Lagrangian  equation  of  equilibrium  is 

+(y1-yi)(«yi-^y«)+(«i-^)(^-^«i)}+-  =  o, 

the  undetermined  multipliers  being  Au>  Att,  and  An. 
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Equating  to  zero  the  coefficients  of  the  displacements,  we  have 

Yi +*»(yi-y*)-My»-yi)  =  o,  (2) 

^i+M*i-*2)-M*»-*i)=o,  (3) 

with  similar  equations  for  the  other  particles. 
By  addition,  we  have  at  once 

Xx  +  X8+X8  =  0,  or  2X=0, 

r1+ra+78  =  o,orsr  =  o, 

Zt  +  Z%+  Z9  =  0,  or  2Z  =  0, 
which  are  the  ordinary  equations  of  translation. 

Again,  multiplying  (1)  by  yx  and  (2)  by  a^,  and  subtracting, 
F1^-X1y1-X1?(j»1y2-y1iB2)-A31(ic1y8-y1a?8)  =  0, 
and  by  taking  the  similar  equations  for  the  other  particles,  and 
adding,  we  get  2(Yx— Xy)  =  0. 

Similarly,  2(Xz-Zx)  =  0, 

and  2(Zy-  Tz)  =  0. 

These  last  three  are  the  equations  of  moments,  and  they  constitute, 
with  the  first  three,  six  equations  of  equilibrium.  Now  these  are  all 
the  conditions  that  can  be  obtained  among  the  forces  and  co-ordinates. 
For  if  n  particles  be  connected  by  h  equations  of  condition,  there  are 
(Art.  269),  3w— h  final  equations.  But  here  n  =  3,  h  =  3,  therefore 
3n—k=6.  It  is  to  be  observed  that  the  equations  of  equilibrium  of 
any  rigid  body  must  be  the  same  in  number  as  those  for  three 
particles  forming  a  rigid  triangle,  because  if  three  points  of  a  rigid 
body  are  determined  in  position,  the  position  of  the  body  is  deter- 
mined. 

3.  Show  that  the  equations  of  equilibrium  of  a  system  subject  to 
given  conditions  may  be  expressed  as  the  vanishing  of  the  differential 
coefficients  of  a  single  function  of  the  co-ordinates  of  the  system. 
Suppose  that 

(X^*  Y1dy1+Z1dzl)  +  (Xadxi+  r8Jya+^2^)  +  ..., 
or  2(Xd&+  Ydy+Zdz\  =  — <2IT  where  II  iB  a  function  of  the  co- 
ordinates x1,  y19  z19  x29  y8,  £*, ...    Then  taking 
ff=-n+A1Z1  +  A8£8+..., 

where  Lx  =  0,  L%  =  0,...  are  the  equations  of  condition,  we  shall  have 

But  since  the  co-ordinates  make  Lx  =  £8  =  ...  =  0, 

and  comparing  with  equations  (5),  we  see  that  the  equations  of  equi- 
librium are   dU      ~   dU      A      dU      ^    dU 

•r-  =  0,  — -  =  0,...  —  =  0,  —  =  0,  &c. 

dxl  dx%  dyx  dy% 
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270.]  Distinctive  Feature  of  the  Lagrangian  Method.  If 
the  first  method  of  eliminating  the  displacements  described  in 
the  last  article  is  adopted,  we  arrive  at  an  equation  such  as  (4) 
of  that  Article,  from  which  the  conditions  of  equilibrium  are 
obtained  by  equating  to  zero  the  coefficients  of  the  displace- 
ments. But  in  proceeding  thus,  we  fail  to  obtain  the  values  of 
the  internal  and  geometrical  forces  of  the  system.  Now  these 
forces  are,  as  we  have  seen,  intimately  related  to  the  undeter- 
mined multipliers ;  and  as  these  latter  are  found  from  the 
Lagrangian  equations,  it  follows  that — 

The  method  of  Lagrange  gives  not  only  the  conditions  of  equi- 
librium, but  also  the  internal  forces  of  the  system. 

A  single  very  elementary  example  will  suffice  to  render  this  clear. 

Two  heavy  particles  of  weights  Wr  and  Wt  are  connected  by  a  rigid 
rod,  and  each  particle  rests  on  a  smooth  inclined  plane.  The  incli- 
nations of  the  planes  are  \  and  ta  and  their  intersection  is  horizontal; 
find  the  position  of  equilibrium  and  the  internal  and  geometrical 
forces. 

Let  the  line  of  intersection  of  the  planes  be  taken  as  axis  of  s,  let 
the  axis  of  y  be  vertical  and  that  of  x  horizontal.  Also  let  (a^  yl  «,) 
{x%  y3  z^)  be  the  co-ordinates  of  the  particles,  and  I  the  length  of  the 
rod  connecting  them.     Then  the  equations  of  connexion  are 

ft-fl^taatrsO, 
y2+a>2tant2  =  0, 

Hence  the  Lagrangian  equation  of  equilibrium  is 

—  wityi—  ^^yj+A^^-tantj.doj^  +  Xj^+tantj.^) 

Aj,  Xj,  and  r  being  the  undetermined  multipliers. 

Equating  to  zero  the  coefficients  of  the  separate  displacements, 

-TPi  +  Aj  +  T^-y^rrO, 

-IT.  +  V-Tfo-yJrsO, 
Ajtan^— t(ab1— x2)  =  0, 
Agtantg— t(x1— xs)  =  0, 

From  the  last  equation  we  have  %— z^  =  0,  which  shows  that  both 
particles  must  lie  in  a  vertical  plane  perpendicular  to  the  line  of  inter- 
section of  the  inclined  planes. 

TOL.II,  I 
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If  6  be  the  inclination  of  the  line  joining  the  particles  to  the 
horizon,  the  other  equations  give 

()F1+jr8)tan^=  TTjCottj-JFjCottj, 

Wl  sin  i , 

__  TTjCOs^cost! 

*»""      COS&-0)      ' 
__    TT2C08^C08t9 

^~     cos(t  +  0) 

The  reader  will  easily  perceive  that  rl  is  the  tension  of  the  rod, 
and  Xx  sec  \  and  Ag  sect,  the  reactions  of  the  smooth  planes.  Thus  we 
have  the  same  values  of  the  inclination  of  the  rod  and  of  the  internal 
forces  as  we  should  have  obtained  by  the  ordinary  statical  methods. 

Now  suppose  that  the  equation  of  virtual  work  is  employed  ac- 
cording to  the  first  method ;  that  is,  let  us  write 

WJy.+  WJy^O, 

hyx— tan  i\ .  bxx  =  0, 

Sy8+tant2.8a?2  =  0, 

and  eliminate  the  displacements  without  employing  undetermined 
multipliers.    Then  we  obtain  simply  the  equations 

«i— *a  =  0, 

(TTj+F^tanfls  P^  ootv- IT,  cot  it , 

which  define  the  position  of  equilibrium,  without  giving  the  values  of 
the  unknown  forces  of  the  system. 

271.]  Work.  If  a  force,  22,  acts  at  a  point  (#,  y,  z)  which, 
from  any  cause,  receives  a  small  displacement  whose  projections 
on  the  axes  of  co-ordinates  are  dx,  dy,  dz,  and  if  the  components 
of  R  are  X,  J,  Z,  the  work  actually  done  by  the  force  is 

Xda+Ydy+Zdz.  (1) 

If  a  force  P  which  is  constant  both  in  magnitude  and  line  of 
action  acts  at  a  point,  A,  which  from  any  cause  is  displaced 
through  any  distance,  AB,  along  the  line  of  action  and  in  the 
sense  of  P,  the  whole  amount  of  work  done  by  the  force  is 

PxAB; 
and  if  the  displacement  takes  place  in  the  sense  opposite  to  that 
of  P,  the  work  done  by  P  is  — P  x  AB. 

If  the  force  P  is  constant  in  magnitude  and  direction  (but  not 
line  of  action)  while  its  point,  A,  of  application  is  displaced  along 
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any  carve,  AB  (Pig.  254),  the  work  done  by  the  force  (which  is 
the  integral  of  all  the  elements  of  work  done  during  the 
passage)  is 

P  x  projection  of  AB  along  the  direction  of  P. 

As  an  instance,  take  the  case  of  a  heavy  body  of  weight  W 
whose  centre  of  gravity  occupies  the  point  A  initially.  If  the 
body  is  displaced  along  any  curve  or  surface  whatever,  so  that  its 
centre  of  gravity  finally  occupies  the  position  J8,  the  work  done 

where  h  is  the  excess  of  the  height  of  A  over  that  of  B ;  so  that 
W  does  positive  work  if  J?  is  below  A,  negative  work  if  J?  is 
above  A,  and  no  work  if  A  and  B  are  at  the  same  horizontal 
level  Similarly  in  Fig.  254,  the  working  force  being  constant 
in  magnitude  and  direction,  if  AB  is  perpendicular  to  P,  no 
work  is  done  on  the  whole  in  the  passage  from  A  to  B. 

If  the  working  force,  P,  is  constant  in  magnitude  and  variable 
in  direction,  while  its  point  of  applica- 
tion is  at  each  instant  moving  along  the 
line  of  action  of  P,  the  work  done  by  P 
from  one  point  A  to  another  i?  is  the  pro- 
duct P.*,  where  *  is  the  whole  length  of 
the  path  of  the  point  of  application  be- 
tween A  and  B.  For  instance,  a  constant 
pressure,  P,  exerted  on  the  arm  of  a 
capstan. 

If  the  working  force  varies  both  in  magnitude  and  in  direction 
while  its  point  of  application  describes  any  path  between  a  point 
A  and  a  point  -B,  the  total  work  must  be  obtained  by  taking  the 
elementary  work  done  by  the  force  for  a  very  small  displacement 
of  its  point  of  application,  and  integrating  this.  We  may  at 
each  point  resolve  the  force  into  three  components,  so  that  the 
element  of  work  is  expressed  by  (1),  and  the  total  work  done 
between  A  and  B  is 

f  (Xdx+Ydy+Zdz),  (2) 

Jb 

the  suffixes  indicating  the  points  between  which  the  work  is 
done. 

The  work  done  by  a  force  whose  point  of  application  is  dis- 
placed from  any  one  position,  -4,  to  any  other  B9  is  often  very 

l% 
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usefully  represented  graphically  by  means  of  a  Work  Diagram, 
If  in  any  position  P  is  the  magnitude  of  the  force,  and  dp  the 
projection  of  the  displacement  of  its  point  of  application  along 
the  direction  of  P,  the  element  of  work  is 

p.dp, 

and  the  whole  work  is  the  integral  of  this.  Hence  if  we  take 
two  rectangular  axes,  Ox  and  Oy,  and  lay  off,  successively,  along 
Ox  the  values  of  dp  as  they  occur  in  the  working  of  the  force 
between  A  and  B\  and  if  perpendicularly  to  each  of  these 
elements  we  draw  the  corresponding  value  of  P  (as  an  ordinate), 

B  the  extremities  of 
these  ordinates  will 
trace  out  a  curve 
whose  area  will  repre- 
sent the  work  done. 
Thus,  in  Pig.  255*^1 
is  the  magnitude  of 
the  working  force  at 
A9  P2  its  magnitude 
at  -B,  while  P  is  its 
magnitude  at  any  in- 
termediate point,  <2,  we  may  take  any  point,  Mlf  on  Ox  at  which 
to  draw  the  ordinate  Plt  and  the  distance  M1M  will  be  the  sum 
of  the  values  of  the  projections,  such  as  Qq,  of  the  elements,  QJR, 
of  arc  along  the  corresponding  directions  of  I  between  A  and  Q. 
We  may,  of  course,  choose  the  small  arcs  QR, ...  of  such  lengths 
that  the  elements,  MN>...  are  all  equal,  i.e.  dp  may  be  taken  as 
a  constant  element. 

The  expression  /    Pdp  for  the  work  done  between  A  and  JB 

becomes  then  the  ^  m^S^M^ 

properly  translated  from  square  centimetres  (suppose)  into 
kilogramme-metres,  according  to  the  scale  of  length  on  which 
force  magnitude  is  represented  in  drawing  the  ordinates  MS,  and 
(generally)  the  diminished  scale  on  which  the  projections  Qq  are 
represented  by  the  elements  MN. 

If  C.  G.S.  units  are  adopted,  the  unit  of  work  is  that  done  by 
a  dyne  in  displacing  its  point  of  application  through  one  cen- 
timetre in  its  own  direction.     This  unit  of  work  is  called  an  erg* 
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Examples. 

1.  If  one  end  of  an  elastic  string  is  fixed  while  the  other  is  drawn 
out  through  a  given  distance,  find  the  work  done  by  its  tension,  and 
the  work  diagram. 

If  Z0  is  the  natural  length  of  the  string,  A  its  modulus  of  elasticity, 
and  I  any  stretched  length  which  is  productive  of  a  tension  T,  we  have 

T  =  A  — — .     For  a  small  increment  of  length,  <?/,  the  tension  does 

work  equal  to  —Tdl;  therefore  disregarding  the  sign  of  the  work, 
we  may  represent  it  by  drawing  the  values  of  l—l0  along  Ox,  so  that 
OM  is  proportional  to  l—l0;  then  at  M  we  are  to  draw  an  ordinate, 
MSy  proportional  to  T,  and  therefore  proportional  to  OM.  The  locus 
of  S  is  obviously  a  right  line  passing  through  0,  and  the  work  done 
by  the  tension  for  any  amount  of  extension  is  represented  by  the  area 
of  a  trapezium,  affected  with  a  negative  sign. 

The  amount  of  work  done  by  the  tension  in  an  extension  from  a 
length  ^  to  a  length  L  is 

2.  Another  simple  example  of  a  work  diagram  is  furnished  by  a 
gas  enclosed  in  a  cylinder  fitted  with  a  gas-tight  piston,  the  gas 
expanding  or  contracting  at  a  constant  temperature. 

In  this  case  let  us  calculate  the  work  done  by  the  total  pressure 
on  the  piston  in  the  expansion  of  the  gas  by  a  given  amount. 

If  P  is  the  force  exerted  on  the  piston,  and  x,  the  distance  of  the 
piston,  in  any  position,  from  the  closed  end  of  the  cylinder,  the  law 
of  Boyle  and  Mariotte  gives 

Px  =  constant  =  P&, 
where  Px  is  the  pressure  in  the  first  position  and  «x  the  distance  of 
this  position  from  the  closed  end. 

The  values  of  x  being  laid  off  along  Ox,  the  extremities  of  the 
ordinates  will  trace  out  a  rectangular  hyperbola,  and  tbe  area  in- 
cluded between  any  portion  of  this  curve,  the  ordinates  at  its 
extremities,  and  the  axis  of  x,  represents  the  work  done  by  tbe 
pressure.    The  work  done  by  the  pressure  from  xx  to  *  is 

Prolog.-. 
xi 

3.  In  general,  if  a  gas  expands  from  a  volume  vx  to  a  volume  vif 
and  if  p  is  its  intensity  of  pressure  (or  pressure  per  unit  area),  the 
work  done  by  the  gas  against  external  resistance  is 

pdo.  (a) 

/vi 

For,  if  at  any  time  the  gas  is  enclosed  within  a  surface  S,  whose 


r 
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element  of  area  at  any  point  is  dS,  the  amount  of  pressure  on  this 
element  is  pdS;  and  if  in  a  small  expansion  the  element  dS  is  driven 
out  along  the  normal  through  a  distance  dn,  the  work  done  by  the 
pressure  on  dS  is  pdS .  dn;  therefore  for  the  small  expansion  of  the 
whole  volume  enclosed  by  S  the  sum  of  the  workB  done  by  the 
pressures  on  all  its  elements  dS  is  (since  p  is  constant  throughout 
the  gas),  pfdSdm ;  but  fdSdm,  is  the  increase  of  volume  of  the 
whole  gas  for  the  small  expansion  considered,  that  is,  dv;  hence 
the  work  for  this  expansion  is  pdv,  and  therefore  in  the  change  from 
volume  vx  to  volume  v% — the  intensity  of  pressure,  p,  of  course  con- 
tinuously varying — the  work  done  is  given  by  (a). 

For  example,  if  the  gas  changes  adiobatically — i.  e.  so  that  no  heat 
is  conducted  either  into  or  out  of  it,  while  its  Umperatwre  and 
intensity  of  pressure  both  vary — the  relation  between  p  and  v  is 

pvi*  =  constant,  (6) 

where  h  is  about  1*408.  In  this  case  the  curve  whose  abscissae  and 
ordinates  are  the  varying  values  of  v  and  p  is  asymptotic  to  both 
axes — like  the  rectangular  hyperbola 

pv  =  constant,  (c) 

which  represents  the  relation  between  p  and  v  when  the  expansion 
is  unaccompanied  by  change  of  temperature — but  it  approaches  the 
axis  of  volumes  more  rapidly  than  the  hyperbola. 

The  curves  obtained  by  varying 

the  constant  in  (b)  are  called  adia- 

tB  batieSy  while  those  given  by  (c)  are 

called  isothermals.  Thus,  let  A  be 
a  point  whose  co-ordinates  Oa  and 
a  A  are  v1  &ndpiy  respectively;  then 
the  curve  whose  equation  is 

p^=pYvxh 

is  AB,  while  the  curve  (rectangular 
hyperbola)  whose  equation  is 

pv^PM 

ib  AD.  The  co-ordinates  of  the  points 
^'  2S  on  AB  between  A  and-ff  represent  the 

states  of  the  gas  as  to  volume  and  intensity  of  pressure  in  the  adia- 
batic  transformation  from  state  A  to  state  B. 

A  gas  contained  in  a  cylinder  with  a  gas-tight  piston  can  be 
transformed  adiabatically  and  isothermally,  successively,  to  any  extent 
in  the  following  manner.  Suppose  the  base  of  the  cylinder  to  be 
made  of  thin  polished  copper  or  silver.  (Theoretically  this  base  is 
to  have  perfect  thermal  conductivity,  i.e.  any  heat  applied  to  the 
outside  is  instantly  transmitted  to  the  inside,  any  difference  of  tem- 
perature between  the  outer  and  the  inner  surfaces  of  the  base  being  at 
once  annulled.  Thin  polished  silver  or  copper  will  be  an  approxi- 
mation. With  such  a  base  we  are  to  imagine  heat  as  flowing  with  no 
resistance  into  or  out  of  the  cylinder.) 
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Let  the  piston  and  all  the  rest  of  the  cylinder  be  made  of  an 
infinitely  bad  thermal  conductor,  so  that  no  heat  can  enter  or  leave 
the  cylinder  anywhere  except  through  the  base. 

To  produce  adiabatic  transformation.  Place  the  cylinder  with 
its  base  on  a  slab  which  is  an  infinitely  bad  thermal  conductor,  and 
do  work  on  the  gas  by  pressing  down  the  piston.  No  heat  can  get 
into  the  cylinder  by  conduction  from  without,  and  none  can  leave  it. 
Moreover,  of  the  work  thus  done  by  the  piston  on  the  gas  a  portion 
goes  to  increase  the  energy  of  motion  of  its  molecules,  and  the  re- 
mainder is  used  in  doing  work  against  the  (repulsive)  forces  existing 
between  these  molecules.  From  an  experiment  of  Joule's,  however,  it 
appears  that  these  molecular  forces  are  non-existent ;  and  subsequent 
experiments  by  Joule  and  Thomson  show  that,  though  this  is  not 
perfectly  true  for  all  gases,  it  is  so  nearly  true,  that  the  work 
absorbed  in  overcoming  these  molecular  forces  may  be  quite  neg- 
lected. 

The  result,  then,  is  that  the  work  done  on  the  gas  goes  wholly  to 
increase  its  heat,  and  therefore  its  temperature.  [Observe,  this  is 
not  a  contradiction  of  our  supposition  that  no  heat  is  communicated 
to  it  by  conduction  from  any  external  source.] 

If,  instead  of  compression  by  means  of  the  piston,  the  gas  is  allowed 
to  expand  and  drive  the  piston  before  it,  its  temperature  falls  in 
an  adiabatic  transformation. 

To  produce  isothermal  transformation.  Place  the  cylinder  with 
its  base  on  a  very  large  reservoir  of  heat — so  large  that  the  volume 
of  the  gas  is  negligible  in  comparison — and  let  the  temperature  of 
the  heat  in  the  reservoir  be  the  same  as  that  of  the  heat  of  the  gas. 
Allow  the  piston  to  be  driven  by  the  gas.  The  effect  of  even  the 
smallest  expansion  would  be  a  lowering  of  the  temperature  inside 
the  cylinder,  but  as  the  base  is  an  infinitely  good  conductor,  the 
inequality  of  temperature  inside  and  outside  is  instantly  annulled 
by  a  flow  inwards  of  heat  from  the  reservoir,  the  temperature  of 
which  (on  account  of  its  capacity)  suffers  no  sensible  diminution. 
Thus  the  temperature  inside  the  cylinder  remains  constant  all 
through  the  expansion. 

The  piston  might  also  be  pressed  down  so  as  to  compress  the  gas, 
the  instantaneous  effect  being  a  rise  of  temperature,  which  is  instantly 
annulled  by  the  flow  of  heat  from  the  gas  into  the  reservoir. 

The  theoretical  processes  here  described  are  those  which  are 
postulated  in  the  working  of  Camotrs  Engine,  the  theory  of  which 
is  fundamental  in  Thermodynamics  (see  Clerk  Maxwell's  Theory  of 
Heat,  or  almost  any  work  on  Physics). 

Starting  with  the  state  represented  in  Fig.  256  by  the  point  A,  let 
the  following  cycle  of  operations  occur : — adiabatic  compression  re- 
presented by  the  adiabatic  AB,  until  state  B  is  reached ;  isothermal 
expansion  represented  by  BO,  the  gas  receiving  heat  at  constant 
temperature,  and  doing  external  work  by  driving  the  piston  before 
it,  until  state  C  is  reached ;  adiabatic  expansion  represented  by  CD, 
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the  gas  driving  oat  the  piston  and  doing  external  work,  while  its 
temperature  falls  and  it  receives  no  heat,  until  the  temperature 
which  it  had  originally  (at  A )  is  reached ;  finally,  isothermal  com- 
pression represented  by  DA,  the  piston  being  forcibly  driven  down 
until  the  original  state  (A)  is  reached. 

It  is  required  to  calculate  the  whole  amount  of  positive  work  done 
by  the  gas.     This  work  is  obviously  the  areal  sum 

—AabB+BCcb+CDde-DdaA, 

where  a,  b,  e,  d  are  the  feet  of  the  ordinates  of  A,  B,  C,  D.  Let  the 
equation  of 

AD  be  pv  =  m ;    BC  be  pv  =  m' ; 

ABbepvfi^n;  CD  be jpw*  =  w'. 
Then  the  area  AabB  =  j- — -(-^- — p^),  where  vx  and  v9  are  the 

abscissae  of  A  and  A    But  vf'1  =  —,,  and  r,*""1  =  — ;  therefore  this 

w»  m 

area  =  -= — -    which  value  is  also  that  of  ODdc.    Hence  the  ex- 
k—  1  ' 

ternal  work  done  by  the  gas  is 

^rlog-»- 

and  this  is  also,  of  course,  the  area  of  the  figure  ABCD  included 
between  the  two  isothermals  and  the  two  adiabatics. 


272.]  Static  Energy^  or  Potential  Work  of  a  Foroe  System. 
If  the  point  of  application  of  a  force  whose  components  are 
X,  r,  Z  occupies  at  any  instant  a  position  which  we  may  denote 
by  (p),  and  if  (p0)  denotes  any  other  position  which  it  might 
occupy,  the  amount,  II,  of  work  which  the  force  can  do  in 
the  displacement  from  (p)  to  (p0)  is  given  by  the  equation 

(Xdx+Tdy+Zdz).  (1) 

The  amount  of  work  which  the  force  can  do  from  the  present 
position  (p)  to  the  supposed  position  (p0)  is  called  the  Potential 
Work  of  the  force. 

In  the  same  way,  if  any  number  of  forces  act  on  any  system  of 
particles,  »lf  m2, ...,  and  if  the  present  system  of  positions  of 
these  particles,  or  their  present  configuration,  is  denoted  by  (p), 
while  another  configuration,  or  system  of  positions  which  they 
might  occupy,  is  denoted  by  (p0),  the  whole  amount  of  work 


n  =  / 
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fa 

n  =  2/ 


which  the  forces  can  do  in  the  motion  from  the  present  to  the 
contemplated  position  is  given  by  the  equation 

XPu) 

(Xdx+Ydy  +  Zdz),  (2) 

Hp) 

where  2  denotes  a  summation  of  the  works  done  on  all  the 

particles.      The  configuration  denoted  by  (p0)  may  be  taken 

arbitrarily.     We  shall  speak  of  it  as  the  configuration  of  reference. 

Here,  as  before,   n  is  the  potential  work  of  the  force*  of  the 

system. 

Defining  the  term  Energy  to  mean  capacity  for  doing  work,  we 
may  speak  of  the  Potential  Work  of  a  force  system  as  its  Static 
Energy*. 

If  the  particles  do  not  form  a  rigid  body,  but  can  alter  their 
relative  distances;  and  if,  moreover,  they  exert  on  each  other 
forces,  either  of  attraction  or  of  repulsion,  the  work  done  by  the 
internal  forces  in  the  change  of  configuration  must,  of  course, 
be  included  in  the  Static  Energy  of  the  system ;  so  that  if  IT{ 
and  I7j  are  the  potential  works  of  its  internal  and  external  forces, 
respectively,  the  total  Static  Energy  of  the  system  is 

n,+nv 

Any  material  system — whether  it  consists  of  particles  at  finite 
distances  from  each  other,  each  acted  upon  by  some  external 
force  and  also  by  attractions  from  neighbouring  particles,  or 
particles  at  infinitesimal  distances  (as  in  the  case  of  a  bent  spring, 
a  membrane,  or  an  elastic  string)— may  oecupy  several  different 
configurations  successively  and  finally  return  to  its  original 
configuration  (p).  If  when  it  does  return  to  its  original  con- 
figuration, the  Static  Energy  of  its  force-system  (internal  and 
external  forces  included)  returns  also  to  its  original  value,  the 
system  is  said  to  be  Conservative.  The  consideration  of  such  a 
system  is  of  the  greatest  importance. 

Any  material  system  will  be  conservative  when  for  any  small 
derangement  of  the  particles  the  work  done  by  the  external  forces  is 
the  differential  of  a  single-valued  function  of  the  co-ordinates  of  the 
particles,  and  the  internal  forces  are  functions  only  of  the  mutual 
distances  of  the  particles,  and  are  directed  in  the  lines  joining  them. 

*  It  is  usually  spoken  of  as  '  Potential  Energy '—an  illogical  term  which,  as 
has  been  pointed  ont  by  an  able  writer,  expresses  (a  double  remotion  from 
actuality.' 
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Fot  if  the  co-ordinates  of  the  particles  are  (xv  y19  sj,  fee.,  and 
the  external  forces  (Xlf  Ylt  Zt),  &c.,  the  work  of  the  external 
forces  for  any  small  derangement  is 

Xx  dxx  +  lxdyY  +  Zx  dzx  +  X2  dx2  +  Y2dy2  +  Z2dz2  + ..., 
and  if  this  =r  d(f>  (xx,  jrx,  z19  x29  y2,  s2,...),  the  Static  Energy  of 
these  forces  is  <t>0—<p,  where  <f>0  is  the  value  of  <f>  when  the 
co-ordinates  of  the  configuration  (p0)  are  substituted;   and  if 

^  is  not  a  multiple-valued  function — such  as  tan"1  — — it   is 

obvious  that  the  Static  Energy  of  the  external  forces  must 
always  be  the  same  whenever  the  system  has  the  same  con- 
figuration. 

Again,  if  the  internal  force  between  %  and  m2  is  expressed  as 
/(r12),  where  r12  is  the  distance  between  them,  and  if  it  is 
directed  in  the  line  joining  them,  the  element  of  work  of  this 
force  is  ±/,(*,ia)«drw,  according  as  the  force  is  repulsive  or 
attractive.  Hence  if  y(r12)  .rfr12  =  <ty(r12),  the  Static  Energy 
of  the  internal  forces  in  any  configuration  is,  by  summation  for 
all  the  particles,  ±  [Jf  (r)0_s* (,)], 

which  is  manifestly  the  same  whenever  the  configuration  is  the 
same. 

For  example,  an  elastic  rod  bent  and  twisted  in  any  way,  but 
not  to  such  an  extent  as  to  alter  sensibly  its  constants  of 
elasticity,  will  be  an  example  of  a  conservative  system,  if,  more- 
over, the  bending  and  twisting  are  not  accompanied  by  heating. 
The  effect  of  such  heating  might  be  to  alter  its  various  elastic 
constants,  in  such  a  manner  that  if  it  returns  to  its  original 
configuration,  the  amount  of  work  required  to  produce  a  given 
deformation  either  by  bending  or  by  twisting,  would  not  be  the 
same  as  it  was  originally  to  produce  exactly  the  same  de- 
formation. 

If  the  deformation  is  produced  slowly,  the  heating  effect  is 
avoided,  and  the  system  is  conservative. 

By  definition,  if  work,  W9  is  done  by  external  agency  on  a 
conservative  system  to  change  its  configuration  from  (jo)  to  (j/), 
the  system  will  give  back  exactly  the  same  amount,  Wy  of  work 
against  external  resistance  in  returning  from  (j/)  to  (p). 

A  simple  example  of  a  non-conservative  system  is  furnished 
by  a  heavy  particle  on  a  rough  inclined  plane  of  inclination  i. 
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To  raise  the  particle  through  a  given  vertical  height,  h,  by 
an  up-plane  force  an  amount  of  work  equal  to  wh  (1+ptcoti) 
must  be  expended ;  while  if  the  particle  is  allowed  to  slide 
down  to  its  original  position,  it  will  give  out  only  the  amount 
*>h  (1  —  p cot*),  and  would  give  out  none  if  /x  =  or  >  tan  i. 

In  all  such  cases — i.  e.  cases  in  which  friction  comes  into 
play — a  part  of  the  work  expended  on  the  system  in  changing 
its  configuration  is  transformed  into  heat,  which  is  speedily  lost 
to  the  system ;  and,  in  general,  if  any  machine,  or  combination 
of  machines,  transforms  a  portion  of  the  work  done  on  it  into 
heat,  it  cannot  restore  even  so  much  of  the  work  as  has  not 
been  thus  transformed,  i.  e.  it  is  non-conservative. 

273.]  Stability  and  Instability  of  Equilibrium.  When  a 
rigid  body,  or  any  material  non-rigid  system,  in  equilibrium 
under  the  action  of  given  forces  is  slightly  disturbed  from  its 
position,  it  will  not,  in  general,  be  in  equilibrium  in  the  new 
position.  Now  the  effect  of  all  the  forces  in  play  in  the  new 
position  may  be  either  to  drive  it  back  to  the  original  position, 
or  to  deviate  it  still  farther.  In  the  former  case  the  equilibrium 
is  stable,  and  in  the  latter  unstable. 

As  an  example  for  the  case  of  a  rigid  body,  suppose  a  heavy 
bar,  AB,  moveable  round  a  smooth  horizontal  axis  fixed  through 
the  end  A.  If  the  rod  is  placed  in  a  vertical  position,  it  will  be 
in  equilibrium;  but  if  the  end  B  is  vertically  above  A,  a  slight 
displacement  will  cause  the  rod  to  fall  from  this  position ;  while 
if  the  end  B  is  below  A,  and  the  rod  is  slightly  displaced,  it  will 
return  to  its  position  of  equilibrium. 

As  an  example  for  a  non-rigid  system,  take  the  case  of  an 
indiarubber  ring  on  an  umbrella  handle.  If  the  substance  of  the 
ring  is  rotated  round  the  circle  formed  by  the  centres  of  all  its 
normal  sections  through  an  angle  which  is  constant  all  through 
the  ring,  one  configuration  of  equilibrium  is  obtained  when  this 
angle  of  rotation  is  tt,  i.  e.  when  the  ring  is  turned  inside-out. 
But  this  configuration  is,  of  course,  unstable,  the  slightest  dis- 
turbance causing  the  ring  to  return  to  its  natural  state.  On  the 
other  hand,  the  natural  state  of  the  ring  on  the  handle  is  a 
stable  configuration  of  equilibrium. 

274.]  Universal  Criterion  of  Stability  and  Instability.  The 
determination  of  the  nature  of  the  equilibrium  of  any  system — 
i.e.  its  stability  or  instability — is   a   question  belonging   to 
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Kinetics.  The  conditions  as  regards  constraints  and  connections 
of  parts  of  the  system  with  each  other  will  enable  us  to  express 
any  possible  configuration  of  the  system  in  terms  of  a  certain 
number  of  independent  variables,  qlf  q29  qz,  ...,  which  may  be 
described  as  ( co-ordinates'  of  the  system,  by  an  extension  of  the 
usual  employment  of  this  term.  For  example,  suppose  the  system 
to  consist  of  two  particles,  B  and  C,  which  are  connected  by  an 
inextensible  string,  while  another  inextensible  string,  BA>  is 
attached  to  B>  and  the  system  is  suspended  vertically  by  fixing 
the  end  A  of  the  second  string.  In  this  case,  supposing  the 
displacements  to  be  confined  to  a  given  vertical  plane,  if  we 
imagine  any  configuration  satisfying  the  conditions  of  the  system, 
i.e.  one  in  which  the  distances  AB  and  BC  are  each  constant, 
such  a  configuration  is  obtained  by  deviating  AB  from  the 
vertical  through  any  angle,  0,  and  then  deviating  BC  from  the 
vertical  through  any  angle,  tf',  these  two  angles  being  entirely 
independent  of  each  other.  The  configuration  of  the  system, 
then,  depends  on  the  two  independent  variables  0  and  tf',  which 
are  its  '  co-ordinates.' 

If  the  displacements  of  the  particles  are  not  confined  to  any 
vertical  plane,  AB  can  be  deviated  through  an  angle  0  from  the 
vertical,  and  rotated  (after  the  manner  of  a  conical  pendulum) 
round  the  vertical  through  an  angle  <£;  and  BC  can  be  simi- 
larly displaced  through  angles  (f  and  $';  so  that  there  are 
four  generalised  co-ordinates  (0, 1',  <£,  <f>')  of  this  system  in  the 
most  general  case  of  its  displacement. 

Such  variables  are  usually  called  the  generalised  co-ordinate*  of 
the  system,  and  they  determine  the  number  of  degrees  of  freedom 
of  the  system — this  being  equal  to  the  number  of  the  generalised 
co-ordinates. 

The  kinetical  process  which  determines  whether  the  equilibrium 
of  the  system  is  stable  or  unstable  consists  in  supposing  each 
of  the  generalised  co-ordinates,  qy  to  receive  any  small  increment, 
Aq,  and  then,  from  the  equations  of  motion  of  the  system, 
expressing  each  Aq  as  a  function  of  the  time.  If  the  value  of 
Aq  is  a  periodic  function  of  the  time,  the  magnitude  of  Aq  will 
oscillate  between  infinitely  narrow  limits,  and  the  equilibrium  of 
the  system  will  be  stable;  while  if  any  of  the  displacements  Aq 
involves  the  time  in  a  non-periodic  form  of  the  type  **,  this  dis- 
placement increases  indefinitely,  and  the  equilibrium  is  unstable. 
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The  result  is  this — If  for  any  possible  small  displacement  of  the 
system  from  its  configuration  of  equilibrium  there  would  be  positive 
work  done  by  the  acting  forces,  both  external  and  internal,  the  con- 
figuration is  unstable  ;  while  if  for  every  possible  small  displacement 
the  sum  total  of  the  works  of  these  forces  is  negative,  the  configura- 
tion is  stable;  in  other  words,  the  system  will  be  in  stable  equi- 
librium, if  the  Statie  Energy  of  the  system,  i.e.,  the  Potential 
Work  cf  its  forces  (internal  and  external)  is  a  rnA-nmrym^  and 
in  unstable  equilibrium  if  this  potential  work  is  a  maximum. 

This  fundamental  result  we  shall  assume,  referring  the  reader 
for  the  proof  to  Lagrange's  MScanique  Analytique,  6th  section 
of  the  Dynamique,  p.  320  ;  to  Thomson  and  Tait's  Natural  Phi- 
losophy, Arts.  291,  &c. ;  and  to  Laurent's  TraitS  de  MScanique 
Bationnelle,  vol.  ii.  p.  222,  where  an  extremely  concise  proof  by 
Dirichlet  is  given. 

We  shall  revert  to  the  proof  of  this  principle  in  the  next 
Article. 

275.]  Work  Coefficient*.  When  the  rectangular  co-ordinates 
G*i  >  .?i>  *i)>  &0*'  °f  ^e  points  of  application  of  the  forces  of  the 
system  are  all  independent,  since 

-in  =  Xxdxx+Yxdyx  +  Zxdzx+Xzdx2  +  ...,  (1) 

we  see  that  the  differential  coefficient  of  the  Potential  Work 
(with  sign  changed)  with  respect  to  any  co-ordinate  is  the  corre- 
sponding component  offeree.   Thus  —  -»—  =XX,  &c.     But  if  the 

co-ordinates  are  not  all  independent,  but  expressible  in  terms  of 
a  number,  k,  of  independent  variables,  qx,  q2,  ...  qk,  this  is  no 
longer  true.  Expressing  the  co-ordinates  xx,yx,  zx,  ...  in  terms 
of  the  q%  equation  (1)  for  the  element  of  Potential  Work  assumes 

the  form        -dTl  =  Qxdq1+Ql<lq2  +  ...  +  Qidqi,  (2) 

in  which  the  coefficients  Qx,  Q2, ...  may  be  of  the  dimensions 
either  of  force  or  of  couple,  according  to  the  nature  of  the 
generalised  co-ordinates  qt,  q29....  ^n  &H  cases  each  term, 
Qxdqx,  in  (2)  is  an  elementary  work,  so  that  if  qx  is  a  linear 
co-ordinate,  like  xx,  the  coefficient  Qx  will  be  of  the  dimension  of 
force ;  but  if  qx  is  an  angle,  Qx  will  be  of  the  dimension  of  couple. 
Take,  for  example,  the  case  of  two  coplanar  forces,  Px  and  P2 , 
acting  at  the  ends,  A  and  B,  of  a  line  of  constant  length,  a,  and 
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consider  only  displacements  in  the  plane  of  the  forces.  The 
generalised  co-ordinates  of  the  system  may  be  taken  as  the 
rectangular  co-ordinates  («,y)  of  A,  and  the  angle,  0,  which  AB 
makes  with  the  axis  of  x.  If  (a/>  /)  are  the  co-ordinates  of  .8, 
we  have  af=  g+acos  0;  y^=  y+a  sin  0,  and,  the  components 
of  Pj  and  Pa  being,  respectively,  (Xt ,  Tx)  and  (JT2 ,  7"2),  we  have 

~dn  =  (Z1  +  J2)^  +  (ri  +  r2)rfy+a(r2cos0-J2sin0)rf0, 
in  which,  the  coefficients  of  dx  and  dy  are  of  the  dimensions  of 
force,  while  that  of  dO  is  of  the  dimensions  of  couple. 

The  coefficients  Q19  Q2, ...  in  (2)  are  sometimes  spoken  of  as 
( generalised  components  of  force.'  This  expression  is  very 
objectionable  on  more  grounds  than  one;  but  we  fall  into  no 
error  if  we  describe  them  as  Work  Coefficient*.  Thus  Qi  i8  the 
q^  rate  at  which  the  system  does  work  if  the  other  independent 
variables,  y2, ...  qk,  are  all  kept  constant  and  qx  alone  allowed  to 
vary ;  and  it  does  not  appear  to  be  possible  to  specialise  the 
meanings  of  the  Q's  any  further — i.e.  to  give  a  rule  applicable 
to  all  cases  for  localising  Qp  Q2> ...  as  forces  or  couples  at 
particular  points  or  round  particular  axes  in  the  system. 

Since  in  a  position  of  equilibrium  tf  II  is  zero  for  all  possible 
displacements,  in  such  a  position  we  must  have 

Qi  =  0,    Q8  =  0,...  &  =  <>.  (3) 

Now  the  fundamental  principle  of  last  Article,  that  the  Potential 
Work  of  the  system  of  forces,  both  internal  and  external,  is 
a  minimum  in  a  configuration  of  stable,  and  a  maximum  in  a 
configuration  of  unstable,  equilibrium  cannot  be  inferred  from 
the  vanishing  of  all  the  first  differential  coefficients  Q19  Q2, .... 
For,  since  II  is  a  Amotion  of  several  independent  variables,  k  in 
number,  there  are  i—  1  additional  independent  conditions  that 
n  should  be  either  a  maximum  or  a  minimum.*  In  a  particular 
case,  however,  the  truth  of  the  principle  can  be  seen  without  the 
general  kinetical  investigation.  This  case  is  that  in  which  the 
material  system  has  one  degree  of  freedom,  i.e.  when  its  position 

depends  on  a  single  variable,  j.    Here,  since   _  =  0  in  the 

position  of  equilibrium,  it  follows  that  U  is,  in  general,  either  a 
maximum  or  a  minimum  ;  and  it  is  easy  to  see  that  the  maximum 
belongs  to  instability.     For,  if  the  equilibrium  is  unstable,  the 

*  WilliAmflon'B  JHjfi  Cal.t  Note  a. 
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system  will  require  positive  work  to  be  done  on  it  by  an  external 
agent  to  resist  the  growth  of  the  displacement  dq ;  that  is,  the 
forces  (internal  and  external)  of  the  system  must  during  the 
displacement  be  doing  positive  work — resisting  the  positive 
work  which  the  external  agent  is  applying ;  in  other  words,  in 
leaving  the  position  of  equilibrium,  the  Static  Energy  of  the 
given  system  is  diminished  Clearly,  then,  the  maximum  value 
of  II  corresponds  to  instability. 

276.]  Maximum  or  Minimum  height  of  the  Centre  of 
Gravity.  When  gravity  is  the  only  external  force,  besides  the 
reactions  of  smooth  fixed  surfaces,  acting  on  a  material  system, 
and  when  for  any  change  of  its  configuration  its  internal  forces 
(such  as  mutual  reactions  at  the  contacts  of  smooth  parts)  do  no 
work,  the  Potential  Work  of  the  forces  is  simply 

W.z, 
where  W  is  the  total  weight  of  the  system  and  z  is  the  height  of 
its  centre  of  gravity  above  any  horizontal  plane  which  is  assumed 
as  the  reference  position  (Art.  272)  of  the  centre  of  gravity. 

For,  let  wx,  w29 ...  be  the  weights  and  z19  £2>  •••  the  heights  of 
the  centres  of  gravity  of  the  various  separate  bodies,  or  particles, 
of  the  system.    Then  the  virtual  work  of  the  system  for  any 
small  displacements  is  —  w1dz1— w2dz2— wzdzB  ...  ;  hence* 
rfll  =  *01<fe1  +  «yfe8  +  ..f  =  W.dz, 

.%   n  =  jr.z, 

the  reference  level  being  taken  as  that  from  which  z  is  measured. 

Now  the  maximum  value  of  II  will  occur  when  z  is  greatest ; 
hence  when  the  centre  of  gravity  of  any  system  of  bodies  is  in  the 
lowest  position  that  it  can  occupy  consistently  with  the  geometrical 
conditions  of  the  system,  that  system  is  in  a  position  of  stable  equili- 
brium; and  when  its  centre  of  gravity  is  in  the  highest  position,  the 
system  is  in  a  position  of  unstable  equilibrium. 

Unless  the  position  of  the  system  depends  on  a  single  variable, 
we  cannot  assert  conversely  that  a  position  of  equilibrium  is  one 
in  which  the  height  of  the  centre  of  gravity  is  either  a  maximum 
or  a  minimum. 

If  any  bodies  of  the  system  rest  on  rough  curves  or  surfaces, 

*  This  iMomes  that  none  of  the  geometrical  forces  required  for  a  position  of 
equilibrium  are  infinite;  for  the  term  KtiL  cannot  be  assumed  to  Yanish,  even, 
though  9L  -  0,  if  X  is  infinite. 
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the  equation  of  virtual  work  will  involve  the  reactions  of  these 
curves  or  surfaces  for  displacements  along  them.  Hence  we 
have  no  longer  the  equation  WJhz  —  0,  and  the  principle  of  maxi- 
mum or  minimum  height  of  the  centre  of  gravity  does  not  hold. 

Even  when  the  position  depends  on  one  variable,  it  may 
happen  that  in  a  position  of  equilibrium  the  height  of  the  centre 
of  gravity  is  neither  a  maximum  nor  a  minimum.  Take,  for 
example,  the  case  of  a  heavy  particle  placed  at  a  point  of  in- 
flexion on  a  smooth  curve  in  a  vertical  plane,  the  tangent  at  the 
point  being  horizontal.  The  particle  is  evidently  in  equilibrium, 
since  for  a  small  displacement  Pbz  is  zero,  P  being  the  weight 
and  z  the  height  of  the  particle.  But  z  is  neither  a  maximum 
nor  a  minimum,  and  the  equilibrium,  accordingly,  is  stable  for 
a  small  displacement  along  the  upper  part  of  the  curve,  and 
unstable  for  a  displacement  along  the  lower  part. 

When  the  system  has  only  one  degree  of  freedom,  the  centre 
of  gravity  describes,  in  all  positions  of  the  system  compatible  / 
with  the  given  conditions,  a  curve  which  is  sometimes  very 
easily  found.  In  the  position  of  equilibrium  the  centre  of 
gravity  will  be  the  point  of  contact  of  a  horizontal  tangent  to 
this  curve,  and  in  this  manner  we  can  most  readily  perceive  the 
nature  of  the  equilibrium  of  the  body. 

When  the  system  has  more  than  one  degree  of  freedom,  it  may 
happen  that  its  centre  of  gravity  is  constrained,  in  all  displace- 
ments compatible  with  the  connexions,  to  describe  a  fixed 
surface.  In  this  case  the  position  of  equilibrium  will  be  one 
in  which  the  tangent  plane  to  this  surface  at  the  centre  of 
gravity  is  horizontal ;  and  if  the  surface  lies  entirely  below  the 
tangent  plane  in  the  neighbourhood  of  the  point  of  contact,  the 
equilibrium  will  be  unstable,  as  in  the  case  of  a  curve ;  if  the 
surface  lies  above  the  tangent  plane,  the  equilibrium  will  be 
stable ;  and  if  the  tangent  plane  intersects  the  surface  in  a  real 
curve  in  the  neighbourhood  of  contact,  the  equilibrium  will  be 
stable  for  some  displacements  and  unstable  for  others. 

277.]  Continuous  Equilibrium.  If  in  all  positions  of  the 
system,  compatible  with  the  geometrical  conditions,  the  statical 
equation  ^^j  _  q 

is  satisfied,  every  position  is  one  of  equilibrium.     Writing  down 
this  equation  in  all  positions  and  adding,  the  left  sides  of  the 
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equations  thus  obtained  is  evidently  the  same  thing  as  integrating 
it.  Hence  if  all  positions  of  the  system  are  positions  of  equili- 
brium, the  applied  forces  must  satisfy  the  equation 

n  =  constant. 
In  the  particular  case  of  a  heavy  system  under  the  action  of 
gravity  alone,  IT  is  W.  z  ;  therefore  if  a  system  be  continuously 
in  equilibrium  under  the  action  of  gravity,  the  centre  of  gravity 
of  the  system  for  all  displacements  compatible  with  the  condi- 
tions moves  in  a  fixed  horizontal  plane,  or,  in  other  words, 
maintains  a  constant  height. 


Examples. 

1.  A  heavy  beam,  AB  (Fig.  121,  Art.  104),  rests  on  two  smooth  in- 
clined planes ;  find  the  nature  of  its  equilibrium. 

It  is  very  easy  to  prove  that  if  the  right  line  AB  moves  between 
two  fixed  right  lines,  OA  and  OB,  the  given  point  G  on  AB  describes 
an  ellipse  whose  equation  with  reference  to  OA  and  OB  as  axes  of  x 

andyiB  **         **,  •* 

The  centre  of  this  ellipse  is  the  point  0.  In  the  position  of  equi- 
librium G  is  the  point  of  contact  of  a  horizontal  tangent  to  this 
ellipse.  Now  two  such  tangents  can  be  drawn,  one  above  the  inter- 
section of  the  inclined  planes  and  the  other  below  it.  There  are, 
therefore,  two  positions  of  equilibrium;  that  with  which  we  were 
concerned  in  the  example  of  Art.  104  is  obviously  the  position  in 
which  G  is  at  a  maximum  height,  and  it  is,  therefore,  unstable ;  the 
other  requires  the  planes  to  be  prolonged  below  their  line  of  inter- 
section, and  as  it  also  requires  the  reactions  of  the  planes  to  assume 
impossible  directions,  it  is  physically  impossible.  It  would,  however, 
be  possible  if  the  planes  were  replaced  by  smooth  fixed  rods  to  which 
the  extremities  of  the  beam  are  attached  by  rings.  The  Becond 
position  of  equilibrium  would  then  be  stable. 

The  impossibility  in  a  certain  case  of  any  position  of  equilibrium, 
except  one  of  continuous  contact  with  either  plane,  which  has  been 
signalized  in  Art.  104,  is  now  easily  explained.  It  occurs  when  the 
point  of  contact  of  the  horizontal  tangent  to  the  ellipse  locus  of  G  falls 
underneath  the  plane  (a)  or  the  plane  (/3),  so  that  it  is  not  a  possible 
position  of  G. 

The  problem  may  be  solved  by  a  purely  analytical  method.  If  z  is 
the  height  of  the  centre  of  gravity  of  the  beam,  it  will  be  easily  found 
that  in  the  position  of  equilibrium 
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2.  Two  given  points  of  a  body  rest  in  contact  with  two  smooth 
inclined  planes ;  show  that  the  equilibrium  of  the  body  iB  unstable. 

We  know  that  if  two  vertices  of  a  given  triangle  move  along  two 
fixed  right  lines,  the  locus  of  the  third  vertex  is  an  ellipse  whose 
centre  is  the  intersection  of  the  given  lines. 

Hence,  if  we  consider  a  given  triangle  in  the  body  to  be  formed  by 
the  centre  of  gravity  and  the  two  points  which  are  in  contact  with  the 
planes,  we  see  that  the  locus  of  the  centre  of  gravity  is  an  ellipse 
whose  centre  is  at  the  intersection  of  the  inclined  planes.  Now  in  the 
position  of  equilibrium  the  centre  of  gravity  is  the  point  of  contact 
of  a  horizontal  tangent  to  this  ellipse.  Hence  the  only  possible 
position  of  equilibrium  is  one  in  which  the  height  of  the  centre  of 
gravity  is  a  maximum ;  therefore  the  equilibrium  is  unstable ;  and  if, 
as  explained  in  the  last  Example,  the  point  of  contact  of  the  tangent 
falls  underneath  either  plane,  the  only  position  of  equilibrium  of  the 
body  is  one  of  continuous  contact  with  one  of  the  planes.  The  student 
will  find  several  particular  examples  of  this  problem  in  Walton's 
Mechanical  Problems  (pp.  164,  &c),  where  the  solutions  are  analytical. 

3.  A  heavy  body  has  two  plane  surfaces,  CP  and  CQ  (Fig.  257), 
which   rebt  against  two  smooth  fixed  pegs,  P  and  Q,  the  line  PQ 

making  an  angle  with  the  horizon ; 
show  that  the  positions  of  equilibrium 
are  determined  by  drawing  horizontal 
tangents  to  a  Limacon. 

The  centre  of  gravity  and  the  pegs 
must  lie  in  one  vertical  plane,  which 
is  that  of  the  figure.  Since  P  and  Q 
are  fixed  points  and  the  angle  at  C 
between  the  plane  faces  is  constant, 
the  circle  described  round  the  triangle 
PCQ  is  fixed  in  space.  Again,  let  O 
be  the  centre  of  gravity  of  the  body. 
Then  since  CG  and  CP  are  lines  fixed 
in  the  body,  the  angle  GOP  is  given; 
and  if  CG  meet  the  circle  in  0,  the  point  0  is  fixed  in  space ;  also 
the  distance  CG  is  given. 

Hence  in  all  positions  of  the  body — i.e.  in  all  positions  of  C  on  the 
circle — the  centre  of  gravity  is  found  by  drawing  the  line  OC  from 
0  to  the  circumference  of  the  circle,  and  taking  a  constant  length,  CG, 
on  this  line.  The  curve  deduced  in  this  way  from  a  circle  is  a 
Limacon,  which  is,  therefore,  the  locus  of  the  centre  of  gravity. 
A  particular  example  has  been  already  discussed  in  p.  149,  Vol.  I. 

4.  A  heavy  plane  body  of  any  shape  is  suspended  from  a  smooth 
peg,  fixed  in  a  vertical  wall,  by  means  of  a  string  of  given  length,  the 
extremities  of  which  are  attached  to  two  fixed  points  in  the  body. 
Determine  the  nature  of  the  equilibrium. 

This  problem,  so  far  as  the  positions  of  equilibrium  are  concerned, 
has  been  already  discussed  (Ex.  11,  p.  152,  Vol.  I).     We  propose  here 


Fig.  257. 
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to  show  thai  there  are  two  positions  of  stable  and  one  position  of 
unstable  equilibrium.  In  the  figure  of  the  Example  referred  to,  the 
point  of  contact  of  GPS  with  the  evolute  is  between  G  and  Ps ;  the 
point  of  contact  of  GP1  is  between  G  and  P1 ;  and  the  point  of  contact 
of  GPt  is  on  P2G  produced.  Now  it  is  easy  to  see  that  GPZ  is  a  line 
of  maximum  length  drawn  from  G  to  the  ellipse.  For,  let  Q  be  a 
point  on  the  ellipse  close  to  P8,  and  let  QG  be  the  normal  at  Q.  Then 
C  is  the  centre  of  curvature,  and  therefore  the  point  of  contact  of  GPS 
and  the  evolute.  Hence  CPS  ==  CQ, 
therefore  GPS  =  GC+CQ,  which  is 
>GQ,  therefore  GPZ  >  GQ,  and  GP9 
is,  therefore,  a  maximum. 

In  the  same  way  GP1  is  a  maxi- 
mum and  GP%  a  minimum  distance 
of  G  from  the  ellipse.  pj    a_g 

Hence,  in  the  positions  of  equi- 
librium, GP1  and  GPZ  are  maximum  distances  of  the  centre  of  gravity 
from  the  peg.  The  positions  in  which  these  lines  are  vertical  are, 
therefore,  positions  of  Btable  equilibrium.  And  since  GP%  is  a  mini- 
mum depth  of  G,  the  position  in  which  GP%  is  vertical  is  one  of 
unstable  equilibrium. 

5.  To  find  the  nature  of  the  equilibrium  of  the  beam  in  Example  7, 
p.  176,  Vol.  I. 

Take  any  position  of  the  beam  (in  which,  of  course,  the  lines  G  W9 
AH,  and  PS  (p.  148,  Vol.  I)  do  not  meet  in  a  point).  Then,  if  y  is  the 
ordinate  of  P,  the  point  of  contact  of  the  beam  and  the  curve,  referred 
to  a  fixed  horizontal  axis,  the  ordinate  of  G  will  be 

y  +  (GA-PA)co*0, 
or  y  +  acos0— xcotO. 

Denoting  this  by  y9  we  have 

dy       dy         .  x  *Adx 

Now  ^=cot0,      .-.      ^- cot  0^=0. 

dx  dO  dd 

dy 
Hence  sin90  j-=  =  —  asins0  +  x. 

Differentiating  this,  and  remembering  that  in  the  position  of  equi- 
ty 

librium  —  =  0,  we  have 
au 

dlv      dx  .  . 

sin90^  =  ^-3asin90cos0.  (1) 

Again,  since  cot  0  =  -^ ,  we  have 

.Ad0     d*y 
—  coseca0  -r-  =  -=~  • 
dx     dx1 

K  % 
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But  if  p  is  the  radius  of  curvature  of  the  curve  at  P, 

ay 

=  «  srsin'a-p-.* 


{«♦&? 


Therefore  -7-=     ?  ,.,  and  (1)  gives 
das     />sin0  N  '  ° 

sm^^|  =  f— 3asin0cos0 

=  p-3P0. 

Hence,  since  sin  0  is  necessarily  positive,  -^,  will  be  positive,  and  y 
therefore  a  minimum,  if  ■>  3P0 

The  equilibrium  will  therefore  be  stable  or  unstable  according  as 
p>  or  <3P0. 

To  arrive  at  this  result,  it  would  have  been  sufficient  to  demonstrate 
it  for  a  circle,  which  is  very  easily  done.  The  curve  in  the  neighbour- 
hood of  P  may  be  replaced  by  the  circle  of  curvature  at  this  point. 

6.  Prove  geometrically  that  the  equilibrium  of  the  beam  in 
Example  2,  p.  145,  Vol.  I,  is  stable. 

7.  Two  uniform  heavy  rods  freely  jointed  together  at  a  common 
extremity  rest  on  a  smooth  parabola  whose  axis  is  vertical  and  vertex 
upwards  ;  find  the  position  of  equilibrium. 

Ans.  Let  the  weights  of  the  rods  be  P  and  Q9  their  lengths  2  a 
and  26,  and  let  them  make  angles  0  and  <£,  respectively,  with  the 
vertical  in  the  position  of  equilibrium ;  then  these  angles  are  deter- 
mined from  the  equations 

Pasin80  +  (P  +  <))mcot<f>=  0, 

Qb  sin8<f>  +  (P+  Q)  mcot  0  =  0, 
4  m  being  the  latus  rectum  of  the  parabola. 

[Taking  the  tangent  at  the  vertex  as  axis  of  y,  the  abscissa  of  the 

point  of  intersection  of  two  tangents,  y  =  tx and  y  =  tfx—  -p-9 

is  — -7.    Hence 

(P  +  Q)x  =  Pa  cos  0+  Qbcos<t>+(P+Q)mcot0coB4>. 
Then  x  is  to  be  a  maximum  or  minimum.] 

8.  A  heavy  uniform  rod,  AB,  moveable  about  a  fixed  horizontal  axis 
at  A,  has  its  end  B  connected  with  a  string  which,  passing  over  a 
smooth  pulley  at  a  point  C  vertically  above  A,  sustains  a  given 
weight  which  rests  on  a  smooth  inclined  plane  passing  through  C. 
Find  the  positions  of  equilibrium,  and  the  nature  of  each. 

Ans.  Let  W  and  2a  be  the  weight  and  length  of  the  rod  ;  P  die 
weight  on  the  plane  whose  inclination  to  the  horizon  ist;  2  c  the 
distance  AC,  and  0  the  inclination  of  the  rod  to  the  vertical.     Then, 
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if  (c  —  a)  W<2Pcsini,  there  will  be  three  positions  of  equilibrium 
defined  by  the  equations 

0=O,cos0  =       ^    +2>wW% ,and0  =  *. 

The  first  and  last  positions  are  stable  and  the  intermediate  one  is 
unstable. 

If  (c—a)W>  2  Pc  sint,  there  is'  no  intermediate  position,  and  the 
first  and  last  positions  are  unstable  and  stable  respectively. 

9.  One  end  of  a  beam  rests  against  a  smooth  vertical  plane,  and  the 
other  on  a  smooth  curve  in  a  vertical  plane ;  find  the  nature  of  the 
curve  so  that  the  beam  may  rest  in  all  positions. 

Ans.  An  ellipse  whose  axis  major  is  the  horizontal  line  described 
by  the  centre  of  gravity  of  the  beam,  the  axis  minor  lying  in  the 
vertical  plane. 

10.  A  uniform  heavy  rod  rests  inside  a  smooth  fixed  sphere  whose 
diameter  is  equal  to  the  length  of  the  rod.  In  all  positions  of  the 
rod  its  centre  of  gravity  is  fixed ;  hence  the  rod  should  rest  in  all 
positions ;  but,  except  in  the  vertical  position,  it  is  impossible  that 
the  acting  forces  can  give  equilibrium.     Explain  this. 

(See  note,  p.  127.) 

11.  A  uniform  rod  rests  in  all  positions  with  its  extremities  on  two 
smooth  curves  in  a  vertical  plane;  given  the  equation  of  one,  find 
that  of  the  other. 

Ans.  Let  the  axis  of  y  be  vertical,  2  a  the  length  of  the  rod,  h 
the  constant  height  of  the  centre  of  the  rod,  and  x  =  <f>  (y)  the 
equation  of  one  curve ;  then  the  equation  of  the  other  will  be 

x  =  4>(2h-y)-2</a*-(h-y)*. 

12.  Find  the  general  equation  of  a  smooth  curve  (in  a  vertical 
plane)  on  which  if  the  ends  of  a  uniform  rod  are  placed,  the  rod  will 
rest  in  all  positions. 

Ans.  If  the  line  described  by  the  centre  of  gravity  is  axis  of  a;, 
the  equation  is  the  form  [0(ys)  +  ^]s  +  ^3  =a9,  where  2  a  =  length 
of  rod,  and  <£(y")  is  a  function  which  does  not  change  sign  with  y. 

13.  Investigate  the  equilibrium  of  the  sphere  and  cone  each  resting 
on  a  smooth  inclined  plane,  they  being  also  in  contact  with  each  other, 
as  in  Example  5,  p.  206,  Vol.  I. 

Their  positions  being  varied  in  any  way,  subject  to  the  condition 
of  contact,  it  is  easy  to  prove  that  the  locus  of  their  common  centre 
of  gravity  is  a  right  line.  If  this  line  is  not  horizontal,  it  is  impossible 
to  have  dy  =  0,  and  therefore,  in  general,  there  is  no  position  of  equi- 
librium in  which  each  body  is  in  contact  with  only  one  plane.  If 
the  line  is  horizontal,  all  positions  are  positions  of  equilibrium. 

Taking  horizontal  and  vertical  lines  through  0  as  axes  of  x  and  y, 
respectively,  and  taking  OA  (  =  £ )  as  the  single  variable  which  de- 
termines the  configuration  of  the  system,  we  find  that  (  W+  W)y  is  the 
sum  of  a  constant  and  the  term 
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[JTsma-F'^^cosfa+a'-yYIxf; 
L  coBy  /J 

so  that  y  will  be  constant  if  equation  (3),  in  the  example  referred  to, 

is  satisfied. 

14.  Of  all  curves  that  can  be  drawn  through  two  given  points, 

A  and  B,  and  having  the  same  length,  determine  that  one  whose 

revolution  round  the  line  AB  generates  a  surface  of  maximum  area. 

Ans.  A  Common  Catenary.     For,  imagine  AB  to  be  placed  in  a 

horizontal  position,  and  let  heavy  uniform  inextensible  strings,  all 

of  the  same  length,  coincide  with  various  curves  that  can  be  drawn 

through  A  and  B.    These  strings  will  one  and  all  abandon  their  given 

configurations  and  become  Catenaries.     And  since  the  equilibrium  of 

the  Catenary  is  stable,  negative  work  would  be  done  by  all  the  forces 

acting  on  its  particles  for  any  imagined  displacement  of  these  particles 

which  is  consistent  with  the  geometrical  conditions  of  the  figure. 

These  conditions  are  simply  that  the  two  ends  of  the  curve  are  fixed, 

and  that  there  is  perfect  flexibility  but  no  extensibility.     Hence  any 

change  of  figure  consistent  with  these  would  raise  the  centre  of  gravity 

of  the  string ;  and  therefore  the  centre  of  gravity  of  the  Catenary  is 

lower  than  the  centre  of  gravity  of  any  of  the  given  curves ;  and  since, 

by  the  Theorems  of  Pappus  (Vol.  I,  p.  301),  the  surface  generated  by 

revolution  is  equal  to  the  length  of  the  revolving  curve  multiplied 

by  the  circumference  of  the  circle  described  by  its  centre  of  gravity, 

the  surface  generated  by  the  Catenary  is  greatest. 

278.]  Expansion  of  the  Abscissa  and  Ordinate  of  a  Curve 

in  Powers  of  the  Arc.  Let  A  and 
B  (Fig.  259)  be  any  points  on  a 
curve,  and  let  Am  and  An  be  the 
tangent  and  normal  at  A.  Also  let 
\fr  be  the  angle  between  the  nor- 
Fig.  259.  mals  at  A  and  B,  and  let  Am(=  x) 

and  Bm(=y)  be  the  co-ordinates 
of  B  with  reference  to  the  tangent  and  normal  at  A  as  axes. 

Then,  by  Maclaurin's  Theorem,  we  have 

♦-*+•<&).♦£<&>.+- 

*  denoting  the  arc  AB,  and  ^0 ,  (-^  )  ,  ...,  the  values  of  ^  and 
its  differential  coefficients  at  A.  ° 

Now  fa  =s  0,  and  -3-  =  -  ,  where  0  is  the  radius  of  curvature. 
as       p 

HeDCe  4(1)  *(i) 

y~P+  1.2  dt      1.2.3   d*   +"-  W 
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the  suffix  being  omitted,  it  being  understood  that  p  is  the  radius 
of  curvature  at  A. 
Again,  we  have 

,<lxx  &     /d2X\ 


also 
But 


d&  ~~      pds'  ds2  ~~  p  ds' 


(Sl-—_(2).— •—(£).-*(3\--:. 

and  the  successive  differential  coefficients  are  calculated  with 
ease. 

"We  thus  obtain 


*3 


dp 


(2) 
(3) 


*      *       2p       6p*  ds       24(p3       p»W  +  p2ds2]*' 

279.]  Equilibrium  of  a  Heavy  Body  resting  on  a  Fixed 
Rough  Surface.  Let  AD  (Fig.  260)  be  a  fixed  rough  surface  on 
which  a  heavy  body,  AC,  rests,  under 
the  action  of  gravity,  at  a  single 
given  point  A ;  and  let  this  body 
receive  a  slight  displacement  of  roll- 
ing on  the  fixed  surface. 

We  propose  to  investigate  the 
nature  of  the  equilibrium.  The  figure 
represents  a  section  of  the  bodies 
made  by  the  vertical  plane  through 
their  common  normal,  AOy  in  which 
the  rolling  takes  place.  We  suppose 
the  normal  AO  to  be  vertical. 

Then,  since,  in  the  position  of 
equilibrium  the  body  AC  is  acted 
on  by  only  two  forces — namely,  its  own  weight  and  the  total 
resistance  of  the  fixed  surface — its  centre  of  gravity,  G,  must  be 
vertically  over  the  point  of  contact. 

Let  the  point  A  of  the  rolling  body  come  to  A\  and  G  to  G\ 
the  new  point  of  contact  being  B,  and  the  new  common  normal 
0(f.     Draw  the  vertical  line  BV%  meeting  A* Of  in  7. 
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Then,  if  A!  7  is  >A'Gf9  the  weight  of  the  body  acting  through 
G'  will  produce  a  rotation  round  B  which  will  send  the  body 
back  to  its  original  position  ;  while,  if  A' Via  <  A'G\  the  rota- 
tion produced  by  the  weight  will  be  in  the  opposite  direction, 
and  the  body  will  deviate  still  farther  from  its  original  position. 
For  stability,  therefore,        A'V>A'G\  (1) 

Let  p  and  p'  be  the  radii  of  curvature  of  the  curves  AD  and 
AC  at  A,  and  let  yjr  and  y/  be  the  angles  AOB  and  A'&B.  Then 
drawing  Bn  perpendicular  to  A'(X,  we  have 

AT  =  A'n  +  nV  =  A'n  +  Bn  cot  A'VB\ 
but  /LAtVB  =  ty  +  y ;  therefore  the  condition  for  stability  is 

A'n  +  Bn  cot  (^  +  >//)  >  A'G\ 
or,  denoting  A!Gf  (or  AG)  by  £, 

jB»  >  (h  -  ^'»)  tan  (>/r  +  if/).  (2) 

Now,  carrying  approximations  as  far  as  a3,  it  will  be  found 
from  equation  (1)  of  last  Article  that 


w*+*o=(H)+?(i+$ 


*' 


$  being  the  common  length  of  the  arcs  AB  and  A'B. 

Substituting  this,  and  the  values  of  Bn  and  A'n  from  last 
Article,  in  (2),  the  condition  for  stability  is 

d-      d- 
•    I      P-i.     p    .  o/1    .    l\"f        «S  •*        *\        /«v 


i*1 
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Neglecting  all  powers  of  s,  the  first  condition  for  stability  is 


Pp' 


k<^  (4) 

P  +  P  V 

If  h  >         , ,  the  equilibrium  will  be  unstable. 

A  special  case  occurs  when  h  = -.  >  and  this  is  commonly 

P  +  P 
called  the  r  neutral '  case,  or  the  equilibrium  is  said  to  be  neutral 
We  shall,  however,  call  this  the  critical  case. 

To  find  the  real  nature  of  the  equilibrium  in  this  case,  we 
revert  to  the  general  condition  (3),  and  neglect  all  powers  of  * 
beyond  the  first.     The  condition  for  stability  now  is 

di    d\ 

d*     "dT* 

Hence  when  h  = 7  >  the  equilibrium  will  be  stable  or  un- 

P  +  P  * 

stable  according  as       $\    ^}_ 

P       P 
- — V  -tt  is  negative  or  positive.  (5) 

The  bodies  are,  however,  frequently  in  contact  at  vertices,  or 
points  of  maximum  or  minimum  curvature,  and  then 

P        A       P 

are  both  zero.  Hence  the  condition  (5)  fcils  to  determine  the 
nature  of  equilibrium.  Reverting  to  the  condition  (3),  the 
terms  as  far  as  **  destroying  each  other  on  both  sides,  we  see 
that  equilibrium  will  be  stable  if 

or,  substituting  ;  for  A,  if 

P+P 

_J>         P  (p  +  p/)(P  +  2p/),  () 

<&  +  d/*K pY~7' 

and  in  the  contrary  case  the  equilibrium  will  be  unstable. 
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If  the  lower  surface  is  concave,  instead  of  convex,  to  the 
upper,  the  conditions  are  obtained  by  changing  the  sign  of  p. 
Thus,  the  equilibrium  will  be  stable  or  unstable,  according  as 

PP 
A<or  >-°—,9 

P-P 
and  in  the  critical  case,  the  equilibrium  will  be  stable  or  un- 
stable, according  as 

d\    dX- 
P P 

1?     d* 

is  negative  or  positive ;  and  in  case  of  contact  at  vertices,  the 

condition  (6)  is  to  be  similarly  modified. 

If  the  body  rest  on  a  plane  surface,  p  =  00,  and  the  differential 

coefficients  of  -  are  all  zero.     Hence  the  limiting  value  of  h  for 

P  m 

stability  is  p'\  but  if  h  =  p\  the  equilibrium  will  be  stable  or 

d  f 
unstable  according  as  ~-p  is  positive  or  negative ;    and  if  the 

point  of  contact  is  a  vertex,  equilibrium  will  be  stable  or  un- 
stable, according  as 

"1 

is  negative  or  positive*. 


*  Different  methods  of  arriving  at  the  conditions  for  stability  have  been 
published  in  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics  by 
Professor  Curtis  (vol.  ix.,  p.  41),  and  Mr.  Routh  (vol.  xi.,  p.  10a).  The  kinetical 
method  of  treatment  adopted  by  the  latter  is  very  eihaustive.  The  method  in  the 
text  was  employed  independently  by  Professor  Wolstenholme  and  the  author. 

It  may  be  well  to  caution  the  student  against  the  error  of  replacing  the  sections, 
AD  and  AC,  of  the  surfaces  in  contact  by  their  osculating  circles  at  A.  For,  if 
we  do  this,  the  condition  (5)  necessarily  disappears,  and  the  application  of  (6)  is 
not  allowable,  since,  to  the  third  power  of  the  arc,  the  value  of  A'n  is  not  the 
same  for  the  circle  of  curvature  as  for  the  curve  A  C,  as  at  once  appears  from  the 
expression  for  A'n  given  by  equation  (3)  of  last  Article.  The  nature  of  the 
equilibrium,  therefore,  as  determined  from  the  osculating  circles  is  erroneous. 
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Examples. 

1.  If  a  cone  of  the  same  substance  and  of  equal  base  with  a  hemi- 
sphere be  fixed  to  the  latter,  so  that  their  bases  coincide,  find  the 
greatest  height  of  the  cone  in  order  that  the  equilibrium  may  be 
stable,  when  the  hemisphere  rests  symmetrically  on  a  horizontal  plane. 
(Walton's  Mechanical  Problems,  p.  185.) 

Ans.  The  height  of  the  cone  must  be  <  r  </$,  r  being  the  radius 
of  the  hemisphere. 

2.  Prove  that  any  body  with  a  plane  base,  resting  on  a  fixed  rough 
spherical  surface,  will,  when  the  height  of  its  centre  of  gravity  has 
the  critical  value,  be  in  unstable  equilibrium. 

3.  A  heavy  body  whose  section  in  the  plane  of  displacement  is  a 
catenary,  resting  on  a  rough  horizontal  plane,  has  its  centre  of  gravity 
at  the  critical  height ;  prove  that  the  equilibrium  is  really  stable. 

A 

(The  condition  (6)  reduces  in  this  case  to  ttj  <  0  for  stability.) 

4.  A  heavy  body  in  the  shape  of  a  paraboloid  of  revolution,  placed 
on  a  rough  horizontal  plane,  has  its  centre  of  gravity  at  the  critical 
height ;  determine  this  height,  and  find  the  real  nature  of  the  equi- 
librium. 

Ans.  The  critical  height  =  the  radius  of  curvature  of  the  gene- 
rating parabola  at  the  vertex,  and  the  equilibrium  is  really  stable. 

5.  In  the  critical  case,  if  both  of  the  conditions  (5)  and  (6)  fail, 
prove  that  the  equilibrium  will  be  stable  or  unstable,  according  as 

is  negative  or  positive,  the  surfaces  being  convex  towards  each  other. 

6.  A  uniform  heavy  bar,  AB,  moveable  in  a  vertical  plane  round 
a  fixed  smooth  axis  passing  through  A  has  a  string  attached  to  the 
end  B ;  this  string  passes  over  a  fixed  pulley  C  vertically  over  A. 
Find  the  positions  of  equilibrium,  and  determine  whether  they  are 
stable  or  unstable. 

Ans.  Let  W  =  weight  of  bar,  2  a  its  length,  P  =  suspended 
weight,  AC  =  A,  0  =  /.GAB.  Then  the  positions  of  equilibrium  are 
given  by  the  equations 

0=0,     cos0  =  £  +  (j— ^)-,     and     $  =  tt. 

2  A  W 

The  first  will  be  stable  if  - — —  >  -^-.  and  then  the  second  (when  it 
h-2a      P  x 

exists)  will  necessarily  be  unstable  and  the  third  stable.    If  the  second 
does  not  exist,  the  third  will  be  opposite  in  nature  to  the  first. 
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[To  find  the  condition  for  stability  in  this  problem,  we  may  either 
take  any  position  of  the  bar  and  calculate  the  moment  of  force  tending 
to  turn  it  round  A,  or  find  the  positions  of  the  system  for  which  the 
common  centre  of  gravity  of  the  bar  and  weight  is  highest  or 
lowest.  Employing  the  first  method,  if  M  =  the  restoring  moment, 
and  <f>  =  LACB% 

M=PhBin<f>-Wa  sin  0.  (1) 

Also  h  sin  <f>  =  2  a  sin  (0  +  0).  (2) 

Now  M  =  0  in  a  position  of  equilibrium ;  and  if  -rj  is  positive,  a 

slight  increase  of  $  will  call  into  play  a  moment  tending  to  restore 
equilibrium. 

In  the  position  $  =  0,  we  have  from  (2) 

d<j>  _     2a 
d$  ~A-2a; 

and  from  (1)  ™=  Pk^-Wa. 

Therefore,  &c] 

7.  If  the  equilibrium  in  the  first  position  is  critical,  find  its  real 
nature. 

Am.  It  is  really  unstable. 

[In  the  position  0  =  0,  it  will  be  found  from  (2)  that  -7^?=  0, 
d*<j>_     2aft(ft  +  2a)       d*M  d*  M  __ 

dP"        (h-2af    ;       dP~    '     de*~      'J 

8.  Determine  whether  the  equilibrium  of  the  beam  in  example  12, 
p.  1 38,  Vol.  I,  is  stable  or  unstable. 

Ans.  Unstable.     [Either  by  taking  the  restoring  moment  about 
0,  or  by  the  maximum  or  minimum  value  of  the  static  energy. 

If  we  imagine  the  position  in  which  the  beam  lies  horizontal  as  the 
reference  position,  the  acting  forces,  W  and  P9  could  do  an  amount 
of  work  equal  to 

JFasinfl— P{a  +  b— (a  +  6)cos0} 

in  reaching  this  position  by  a  slipping  of  the  ends  of  the  beam  along 
the  planes.  This  is  therefore  the  value  of  II,  the  static  energy — in 
which,  if  we  please,  we  may  discard  the  constant  term  P{a  +  b). 
Therefore,  &c] 

9.  Four  bars,  AB,  BO,  CD,  DA  (p.  177,  Vol.  I),  forming  a  plane 
quadrilateral,  and  freely  jointed  at  the  vertices,  are  kept  in  equi- 
librium by  an  elastic  string  stretched  between  the  middle  points  of 
BC  and  DA,  and  an  elastic  strut  compressed  between  the  middle 
points  of  A B  and  CD,  the  string  and  the  strut  both  following  Hooke's 
Law.  Show  that  there  are  always  two,  and  there  may  be  four,  con- 
figurations of  equilibrium. 
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280.]  General  Properties  of  Static  Energy  [Potential  Work]. 
If  the  generalised  co-ordinates  which  determine  the  configuration 
of  the  system  are  g19  q2>'-'>  9k>  we  shall  have 

n=/(?i>?2>  •••?*)• 
If  the  configuration  is  one  of  equilibrium,  and  if  we  imagine 
any  small   displacements  of  the  system  for  which  qx  becomes 
q1  +  A1,  &c„  the  value  of  II  in  the  new  configuration  will  be 
B        1    <d*P  2fl    d*P   22  n  cPP     ,  2  )        .. 

where  I  is  the  value  of  II  in  the  equilibrium  position.     This 
follows  by  Taylor's  Theorem,   observing  that    Ql9    Q2> ...  »   or 

-T-,  -r-  ,...  all  vanish  since  the  configuration  (ft,  y2, ...?t)  is 

one  of  equilibrium. 

It  will  be  convenient  to  denote  the  coefficients  of  Ax2,  A229 ... 
inside  the  bracket  above  by  the  notation  (1, 1),  (2,  2),  ... ,  and 
those  of  A1Ai,  h2hZ9...  by  2(1,2),  2(2,3),...,  while  denoting 
the  whole  function  inside  the  brackets  by  25;  so  that  in  the 
new  configuration  we  have 

n  =  p+fl,  (2) 

where 

25r=(l,l)*12+(2,2)V  +  (3,3)V  +  -. 

+  2(1,2)^  +  2(1,3)^8  +  -  +  2  (2,3)^3+...,  (3) 
a  homogeneous  quadratic  function  of  the  increments  of  the 
generalised  co-ordinates. 

Since  in  a  configuration  of  stable  equilibrium  the  Static 
Energy  of  the  system  is  a  minimum,  it  follows  that  in  the 
neighbourhood  of  such  a  configuration  H  is  positive,  whatever  may 
be  the  values  of  the  displacements  A19  A2. 

In  any  other  possible  displacement  of  the  system  let  £/,  h2'y... 
be  the  small  increments  of  q19  q2,.*.;  then,  if  Qr  is  the  work 
coefficient  corresponding  to  hT  in  the  first  displacement,  and  Qr' 
the  work  coefficient  corresponding  to  A/  in  the  second,  it  is 
obvious  that 

lh,-  dhr'  K) 

and    2QrAr'=2Qr%.  (5) 

Again,  if  we  take  a  displacement  in  which  the  increments  of 

qlt  j2, ...  are  A1  +  ^1',  Aa  +  A2'...  the  work  coefficients  in  this 
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displacement — which  is  a  superposition  of  the  two  former  dis- 
placements—are the  sums,  d  +  Q/,  Q2+Q2  9*"  °^  th08©  he- 
longing  to  the  two  constituent  displacements. 

This  is  ohvious  since 

Ql  =  (l,l)h1+(\,2)k2+...+{l,k)hk, 

Q1'=(l,l)hl'  +  (l,2)h2'+...  +  (l,k)hk', 

the  work   coefficients   being   (for  small  displacements   from   a 

position  of  equilibrium)  linear  functions  of  the  displacements, 

with  constant  coefficients. 

Similarly  hi— h{,  &c.,  will  give  rise  to  Q1—  <2/,  &c. 

Also  #fc±fc'=  Hh  +  Hh.±ZQrhr\  (6) 

where  Hk  +  ht  denotes  the  increment  of  the  Static  Energy  of  the 
system  when  the  two  displacements  (Al9  h2t ...)  and  (A/,  A/,...) 
are  superposed  by  addition  or  by  subtraction,  Hh  and  11^  being 
the  increments  of  Static  Energy  corresponding  to  them  separately. 
This  is  at  once  obvious  since  to  get  Hk  +  h*  we  write  h\  ±  h{, . . . 
for  A, , ...  in  (3) ;  and  (6)  is  merely  the  expression  of  the  result  by 
Taylors  Theorem. 

The  properties  just  given  are  mere  analytical  properties  of 
a  homogeneous  quadratic  function.  We  now  proceed  to  prove 
a  general  physical  property  which  belongs  to  any  configuration 
of  stable  equilibrium. 

281.]  General  Property  of  Stable  Configurations.  If  any 
material  system  is,  under  the  influence  of  external  forces  and  Us 
own  internal  forces,  in  a  configuration  of  stable  equilibrium,  and 
if  a  new  set  of  external  forces  be  applied,  each  acting  with  a  given 
magnitude  and  line  of  action,  so  that  the  system  assumes  a  new 
configuration  of  equilibrium  slightly  differing  from  the  former  one, 
the  newly  applied  forces  will,  when  the  new  configuration  is  reached, 
have  done  more  work  if,  when  they  were  about  to  be  applied,  no 
degree  of  freedom  was  taken  away  from  the  system  than  they  would 
have  done  if  its  freedom  was  in  any  way  reduced;  and,  moreover, 
the  Potential  Work  of  the  original  forces  of  the  system  is  greater 
in  the  former  than  in  the  latter  case. 

Let  the  system  have  originally  k  degrees  of  freedom,  so  that 
its  configuration  is  determined  by  the  generalised  co-ordinates 
?i>  &>•••»  ?*•  ^et  tne  newly  applied  external  forces  have  for 
components  (Xl9  YX,Z^,  &c,  acting  at  given  points  (xl9yl9  zx), 
&c.  in  the  system ;  and  let  h^,  h2,...hk  be  the  increments  of  the 
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co-ordinates  produced  by  the  new  forces  at  any  instant  during 
the  passage  of  the  system  from  its  original  (stable)  to  its  new 
configuration  of  equilibrium. 

Then  in  all  cases — i.e.  whether  the  j*s  remain  perfectly  in- 
dependent or  not  during  the  application  of  the  new  forces — if 
(xi*yi9  zi)  are  *ke  co-ordinates  of  the  point  of  application  of  the 
force  (Xx ,  Yx ,  Zx)  at  any  instant  during  the  passage  to  the  new 
configuration  of  equilibrium,  we  have 

*i  =  *i(*i.*ai— )» Ji  =  ^i(*i,  K> •••)>  *i  =  Xi(*i,  *2>— ); 
where  the  forms  of  the  functions  <plt  \fflt  \i  &ro  given. 

Any  interference  with  the  freedom  of  the  system  does  not 
alter  the  forms  of  these  functions;  it  merely  causes  the  A*8  to  be 
no  longer  all  independent 

Moreover,  since  the  A's  are  all  very  small  quantities,  <f>ly ... 
are  linear  functions,  so  that 

&\  =  <*!  +  €L\^i  +  a2^2  +  •  •  •  i 
in  which  the  coefficients  are  all  given  constants  depending  on 
the  geometry  of  the  given  system  in  its  original  (stable)  con- 
figuration. 

Now  in  any  configuration  intermediate  to  the  original  and 
the  new  one  of  equilibrium  the  work  done  by  the  newly  applied 
forces  in  a  further  small  displacement  is 

Xx  dxx  +  Tidyx  +  Zxdzx  + . . . ; 
or    A1dA1  +  A2dA2+...+AidAkt  (1) 

where  Alf  A2,...  are  all  given  constants. 

At  the  same  time,  the  element  of  work  done  by  the  forces 
of  the  given  system  is  —  dU9  i.  e. 

-[(l,l)Al  +  (l,2)A2+...]dA1 

-[(li2)Al  +  (2,2)A2+...]dA2~...;    (2) 

and  since  the  configuration  of  equilibrium  is  defined  by  the 
vanishing  of  the  total  work  done  in  any  elementary  displace- 
ment (Art.  268),  the  new  configuration  is  defined  by  equating 
to  zero  the  sum  of  (1)  and  (2). 

Forming  this  sum,  we  should,  if  the  A'a  were  all  independent, 
equate  to  zero  separately  the  coefficients  of  dAly  dA29...;  but 
if  new  hampering  conditions  are  introduced,  we  cannot  do  this. 

Suppose  that,  just  as  the  newly  applied  external  forces  are 
about  to  act,  a  single  hampering  condition  is  introduced.      This 
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(since  the  A's  are  all  very  small)  will  be  expressed  by  an  equation 

of  the  form  v   ,      v    ,  %    , 

A1i1  +  X2*2  +  ...+A4ijfc=  0,  (3) 

where  A2,  A2, ...  are  all  assigned. 

Following  then  the  method  of  Lagrange  (Art.  269),  we  take 
the  differential  of  (3),  multiply  the  result  by  an  undetermined 
multipler,  0,  add  it  to  the  sum  of  (1)  and  (2),  and  then,  treating 
dAl9  dA2i,..  as  independent,  equate  to  zero  their  separate  coeffi- 
cients.    Thus  we  have 

(l,l)41  +  (lf2)i2+...  +  (l,4)i4=^1  +  flAlf  (ax) 

(lf2)*1  +  (2,2)^  +  ...+(2l*)4i  =  ^  +  «Alf  (a2) 


(l,*)Jl  +  (2f*)A2+...  +  (M)*»    =  4*+***,  (ak) 

M1  +  M2+  —  +\hhh         =  0.  (I) 

From  these  k+1  equations  we  eliminate   the  h   quantities 
Alt...Aki  and  obtain  the  value  of  0. 
Now  let  A  denote  the  determinant 

(1,1),  (1,2),...  (1,*) 
(1,2),  (2,2),...  (2,  *) 


(1,*),   (2,  *),...(*,*) 
let  its  minors  be  denoted  by  [1, 1],  [1, 2], ...  [2,  2], ...,  and  let 

+  2[1,2]J1^2+2[1)3]^145+...,  (4) 
while  2<f>K  denotes  the  function  at  the  right-hand  side  when 
Aj,  A2, .,.  are  substituted  for  Alt  A2, .... 

Then,  solving  the  first  k  equations  for  ^,  l.it  ,..At,we  have 


d<f>A        d<f>k 


dA 


+  $1Z' 


(*i) 
&) 


and  substituting  these  values  in  (/),  we  have 


0=- 


(5) 


Now  the  increase,  Hf  of  the  Static  Energy  of  the  system 


28l.]     GENERAL  PROPERTY  OF  STABLE  CONFIGURATIONS.     145 

being  given  by  the  expression  (3)  of  last  Article,  this  quantity 
is  obtained  by  multiplying  (ax)t  (a2), ...  by  i^  h2i ...  and  adding ; 
so  that  in  virtue  of  (I),  we  have 

2H=  A1A1  +  A2k2+...+AkAii         •  (6) 

which  shows  that  in  reaching  the  new  configuration  of  equi- 
librium, the  work  done  by  the  newly  applied  forces  is  double 
the  gain  of  Potential  Work  of  the  forces  of  the  system. 

[Note — This  is  not  a  contradiction  of  the  Principle  of  Work  and 
Energy  in  Kinetics;  for  in  this  statical  problem  we  suppose  the 
system  to  be,  by  any  proper  means,  gradually  guided  to  its  new 
configuration,  during  the  action  of  the  newly  applied  forces.  If 
this  is  not  done,  the  system  would  rush  through  the  new  con- 
figuration.] 

Substituting  in  (6)  the  values  just  found  for  0,  Ai9  Ag, ... ,  we 
2A.JT=  2^  +  0. 2A  -jg> 

°r,  by  (5),  A. H=  <j>A-- *±L.  (*) 

It  is  to  be  noted  that  if  the  A's  are  all  zero,  i.e.  if  no 
hampering  condition  is  introduced,  the  second   term  on  the 

right-hand  side  of  this  equation  assumes  the  form  -  •     But  re- 
verting to  equations  (tf^, ...,we  are  no  longer  in  this  case  to 
make  use  of  (I),  and  the  values  of  Al9  A2, ...  are  those  given  by 
(bj), ...  when  the  terms  in  0  are  rejected. 
And  in  this  case  we  have  simply 

Now  (Williamson's  Differential  Calculus,  Note  2)  the  de- 
terminant A  is  positive,  since  in  the  configuration  of  stable 
equilibrium  II  is  an  absolute  minimum.  Also,  by  last  Article, 
for  any  displacements  whatever,  IT  is  positive ;  therefore  <Pa  is 
positive ;  and  this  is  true  whatever  be  the  values  of  A19  A29 ... ; 
so  that  <£A  is  also  positive ;  therefore  the  right-hand  side  of  (c) 

//  k 
is  a  maximum  when  ^^-jr  =  0,  i.e.  when 

VOL.  II.  L 
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But  if  the  X's  satisfy  this  equation,  the  value  of  6  is  zero,  and 
the  values  of  the  displacements,  A1} ...  obtained  from  the  equa- 
tions (bx)y ...  are  what  they  would  be  if  no  restriction  were  im- 
posed ;  so  that  an  equation  of  the  form  (3)  in  which  the  X's  are 
any  system  satisfying  (e)  is  not  a  restricting  equation  at  all,  but 
one  which  is  satisfied  by  the  unrestricted  displacements  of  the 
system. 

Consequently  the  imposition  of  any  relation  of  the  form  (3) 
in  which  the  multipliers  X,, ...  are  not  consistent  with  the  un- 
restricted displacements  of  the  system  involves  a  diminution  of 
the  Potential  Work  of  its  forces  in  the  new  configuration  of 
equilibrium. 


Example. 

As  a  simple  illustration  of  this  theorem,  take  the  case  of  a  rod, 
AB,  lying  in  a  smooth  horizontal  plane,  its  extremities,  A  and  2?, 
being  each  attached  to  an  elastic  string  in  a  state  of  tension,  these 
strings,  OA  and  &B,  being  attached  to  two  fixed  points,  0  and  (/, 
in  the  horizontal  plane,  and  their  lengths  being  equaL 

The  position  of  stable  equilibrium  is  that  in  which  the  points 
0,  A,  B,  (/  are  (in  this  order  of  succession)  in  one  right  line.  The 
rod  being  in  this  position,  suppose  -that  at  a  given  point,  M,  on  it 
a  small  force  P  is  applied  perpendicularly  to  AB,  so  that  the  rod  is 
displaced. 

Now  any  position  of  the  rod  may  be  defined  by  three  co-ordinates, 
viz.  those  determining  the  position  of  the  end  A  and  the  angle  0, 
through  which  the  rod  has  turned.  Taking  A  as  origin,  and  AB  as 
axis  of  x,  and  supposing  A'Bf  to  be  any  displaced  position  of  the  rod, 
let  the  co-ordinates  of  A?  be  (x,  y).  Thus  the  generalised  co-ordinates 
are  x,  y,  0. 

Let  OA  =  C/B  =  c ;  AB  =  2<z ;  b  =  natural  length  of  each  string. 
Then  we  easily  find  OA'  =  c+x+  |-,  and 

£t  C 

Vff  =  c-*+  y'  +  2"(2a  +  c)0'  +  4a0y 
2c 

Again,  the  tension  of  an  elastic  string,  given  by  Hooke's  Law,  being 
fx(l—b)f  if  it  is  stretched  from  a  length  c  to  a  length  I  the  potential 
work  of  its  tension  is  ifx(Z— c)(l+c—  26).  Hence  the  sum  of  the 
potential  works  of  the  tensions  of  OA'  and  0/B/  is 

ft^{c-^*4+y,  +  a(2afc)^  +  2a^yJ.  (7) 
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This,  then,  is  27,  the  gain  of  potential  work  of  the  forces  of  the  system 
due  to  displacement.     Hence  (1,  1)  =  2/x,  && 

We  have  now  to  determine  Alt  At9  and  Az  from  the  expression 

A^x+Aidy+AidB  (8) 

for  the  elementary  work  of  the  disturbing  force. 

If  AM  =  p,  the  ordinate  of  the  point  M  in  the  displaced  position 
is  y+pO,  and  the  elementary  work  of  P  is 

P(di/+pd6)9 

showing  that  Ax  =  0,  A%  =  P,  A,  =  Pp.  (9) 

Assuming  any  restricting  condition, 

X1aJ  +  Xay  +  X3^  =  0,  (10) 

the  equations  (t^).,.,  which  are 

dff  v  dff  n     .      x  dS  _  x       A  tm  m\ 

giye  for  the  displacements 

2/**  =  A16  (12) 

2frf(y+a0)  =  P+A,£,  (13) 

c-6 


2m— r  («y+«-  2«  + c^)  =  ^i>+xs6  04) 


c 


in  which  we  have  used  £  as  the  undetermined  multiplier  instead  of 
the  0  of  equations  (oj)... . 

If  no  hampering  condition  is  introduced,  we  have 

aj  =  0-     tf-  P     C    (1      *""%     tf-P       C(j>-a)      x 
'     y~2fic-ov        a+c''  2iia(a+e){e-h) 

which  obviously  verify  in  the  simple  case  in  which  p  =  a,  or  the  rod 
is  pulled  at  its  middle  point. 

Of  course  these  values  can  be  at  once  obtained  by  the  elements 
of  Statics. 

The  potential  work  of  the  tensions  in  the  new  position  of  equi- 
librium is  lP(y+pO),Le. 

4MCT)L  1+^+7)]'  (15) 

which,  of  course,  is  also  given  by  (d),  since 


A  = 


2M,     0       ,     0 

0  ,     2/xr  ,     2/xra 

0  ,     2ftra,     2ftra(2a+c) 


c— -6 

in  which,  for  shortness,  we  have  used  r  for • 

c 

L« 


150  THE   PRINCIPLE   OP  VIRTUAL  WORK.  [28 1. 

Multiplying  these  by  £/,  A/, ...  and  adding,  the  terms  in 
$9  fl',...  disappear  in  virtue  of  the  restricting  equations  (3),  (16), 

JIT 

&c.    Henee  putting  ^r  f°r  ^i>  to.,  we  have 

»<£•*)-*<»•*>•       <"> 

But  by  last  Article  the  right-hand  side  =  2  (—rn  ■  J  )  ;   hence 

S-gV*)-*  (25) 

Now  (24)  can  be  written 

»*-*(£•*) 

...      «(ff-^.2.J?(i-*)' 

=  »**-*  (26) 

by  last  Article ;  that  is,  the  Potential  Work  lost  by  restriction 
is  that  obtained  by  substituting  the  differences  hx—h{,  A2—&2'... 
of  the  displacements  in  the  general  value  of  H  given  in  (3) 
of  last  Article. 
This  result  may  also  be  obtained  by  showing  that  the  term 

P*~  in  equation  (<?),  p.  145,  which  is  the  loss  of  work,  results 


A 


$  dfa 


from  substituting  the  differences,  -  -~-i ...  of  the  displacements 

A  »A.j 

in  the  general  value  of  H.    We  thus  get  a  number  of  algebraic 
identities. 

A  particular  case  of  the  application  of  this  result  is  (see 
Watson  and  Burbury's  Generalised  Co-ordinate*,  p.  52)  that  if 
the  stiflhess  in  any  part  or  parts  of  a  material  system  is  dimin- 
ished, the  geometrical  connections  remaining  unchanged,  the 
Potential  Work  of  its  forces,  internal  and  external,  due  to  a 
change  of  configuration  produced  by  given  disturbing  forces 
will  be  increased. 
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282.]  Equations  of  Condition  of  Continuous  Systems.  If 
the  system  of  particles  whose  equilibrium  is  under  consideration 
is  continuous — as,  for  instance,  an  inextensible  string,  an  inex- 
tensible  membrane,  or  a  rigid  solid — the  equations  of  condition 
will  express  the  invariability  of  an  infinitesimal  element,  such 
as  the  distance  between  two  indefinitely  close  points. 

Take,  for  example,  the  case  of  an  inextensible  string  of  which 
PQ  (Fig.  261)  is  an  elementary  length,  equal  to  <fo.  The  equa- 
tions Lx  =  0,  L2  =  0, ...  which  ex- 
press the  invariable  connections  of 
the  particles  of  the  system,  will  be 
d*x  =  constant,  d*2  =  constant,  ..., 
where  ds19  tf*2, ...  are  the  distances 
between  successive  points  on  the 
curve;  and  the  typical  term  \bL 
which  enters  into  the  equation  of 
Virtual  Work  will  be  the  typical  term  Xbds. 

Let  us  enquire  more  particularly  into  the  meaning  of  the  ex- 
pression Ids,  If  we  contemplate  any  small  displacement  what- 
ever of  the  string,  such  that  the  element  PQ  comes  into  the 
position  P'Q7,  the  new  length  PQ'  being  either  greater  or  less 
than  PQy  the  meaning  of  the  expression  bds  is  P'Q?—PQ ;  and 
the  condition  that  no  change  of  length  of  the  element  takes 
place  in  the  displacement  is 

bds  =  0. 

Now  (a?,  y9  z)  being  the  co-ordinates  of  P,  we  imagine  these  to 
receive,  respectively,  increments  bx,  by,  bz\  i.e.  the  co-ordinates 
of  Pf  are  (x+bx,y  +  by,  z  +  bz);  while  those  of  Q  are 
(a?  +  <&,  y  +  dy,  z  +  dz). 

The  co-ordinates,  therefore,  of  Q/  (to  which  Q  is  imagined  to 
be  displaced)  are  represented  by 

x  +  dx  +  b(x  +  dx);  y  +  dy  +  b(y  +  dy);  z  +  dz  +  b(z  +  dz). 

The  excesses  of  the  co-ordinates  of  Q7  over  those  of  P'  are 
therefore        dx  +  b(dx);  dy  +  b(dy);  dz  +  b(dz); 
and  the  length  of  P'Q'  being  PQ  +  b(ds),  ord*  +  bd*9we  have 
(d*  +  bdsf  =  (bx  +  bdx)2  +  (dy  +  bdyy*  +  (dz  +  bdz)2; 

„  ,        fdxbdx     dybdy      d  bdz\  ,  ,  N 

neglecting  infinitesimals  of  the  fourth  order,  such  as  (bds)2,  See. 
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But  the  increments  d  and  b  being  completely  independent 
and  essentially  distinguished  as  above  explained,  it  is  easy  to 
see  that  the  order  in  which  the  double  operation  db\s  performed 
on  any  function  is  indifferent ;  i.e.  d(bF)  is  precisely  the  same 
as  b(dF),  where  V  is  any  Amotion.  In  fact  an  inspection  of 
the  figure  (Fig.  261)  at  once  shows  that  b(dx)  =  d(bx)y  the  line 
Ox  being  the  axis  of  x.  For,  let  the  abscissae  of  P  and  Q  be 
Or  and  On,  those  of  P  and  Q'  being  0/  and  On\  measured 
along  Ox. 

Then  if  a?  is  the  co-ordinate  of  P,  dx  =  rn,  and  bx  =  r/. 

Also  b{dx)  =  value  of  dx  in  the  new  position— value  of  dx  in 
old  position  =  /»'— m\  and  d(b x)  =  value  of  bx  for  Q  — value 
of  bx  for  P  =  «»'— r/.    But  obviously 

fV— r»  =  »»'— r/; 
therefore  8(<fo)  =  tf  (8  a?). 

In  virtue,  then,  of  this  commutative  property  of  rf  and  ft,  (a) 
may  be  written 

„  7        ,tfa?  d&a?      dy  dby      dz  dbz\  ,  .^x 

283.]  Variation  of  any  Function.  Particular  Cases.  Since 
a  variation  of  any  function  of  the  co-ordinates  of  a  point  consists 
in  making  infinitesimal  increments  to  the  several  co-ordinates, 
it  is  clear  that  all  the  resulting  changes  are  subject  to  the 
ordinary  rules  of  the  Differential  Calculus.  To  fix  ideas  by 
means  of  an  elementary  example,  suppose  that  we  have  a  series 
of  points  lying  on  a  circle  whose  equation  is 

a*+y*-a2  =  0. 
If  now  we  imagine  each  point  (a?,  y)  on  the  circle  displaced  to 
an  infinitely  near  position  which  is  defined  by  adding  to  the 

abscissa  a  quantity  equal  to  c  .y  sin  -r,  and  to  the  ordinate  a 

•  •    y 

quantity  «  .  a?  sm  - ,  where  €  is  an  infinitely  small  quantity,  we 

shall  obtain  a  new  curve  differing  infinitely  little  in  position 
and  shape  from  the  original.  In  this  particular  case  the  in- 
crements which  we  have  denoted  \>j  bx  and  by  are  given  by 

the  equations  bx  =  c  .y rin^  by  =  c.a?sin-;  and  so  in  general, 

whatever  be  the  laws  according  to  which  the  variations  are 
made. 
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It  is  obvious,  then,  that  if  u  and  v  are  any  two  functions  of 
the  co-ordinates  of  a  point, 

.«      vbu—ubv 
0-  = § • 

V  IT 

So,  again,  if  Via  any  function  of  a?,  we  have 

br^-r-bx. 

dx      ' 

any  arbitrary  change,  bx>  being  made  in  x ;  and  in  passing  to 
an  adjacent  point  on  a  given  curve  or  surface, 

d*V  dV 

Also  in  an  integration  along  a  curve  or  surface,  since  this 
integration  consists  merely  in  a  summation  with  respect  to  all 
the  points  on  the  curve  or  surface,  we  have 

b/Vdx^fbiJdx). 

If,  in  particular,  an  integration,  fVd%,  is  performed  along  a 
curve,  and  all  the  points  of  the  curve  receive  displacements 
such  that  the  distance,  d$,  between  two  consecutive  points 
remains  unaltered,  we  shall  have 

b/Fds=/(br).ds; 

and  the  same  equation  holds,  in  like  case,  if  the  integration  is 
performed  over  a  surface  or  throughout  a  solid  if  for  ds  we  put 
the  element  of  superficial  area  or  the  element  of  volume. 
In  this  case  also 

dx  __dbx  %       d2x  _d2bx  t     xd*x  _dnbx 

fo~~ds~;      rf*2~"S**~;      df~~dFm 


Example. 

Every  element  of  mass  of  a  solid  is  multiplied  by  the  product  of 
two  of  its  co-ordinates,  xy,  and  the  sum  of  all  such  products  ("  pro- 
duct of  inertia ")  taken.  If  the  body  receives  a  small  displacement 
of  rotation  round  the  axis  of  2,  find  the  variation  of  this  sum. 

Let  dm  be  the  element  of  mass  at  the  point  2,  y,  z ;  then  the 
sum  =  fxydm.  Now  bfxydm  =zfb(xy)  .  dm  =  f(xby+ybx)dm. 
But  if  the  angle  of  rotation  is  bO,  we  have  8o?  =  —  ybO,  by  =  xb0. 
Hence  the  variation  of  the  sum  is 

Wx/^-y^cfo*. 
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To  determine  the  variation  of  tie  angle  between  two  consecutive 
tangents  to  any  curve. 

Let  the  tangents  be  at  points,  P,  Q,  separated  by  an  arc  of 
length  ds,  and  let  d$  be  the  angle  between  them.     Then 

d6  =  d-±,  (1) 

P 

where  p  is  the  radius  of  absolute  curvature  of  the  curve.     Now 

bdO  is  what  we  have  to  find ;  and  we  shall  suppose  for  generality 

that  in  the  displacements  of  P  and  Q  the  length  ds  is  altered. 

We  have  then 

ldd  =  ±hds-\dshp.  (2) 

P  Pa  w 

But  l  -  (^'O'  +  W  +  fr*2*)2 .  (3) 

1  %        d2xd*lx  +  d*yd*by  +  d*zd*bz 

ds5  ' 

1.  ,d*xd*hx     d*yd*hy     d*zdHz^      2dls      /v 

•••  "7aP=pw"^  +  ^"^+^^"p^r#  (y) 

Hence 

,,a        ,d*iBd*b<o     d*yd*by     d%zdHz^3      1..        „. 


<dt*   dt*  ^  d*  dt*  ^  ds*  d»*  ;"~    p 

_r      iJxdbx      Idydly      \dzdlz 
~  L     p  ds  ds        pds  ds       pds  ds 


Idxdbx      Idydby      \dzdhz 
Is        pds  ds       pds  ds 
,    <*2*rfa&*       d*yd*iy      d*zd*hz-.j 

+pd?-d^+pd^-dr+pds^-d?-^     (e) 

lb  ^/fofJ  ££tf  variation  of  tie  angle  between  two  consecutive  oscu- 
lating planes  of  any  tortuous  curve. 

[A.  tortuous  curve,  called  also  a  '  curve  of  double  curvature,' 
is  one  whose  osculating  plane  varies  from  point  to  point.] 

If  /,  m,  n  are  the  direction-cosines  of  the  binormal,  i.  e.  the 

perpendicular  to  the  osculating  plane,  at  any  point  of  the  curve, 

we  have 

/_     (dyd*z     dzd*y\        __  _ 

9\dsl#~dsJ#y>  m ;  *  =  '"' 

and  if  d<f>  is  the  angle  between  two  consecutive  osculating  planes, 


283.]  VARIATION  OP  ANT  FUNCTION.  155 

since  the  tangent  line  to  the  curve  is  perpendicular  to  two  oon- 

dx      ftodn—ndtti 

secutive  binormals,  we  have  -=-  = 5 •     Hence 

ds  d<p 

jM         *,dzx        d*y        dzZ\    , 
and  we  shall  find  that 

_  d*6z      .  dHx     „  d3ly     _  d*lz,    ,  ... 

where  Alt  &c,  are  certain  functions  of  the  differential  coefficients 

dx    - 

jPbr  a«y  arbitrary  displacement  of  a  surface^  z  =  <j>  (#,  y),  fo  ,/fow? 

£A«  variations  of  tie  partial  differential  coefficients  -r-  a«^  —  • 

The  arbitrary  changes  mx}yt  z  which  we  have  hitherto  denoted 
by  hxy  by,  bz  we  shall  now  find  it  convenient  to  denote  by 
«,  v,  tof  respectively. 

Let  P  be  any  point  (x,  y%  z)  on  a  given  surface — which  sur- 
face we  may,  to  fix  ideas,  imagine  to  be  a  thin  sheet  of  india- 
rubber — whose  points  may  receive,  or  be  imagined  to  receive, 
any  small  displacements  whatever.  If  these  displacements  are 
completely  unhampered,  any  small  element  of  area  described 
round  P  on  the  undisplaced  surface  will  be  found  on  the  dis- 
placed surface  in  a  distorted  form,  and  with  its  area  altered 
in  magnitude. 

Suppose  that  Q  is  any  point  on  the  undisplaced  surface  in- 
definitely close  to  P,  the  co-ordinates  of  Q  being  (#  +  £,  y  +  17, 
z  +  ().  Then  since  z  is  determined  when  x  and  y  are  given 
(which  would  not  be  the  case  if  instead  of  a  surface  we  had  a 
solid  to  deal  with),  the  displacements  u,  v>  to  will  each  be  some 
assigned  function  of  x  and  y>  i.  e. 

*=M*>y)'>  *=/2fo,y);  *=/»(*>*)•  (*) 

Let  i"  and  Q'  be  the  displaced  positions  of  P  and  Q ;  and 

observe  that  -=-  means  the  increment  of  z  divided  by  that  of  a, 
dx 

as  we  pass  from  a  point  P  to  a  close  point,  -B,  such  that  P 
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and  B  have  the  same  y.     Imagine,  then,  Q  to  be  so  chosen 
that  Q'  and  P'  have  the  same  yy  so  that  the  new 

dz  _zof  ff—  zof  F 

dx~  a?  of  Q'—  x  of  P 

Now  the  x  of  Qf  is  a?  +  «  +  f+/1(«  +  ^,  y  +  q),  according  to 
the  law  expressed  by  equations  (r;) ;  and  this  is 

^     j.du       du 

Similarly  the  z  of  Q'  is 

M    j.dw       dw 

*+„,+?+£_+„_; 

and  since  the  ^  of  Q'  =  the  ^  of  P',  we  have 

Denoting,  as  is  usual,  j-byjp  and  -y-  by  q,  and  the  values  of 
these  at  P'  by  jo  +  Ajo  and  q  +  A  j,  we  have 

.  rfw       dw     ^ 


Now  since  on  the  undisplaced  surface  dz=jpdx  +  qdy,  we 
have  (=J>£+qrj.  Substitute  this  value  in  (t),  and  then  for 
£ :  rj  put  the  value  given  by  (0),  and  we  have,  by  neglecting  such 

infinitesimals  of  the  second  order  as  the  products  -r-  j- ,  &c., 

z.      dv\     dw       dv 

A     *(1+g)+g-«s 


A/»: 

~~  dx 

du 

dv 

A?: 

dw 
~Ty' 

du 
-*Ty~ 

dv 

Similarly,  a?  =  ^-^^-?£-  (X) 
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Examples. 

1.  Find  the  conditions  to  be  satisfied  by  the  displacements  of  all 
points  on  a  perfectly  inextensible  surface. 

The  length  of  the  line  PQ  must  be  unaltered  whatever  point  Q 
may  be.     Now  from  the  preceding  we  have 

*'«-[<i*£>f+£tf+£.Wi+$>tf 

+[<*+£>*+<«+£>..]'. 

Hence  the  conditions  for  perfect  inextensibility  are 
du    .     dw      ^      do        dw      ^ 

du    do        dw        ^_n 
dy    dx         dy        dx"~ 

2.  From  these  conditions  find  equations  for  the  separate  components 
of  displacement. 

An*.  The  value  of  w  is  to  be  obtained  from  the  partial  differential 
equation  d%w     ^  dSo        #w 

da?  dxdy        dy*       ' 

where  r  =  ^     *  =  ^,   #=&=^. 

dx*  dy9  dy       dx 

In  the  case  of  a  plane  surface,  z  =  ax  +  by  +  c,  we  find 

w  +  <MG  =  my+w;     v  +  bw  =  —  mx  +  n\ 

where  m,  n,  nf  are  arbitrary  constants. 

284.]  Equilibrium  of  an  Inextensible  String.  We  now 
apply  the  method  of  Lagrange  to  determine  the  equations  of 
equilibrium  of  an  inextensible  string  acted  on  by  any  system 
of  forces.  Let,  as  previously,  m  denote  the  mass  per  unit  length 
at  any  point  of  the  string,  and  X,  J,  Z  the  components  of  the 
external  force,  per  unit  mass,  at  the  point. 

Now  the  equations,  Lx  =  0,  L2  =  0,  ...  of  condition  are  in 
this  case  dsx  =  const.,  ds2  =  const., . . .  and  the  general  equation 
of  equilibrium  of  Art.  260  becomes 

««1(X18a?1+  T1by1  +  Z1bz1)ds1  +  m2(X2bx2  +  Y2by2  +  Z2bz2)ds2  + ... 
+  A15<fc1  +  X26'rf*2+...  =0,  (1) 

the  string  being  supposed  to  have  assumed  its  position  of  equi- 
librium ;  for  it  is  when  the  equilibrium  position  is  assumed  that 
the  forces  satisfy  the  above  equation  of  Virtual  Work. 
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Now  the  particles  being  infinitely  numerous,  we  may  write 
the  above  equation  simply 

fm(Xbx+Tby  +  Zbz)ds+/\bd*=z  0.  (2) 

Reducing  all  the  variations  to  variations  of  x,  y9  z,  or,  in  other 
words,  substituting  here  the  value  of  bds  given  in  equation  (0) 
of  Art.  282,  we  have 

f[m(Xbx+Tby  +  Zbz)ds+\(^dbx+^dby+(^dbz)]  =  0.  (3) 

by  integration  by  parts,  the  term  (k-r-bx)   being  the  value  of 

dx  .    .  .  .       .* 

k  jT-  bx  at  one  of  the  limits  of  integration,  Le.  at  one  extremity 

of  the  string;  and  (A.-j-8#)    being   its  value  at  the  other 
extremity.  ° 

Performing  similar  integrations  for  the  other  terms,  (3) 
becomes 

.    ,dx  %       dy  %       dz  ^   \      .    /dx  _       dy  %       dz .    \ 

Now,  as  in  the  equation  of  Art.  269  we  equated  to  zero  the 
coefficients  of  bx1%  byx,  bz1%  ,..,  so  here  we  have  to  put  the 
coefficients  of  bx>  by,  and  bz  equal  to  zero  for  each  particle  of  the 
string ;  that  is,  we  put  the  coefficients  of  these  quantities  under 
the  sign  of  integration  equal  to  zero.  Hence  we  have  at  all 
points  ,       , 


(A) 


which  equations  are  precisely  the  same  as  those  of  Art  184; 
and  it  appears  either  by  comparison  of  both  sets  of  equations. 
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or  by  the  end  of  Art.  269,  that  X  in  these  equations  is  minus 
the  tension  of  the  string. 

The  conditions  of  equilibrium,  then,  as  expressed  in  (4), 
consist  of  two  parts — namely,  terms  which  relate  to  the  ex- 
tremities of  the  string  (which  are  the  terms  outside  the  sign 
of  integration),  and  terms  which  relate  to  every  intermediate 
point  in  the  string  (which  give  the  general  equations  of  equi- 
librium above). 

Equating  to  zero  the  terms  outside  the  integral  sign,  we  have 

Now,  if  the  extremities  of  the  string  are  fixed,  they  will  be 

fixed  in  the  displaced  string,  and  every  term  of  (5)  vanishes 

since 

bx1  =5  byt  =  8^  =  bx0  =  by0  =  bz0  =  0. 

But  if  each  end  is  perfectly  free,  since  bxx,  byti ...  are  quite 

arbitrary  and  independent,  we  must  have 

X2  =  0  and  X0  =  0, 

i.e.  each  terminal  tension  must  be  zero. 

If  the  extremity  (x1  yx  zx)  is  constrained  to  lie  on  a  fixed 

surface,  whose  equation  is  u  =  0,  we  have  the  displacements  of 

this  extremity  connected  by  the  equations 

(£),««.+ (!),*.+ (£)»«.=«. 

which  give  by  the  method  of  undetermined  multipliers 

Tx\      \Jy\      \Tz\ 

the  geometrical  meaning  of  which  is  that  the  direction  of  the 
string  at  this  extremity  is  normal  to  the  surface  of  constraint. 

If  the  extremity  is  constrained  to  a  curve  whose  equations  are 
u  =  0,  v  =  0,  we  find  in  the  same  way  that  at  this  extremity 
the  direction  of  the  string  must  be  at  right  angles  to  the  curve. 

The  method  which  we  have  just  employed  is  the  second 
method  of  Art.  182,  and  expresses  that  the  variation  of  the  whole 


160  THE   PRINCIPLE   OP   VIRTUAL   WORK.  [385. 

potential  work  of  the  external  force*  is  zero,  consistently  with  the 
geometrical  condition  that  the  distance  between  every  two  indefinitely 
close  points  in  the  siring  remains  absolutely  unchanged  in  the  dis~ 
placed  position. 

285.]  Equilibrium  of  an  Extensible  String.  In  this  case 
there  are  no  geometrical  conditions  to  be  satisfied  in  the  dis- 
placement (or  deformation)  of  the  string.  Then  the  equation 
of  equilibrium  will  simply  express  the  condition  that  in  the 
position  of  equilibrium  the  variation  of  the  whole  potential  work 
of  applied  and  internal  forces  is  zero. 

Now  if  we  consider  any  elementary  mass,  mdsy  whose  length 
is  ds,  and  whose  internal  force  (the  tension)  is  T,  the  work  done 
by  this  force  for  a  variation  bds  of  the  elementary  length  is 
(see  Art.  70)  -Thds. 

Adding  together  the  similar  terms  for  all  the  elementary 
masses,  the  variation  of  the  potential  work  of  the  applied  and 
internal  forces  is 

fm(Xhx+  Tby  +  Zbz)ds-/nds9 

which  differs  from  (2)  only  in  having  —  T  instead  of  A.  Hence 
the  whole  discussion  is  exactly  the  same  as  before,  and  the 
results  are  those  arrived  at  in  Chap.  XII. 

There  is,  however,  this  distinction  between  the  case  of  the 
elastic  and  that  of  the  inelastic  string — that  in  the  second  case 
the  value  of  m,  the  density,  is  known  at  each  point,  since  it 
can  alter  only  in  virtue  of  extension,  and  it  is  therefore  the 
same  after  the  position  of  equilibrium  is  assumed  as  it  was 
before ;  while  in  the  first  case  the  value  of  m  at  each  point  is, 
not  at  once  known,  since  in  taking  the  position  of  equilibrium 
{to  which  our  equation  of  Virtual  Work  always  refers)  extension 
has  taken  place  at  each  point.  In  this  case  m  at  each  point 
depends  on  T  according  to  some  law  which  can  be  known  only 
by  experiment — e.g.  Hooke's  Law, 

nrQ 

*  = y> 

as  in  Art.  196,  A 

The  equations  of  the  extensible  and  of  the  inextensible  system 
are  therefore  the  same  only  in  fortn,  since  the  above  constitutes 
a  vital  distinction  between  them. 


286.]  PROPERTY   OP   MINIMUM.  161 

286.]  Property  of  Minimum.      If  a   uniform  inextensible 

string,  in  equilibrium  under  the  action  of  a  given  conservative 

system  of  forces,  Joins  two  fared  points,  A  and  B,  the  variation  cf 
the  integral                               fTds 

will  be  zero  when  we  pass  from  the  curve  cf  the  string  to  any  in- 
definitely close  curve  which  passes  through  A  and  £. 
Let  us  calculate  the  variation  of  this  integral. 
bfTds=f(bT.ds  +  Tbds) 

Now,  from  (6)  of  Art.  184,  taking  k<r,  or  m,  as  unity, 

IT  =  -  5P  =  -  (Xbx+  Tby  +  Zbz). 
Hence  by  integration  by  parts  (as  in  Art.  284),  we  have 

+[*+5(*a)M* 

Now  the  right-hand  side  of  this  equation  is  zero,  since,  the 
extreme  points  of  the  curve  being  fixed,  the  coefficients  of  T0 
and  Tx  both  vanish,  and  the  coefficients  of  bx,  by,  bz  under  the 
sign  of  integration  vanish  by  the  general  equations  of  Art.  284, 
the  mass  of  a  unit  length  of  the  string  being  here  taken  as 
unity.     Hence  the  proposition. 

This  theorem  leads  to  a  remarkable  property  of  the  common 
catenary.  Of  all  curves,  cf  the  same  length  joining  two  given  points 
in  a  vertical  plane,  the  common  catenary  is  that  whose  centre  cf 
gravity  is  lowest.  For  if  y  be  the  depth  of  the  centre  of  gravity 
of  this  curve,  whose  length  is  L,  we  have 

fTds 
But  (Art.   186)  T=mgy;  therefore  j?  =  - — y)   therefore,  by 

the  theorem  of  this  Article,  we  have 

by  =  0. 

That  I1  is  in  this  case  a  minimum  in  the  true  sense  of  the 
word  does  not,  of  course,  appear  from  this ;  the  proof  that  it  is 

vol.  n.  M 


162  THE    PRINCIPLE   OP   VIRTUAL  WORK.  [287, 

so  depends  on  the  criterion  for  maxima  and  minima  famished  by 
the  Calculus  of  Variations,  for  which  see  Jellett's  Calculus  of 
Variations,  p.  80.     It  is  there  proved,  that  when  the  variation  of 

any  integral  of  the  form  /       Udx  vanishes  (the  limits  being 

.    ° 
fixed)  the  value  will  be,  in  general,  an  algebraic  maximum  or 

d*U 
minimum  according  as  -=— ^  is  continually  —  or  continually  + 

Pn  dny 

between  the  limits  of  integration,  -~n  being  denoted  by  pn,  and 

U  being  any  function  of  x,  y,  p^ ,  p2, . . .  pn .  In  the  present  case 
U=yds  =zy</l+p*dx,  a  change  of  the  independent  variable 
from  s  to  x  being  necessary  since  it  is  the  limits  of  x  that  are 
assigned.     The  application  of  the  criterion  is  then  obvious. 

287.]  Observations  on  the  Method  of  Lagrange.  The  appli- 
cation of  the  method  of  Lagrange  is  attended  by  a  risk  of  error, 
which  must  be  guarded  against.  In  applying  the  equation  of 
Virtual  Work  to  any  continuous  material  system— e.  g.  a  string, 
a  membrane,  a  fluid — we  imagine  every  point  to  receive  a  small 
displacement  from  the  position  which  it  occupies  in  the  equi- 
librium configuration  of  the  system.  These  displacements  we 
have  expressed  by  increments  (bx,  by,  bz),  or  (»,  v,  w)  of  the 
eo-ordinates  of  the  point ;  and,  according  to  the  nature  of  the 
system,  there  will  be  various  relations  between  the  u,  v,  w  belong- 
ing to  each  point.  Thus  in  the  case  of  an  absolutely  inextensible 
string,  these  quantities  have  to  satisfy  at  each  point  the  equation 
w-iv       *        dxdu     dydv      dzdw 

In  an  absolutely  free  and  unconnected  system  of  particles,  they 
have  to  satisfy  no  condition  whatever. 

Suppose  that  in  any  case  they  have  to  satisfy  the  condition  of 
rendering  a  certain  element — e.  g.  a  length,  an  area,  a  volume — 
invariable.     Suppose  that  this  element  is  a  function 

4>(dx,dy,dz,d*x,.„), 
which  we  may  briefly  denote  by  <f>.  Then  Lagrange  s  method 
consists  in  reducing  the  problem  to  a  case  in  which  we  may  treat 
u,  v,  w  at  each  point  in  the  system  as  absolutely  independent,  so  that 
(as  in  Art.  284,  for  example)  we  may  equate  their  coefficients 
separately  to  zero.  This  is  done  by  taking  the  variation,  ty,  of 
the  function  which  is  to  remain  unaltered  in  the  imagined  dis- 
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placement,  multiplying  it  by  an  undetermined  multiplier,  A,  and 
then  adding  it  under  the  edgn  of  integration  to  the  variation  of 
the  Potential  Work  of  the  system ;  so  that  our  equation,  in  which 
u,  v,  to  (or  80,  by,  b z)  are  all  independent,  is 

— /8II ,  dm+f\l<t>  -dm  =  0.  (A) 

Now  let  the  case  be  different.  Suppose  that  the  condition 
$  =  constant  has  not  to  be  satisfied  in  the  displaced  configuration, 
but  that  the  alteration  of  <f>  is  accompanied  by  internal  forces  (or 
stresses)  in  the  system.  In  this  case  Lagrange  makes  no  change 
in  his  mode  of  procedure.  True,  we  have  no  longer  the  equation 
&f>  =  0,  but  Lagrange,  recognising  the  fact  that  we  have  in- 
ternal work,  or  work  done  by  the  stresses,  due  to  the  displacement 
which  alters  <f>,  assumes  that  the  amount  of  this  internal  work  is 
fully  represented  by  a  term  of  the  form 

\b<py 

bo  that  our  equation  of  virtual  work  is  still  of  the  form  (A). 

It  is  this  last  assumption  which  is  so  liable  to  mislead,  and 
which  is,  in  more  instances  than  one,  a  cause  of  error  in  La- 
grange's own  investigations.  As  a  marked  instance  in  which 
Lagrange  has  fallen  into  an  error  of  this  kind,  we  may  cite  his 
discussion  of  the  equilibrium  of  a  perfectly  flexible  surface,  which 
may  be  (1)  perfectly  inextensible,  or  (2)  extensible,  like  a  sheet 
of  indiarubber  (see  the  Micanique  Analytique,  p.  140). 

Taking  case  (1),  if  dS  is  the  area  of  the  superficial  element  at 
any  point  P  of  the  surface,  Lagrange  assumes  that  the  only 
equation  which  «,  v,  w  have  to  satisfy  is  bdS  =  0 ;  in  other 
words,  that  perfect  inextensibility  is  fully  provided  for  if  every 
element  of  area  remains  unaltered  in  the  (imagined)  displaced 
configuration.  But  it  is  clear  that  perfect  inextensibility  requires 
that  there  shall  be  no  alteration  in  the  length  of  any  line  on  the 
surface  connecting  P  with  a  neighbouring  point;  and  this 
characteristic  is,  therefore,  expressed  by  three  equations  between 
u,  v,  10  instead  of  one — as  in  Example  1,  p.  157. 

Again,  when  the  condition  of  inextensibility  is  removed,  and 
the  surface  is  extensible,  Lagrange  assumes  that  the  internal 
work  of  deformation  of  the  element  dS  is  fully  represented  by 
\bdSy  i.  e.  that  the  work  of  deformation  is  simply  proportional 
to  the  change  in  the  area  deformed — an  assumption  which  is 
true  for  membranes  of  few  known  materials. 

M  % 
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On  the  other  hand,  the  similar  treatment  of  a  string,  whether 
inextensible  or  extensible,  is  perfectly  valid,  because  hds  =  0  is 
a  perfect  expression  of  inextensibility ;  and  when  the  string  is 
elastic,  the  internal  work  of  deformation  is  perfectly  expressed 
by  a  term  of  the  form  kids. 

288.]  Elastic  Wire.  As  another  example  of  the  method  of 
Lagrange,  let  us  take  the  case  of  a  thin  wire,  or  rod,  in  the  form 
of  any  tortuous  curve,  acted  upon  continuously  throughout  its 
length  by  a  distribution  of  force  (but  not  of  couple),  and  also  by 
special  forces  at  its  two  extremities,  the  wire  when  unstrained 
forming  any  given  curve. 

Supposing  the  configuration  of  equilibrium  assumed,  write 
down  the  equation  of  Virtual  Work  for  any  imagined  small 
derangement  of  the  various  points  of  the  wire.  It  is  to  be 
observed  that,  as  we  are  not  treating  the  case  of  a  rigid  wire, 
we  have  not  the  conditions  bds  ='0,  bd$  =  0,  which,  of  course, 
would  hold  for  the  rigid  wire,  and  partially  express  the  condition 
of  rigidity. 

Now  if  T  is  the  longitudinal  tension  at  any  point,  the  incre- 
ment bds  of.  the  length  of  the  element  ds  is  resisted  by  an  amount 
of  work  equal  to  Tbds. 

Again,  the  alteration  of  curvature  produced  by  the  derangement 
of  parts  and  depending  on  the  term  bdd  will  be  resisted  by  an 
internal  couple  Z,  and  the  alteration  will  be  made  against  an 
amount  of  work  equal  to  Lbd 0. 

Finally,  the  distortion  of  the  curve  denoted  by  bd<f>  will  be 
resisted  by  an  internal  couple  if,  and  will  require  an  amount  of 
work  equal  to  Mbd<p. 

This  last  distortion  (bd<f>)  is  overlooked  by  Lagrange,  whose 
investigation  of  the  problem  is  in  consequence  erroneous — as 
pointed  out  by  Bertrand  (Bertrand's  edition  of  the  MScanique 
AnaZytique,  pp.  143,  148,  401). 

Let  the  special  force  applied  at  one  extremity,  A,  have  com- 
ponents (Xl9  Tly  £,),  and  that  applied  at  the  other,  0, 
(XQ,  J*0,  Z0),  the  co-ordinates  of  these  extremities  being  (fli^Si), 

0*0^0  *<>)• 

The  equation  of  Virtual  Work,  then,  is 

+/[m(Xbx+Tby+Zbz)ds-Tbd*-Lbd0-Mbd4>~\  =  0.  (1) 
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To  obtain   the  three  general  differential  equations   which 

determine  the  curve— and  which  answer  to  equations  (A)  of  Art. 

284 — it  would  be  necessary  to  substitute  in  this  equation  the 

values  of  bds,  bd$9  bd<f>  given  in  (0),  Art.  282,  and  in  (e)  and  (() 

,  .     dbx    d2bx    d*bx 

Art.  283,  and  to  integrate  the  terms  in  -r->  ~~7*->     , «  » 

&c.,  as  in  Art.  284 ;  finally,  equating  to  zero  the  separate  co- 
efficients of  5#,  by,  bz  under  the  integral  sign. 

The  equations  thus  obtained  are  of  great  complexity,  and 
would  not  repay  any  labour  bestowed  upon  them.  Moreover,  as 
we  shall  see,  the  general  problem  can  be  more  simply  treated 
otherwise  by  a  method  which  is  free  from  false  assumptions. 

We  shall  here  confine  our  illustration  of  the  method  of  La- 
grange to  the  simple  case*  in  which  the  wire  forms  a  plane  curve, 
in  whose  plane  are  the  forces  and  the  displacements ;  so  that  we 
may  neglect  the  terms  in  M—  while  not  assuming  that  M  is  zero. 
If  we  simply  put  M  =  0,  while  assuming  the  curve  to  be 
tortuous,  as  Lagrange  does,  its  constitution  would  be  like  that 
of  a  continuous  chain  of  smooth  beads  strung  freely  on  a  string. 

Under  this  condition,  equation  (1)  becomes  simply 
J1«ar1+  rity1+X0&a?0+  T0by0 

+/[>(X8a?+  Tby)ds-Tbds-Lbd$]  =  0.      (2) 

Substituting  the  values  oibds  and  bdO>  the  integral  term  becomes 

/>    V*        fm    Z\  dwdbx        Td2ad2ba        -,  . 

writing  down,  for  simplicity,  only  the  terms  relating  to  x. 

Integrating  the  second  term  once  by  parts,  and  the  third  twice, 
this  becomes 

•     i     x        .  r   Td%mdhtT^        -    .,     x 

+  similar  term  my—  p£-rjy-  I  +  similar  term  way 

+  similar  term  in  y  \ds  =  0,  (4) 

*  The  following  discussion,  be  it  observed,  is  given  merely  m  an  exercise  in  the 
Principle  of  Virtual  Work.  The  equations  obtained  can  be.  arrived  at  with  much 
greater  rapidity  by  direct  elementary  methods. 


166  THE   PBINOIPLE   Ofl  VIRTUAL  WORK* 

the  suffixes  in  the  terms  outside  the  integral  sign  having  refer- 
ence to  the  extremities  of  the  wire. 

As  the  variations  hm  and  by  may  now  be  considered  indepen- 
dent at  all  points  of  the  carve,  we  have  at  all  points 

which  determine  the  form  of  the  curve. 

Assuming,  for  definiteness,  the  figure  of  the  curve  to  be  concave 
towards  the  axis  of  a?,  if  0  is  the  acute  angle  made  with  this  axis 
by  the  tangent  at  any  point,  we  have 

dd        1       da  dy       .    .     d%m      sin0         , 

-=-  = — >      -j-  =  cos0,      ■/  sa  sin0,     -r-s-  = »  and  so  on. 

d*         p       d*  d*  df         p 

Hence  (5)  and  (6)  become 

£.  (T-±)a9-£(Lm*e)+mZ-0  ;  (7) 

^•(f-.^)Binfl+^(2;costf)+«r=0.  (8) 

Performing  the  differentiations,  multiplying  the  first  by  cos  0, 
the  second  by  sin0,  adding,  and  putting  S  =  m  (X  cos  0+  JTsin  0) 
=  tangential  component  of  applied  force,  we  have 

.£♦$♦'-*  « 

Again,  multiplying  the  second  by  cos0,  the  first  by  sin0, 
subtracting,  and  putting  JKF=s  m  (Zcos0  — Zsin0)  =  normal  com- 
ponent of  applied  force,  we  have 

-pr-.+jr-o.  (io) 

These  two  equations  can  be  arrived  at  much  more  rapidly  by 
the  direct  elementary  process.     Integrating  (7)  and  (8),  we  have 

(T--)<MO~(Lsm$)=a-/mXd*  =  P;  (11) 

(T-~)faO  +  ^(Lc<xe)  =  b-/mTds  =  Q;  (12) 

a  and  b  being  constants  which  we  shall  presently  determine. 
Equations  (11)  and  (12)  are  easily  integrable  once  more.    For, 
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multiplying  the  first  by  sin0,  the  second  by  cos0,  and  sub- 
tracting, gjj 

^=-Psin0+Qcos0;  (13j 

.'.     l=-/Pdy+/Qdx  +  i,  (14) 

where  h  is  a  constant. 

It  is  usual  to  assume  that  the  value  of  L  at  any  point  is  pro- 
portional to  the  change  of  curvature  at  the  point ;  so  that  if  r  is 
the  radius  of  curvature  at  the  point  before  strain,  we  have 

L  =  A(l-l),  (15) 

where  A  is  a  constant  depending  on  the  rigidity  of  the  wire. 
Hence  we  have  for  the  determination  of  the  form  of  the  curve 
the  equation  t       * 

A  \~p  -  V  =  -/**+/«*  +  *■  (16) 

Equating  to  zero,  in  (4),  the  terms  outside  the  integral  sign, 
we  have,  so  far  as  one  extremity,  A,  of  the  rod  is  concerned, 

[Z1-(r~)co8^^(isin^)]8*-i;8intf~ 

+  [ri-(y~-)sin^+^(i;cos0)]«y  +  icos0^==O,     (17) 

omitting  the  suffix  1  (for  convenience)  which  may  be  understood 
to  be  attached  to  every  letter.  The  terms  relating  to  the  other 
extremity,  0,  equated  to  zero,  give  a  precisely  similar  equation, 
with  —  XQ,  —Y0  written  instead  of  Xlf  Y1. 

Now  we  may  have  any  of  the  following  circumstances  relating 
to  the  end — 

(a)  the  end  may  be  perfectly  free  ; 

(b)  the  end  may  be  fixed,  but  not  the  tangent  at  it ; 

(c)  the  end  may  be  tangentially  fixed. 

fLm 

If  (a)  happens,  the  variations  8a?,  8-r-,  ...   are  all  perfectly 

arbitrary,  so  that  their  coefficients  must  be  severally  zero. 

If  (b)  happens,  bx  =  0  and  by  =  0,  therefore  the  first  and 
third  terms  in  (17)  disappear  without  famishing  any  equations ; 

but  8  -T-  and  8^  are  quite  arbitrary,  since  the  direction  of  the 

tangent  may  be  varied  at  pleasure.  Hence  the  coefficients  of 
these  terms  must  be  equated  to  zero. 
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If  (<?)  happens,  there  is  no  arbitrary  displacement,  and  each 
term  in  (17)  disappears  without  furnishing  any  equation. 

In  addition  to  these  cases,  we  might,  of  course,  have  that  in 
which  the  end  (by  means  of  a  small  ring)  is  constrained  to  move 
along  a  given  line,  y  =  px  +  q,  so  that  we  should  have  by  =  pbx, 
with  the  result  that  the  coefficient  of  by  is  to  be  equated  to 
p  times  that  of  bx  in  (17). 

The  following  results  are  at  once  obvious. 

If  the  end  is  perfectly  free,  the  change  of  curvature  at  it  is 
zero,  and  the  tension  is  equal  to  the  component  of  the  applied 
force  along  the  tangent;   for  we  have  pL  =  0,  or,  by  (15), 

1  —  —  =  0 ;  and  then  equating  to  zero  the  coefficients  of  bx  and 

Po 
by  in  (17),  multiplying  the  first  by  cos  0  and  the  second  by  sin  0 

and  adding,  we  get  T  =  X  cos0+  T sin  0. 

If  the  end  is  fixed,  but  not  tangentially,  the  change  of  curva- 
ture is  zero.  These  results  are,  of  course,  at  once  perfectly 
obvious  from  elementary  considerations. 

The  constants  of  integration  in  (11),  (12),  (14),  are  to  be 
determined  by  the  circumstances  of  the  extremities.  Thus,  if 
both  ends  are  free,  and  we  suppose  the  integrations  to  commence 
at  the  extremity,  0,  we  have,  by  substituting  the  co-ordinates  of 
this  extremity  in  (11)  and  (12), 

— J0=«;     —  ro=i. 
Also  substituting  those  of  the  other  extremity, 

x^-Xt-l/mXd*]1;      r1=-r0-[/«r^, 

results  which  are  at  once  obvious  from  the  most  elementary 
principles. 

Substituting  these  in  (14),  and  observing  that  L  =  0  at  the 
end,  we  have  k  =  0. 

Again,  if  the  end  0  is  tangentially  fixed,  substituting  the 
co-ordinates  of  the  other  end  in  (11)  and  (12),  we  have,  with  the 
aid  of  (17),  a  =  Xx-\-fmXds ;  b  =  Ti +/*»!&,  the  co-ordinates 
of  A  being  understood  to  be  those  in  the  general  integrals  in 
these  expressions.    Also  since  L  =  0  at  A,  we  have  from  (14) 

k  =  /Pdy-/Qdw, 
in  which  the  co-ordinates  are  those  of  A. 

If  both  ends  are  tangentially  fixed,  we  derive  no  assistance 
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from  the  terms  outside  the  integral  sign,  and  the  course  to  be 
pursued  for  the  determination  of  the  constants  will  be  at  once 
rendered  clear  to  the  student  if  he  considers  the  simpler  problem 
of  an  inextensible  string  acted  upon  by  gravity,  its  two  ex- 
tremities being  fixed  at  any  two  given  points.  The  process  of 
the  determination  of  constants  is  this — the  forms  of  X  and  Fas 
functions  of  the  co-ordinates  being  assumed  as  given,  imagine 
the  equation  (16)  to  be  completely  integrated,  taking  x  as  the 
independent  variable. 

It  is  a  differential  equation  of  the  second  order,  since  />  involves 

-j-C;    and  its   integration  will  introduce  two  more  constants, 

m  and  n  ;  so  that  we  should  finally  have  an  integral  of  the  form 

4>{x,y,a,b,k,m,n)  =  0. 

If,  for  simplicity,  we  take  the  end  0  for  origin  and  the 
tangent  at  it  for  axis  of  a?,  while  the  tangent  at  A  makes  a  given 
angle  a  with  this  axis,  we  have  the  following  equations — 

<p  (0, 0,  a,  i,  i,  m,  n)  =  0, 
<K*W  M»*>  ***)=  0, 

(£)„="• 


and,  in  addition,  the  length  of  the  curve  is  given,  so  that 
.      *        dx  =  I  s=  length  of  curve. 

Hence  we  have  five  equations  to  determine  the  five  constants. 

289.]  Flexible  Inextensible  Surface.  As  another  illustra- 
tion of  the  method  of  Lagrange,  we  shall  now  consider  the 
equilibrium  of  a  perfectly  flexible  and  perfectly  inextensible 
surface. 

The  equations  which  have  to  be  satisfied  by  the  component 
displacements,  u,  v,  w,  at  every  point,  when  there  is  perfect 
inextensibility  and  no  other  condition,  are  given  in  p.  157. 

Let  the  components  of  externally  applied  force  per  unit  area 
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at  any  point  of  the  surface  be  J,  7,  Z.  Then  if  €  denotes 
Vl  +i?2  +  y2,  the  elementary  area  dS  at  any  point  of  the  surface 
is  edzdy,  and  we  shall  have 

ff*(Xu+  Tv+Zw)dxdy  =  0,  (1) 

subject  to  the  relations  referred  to  between  u,  v,  to — viz. 
du         dw  dv        dw  v 

du      dv        dw        dw  [  *  ' 

^+^+^+^  =  °-     ) 

Multiplying  the  left-hand  sides  of  these  equations  by  the 
undetermined  multipliers  A,  /x,  p9  respectively,  and  adding  the 
results  under  the  signs  of  integration  in  (1),  we  have 

CCv  xr       .     tt  *         x  /du       dw\        ,dv       dw\ 

JfiX.u  +  tY.v  +  eZ.v+X^+p^+^  +  g-;-) 

t     ,du      dv  t     dw  t     rf*\-i,    ,        _  ,  . 

in  which,  after  the  method  of  Lagrange,  we  may  now  treat 
w,  v,  w  as  completely  independent. 

Now  take  the  term  fhj-dxdy,  and  first  perform  the  inte- 
gration with  respect  to  0,  considering  y  constant. 

Thus  fkftte  =  x"^-M-["^**>  (3) 

in  which  the  term  A'V  relates  to  the  point  which  has  one 
extreme  value  of  x  as  abscissa  (with  the  supposed  constant 
value  of  y),  and  k'u'  to  the  point  which  has  the  other  extreme 
value  of  x  as  abscissa.  These  points,  occurring  at  the  end  and 
the  beginning,  respectively,  of  the  integration  with  respect  to  x 
(y  being  constant)  are  points  on  the  bounding  edge  of  the 
•rarface — points  in  which  it  is  cut  by  the  plane  y  =  constant. 

Hence     ffx^dxdy^n^u'^Xfu^dy^ffu^dxdy,  (4) 

in  which  the  single  integration  is  one  relating  only  to  the  edge, 
and  the  double  is  one  carried  over  the  whole  surface. 

Now,  instead  of  the  single  integral  we  may  evidently  write 
fkudy ;  for  this  last,  when  carried  continuously  round  the  edge, 
will  include  both  the  terms  \"u"dy  and  —k'u'dy,  which  belong 
to  points  having  the  same  y  and  different  extreme  values  of  0. 
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Treating  the  other  double  integrals  in  the  same  way,  we  have 
as  the  equivalent  of  (1) 

f[(pdx  +  \dy)  (u  +jno)  +  (fidx  +  pdy)  (v  +  qw)] 

♦jfjTK«*-£ -$•♦(•'-£ -$• 

Equating  to  zero  the  coefficients  of  «,  v,  w  under  the  double 
integral,  the  general  equations  of  equilibrium  are 

=  ♦£-*  o 

$+£-*  m 

\r  +  iMt  +  2*p  =  €(Z-pX-qT),  (8) 

in  which,  as  usual, 

dx  dy  dy      da 

Now  it  will  be  observed  that  these  three  equations  serve 
merely  to  determine  X,  p,  p,  and  furnish  us  with  no  equation  for 
the  determination  of  the  form  of  the  surface. 

If  the  bounding  edge  is  fixed  at  all  points,  0,  v,  and  w  under 
the  sign  of  single  integration  in  (5)  are  severally  zero  at  all 
points ;  bo  that  the  terms  relating  to  the  edge  furnish  us  with 
no  equations.  In  this  case,  therefore,  we  must  conclude  that 
the  form  of  the  surface  is  geometrically  determinate,  quite  ir- 
respective of  the  forces  acting  on  it ;  in  other  words— if  every 
point  on  the  bounding  edge  of  a  perfectly  inextensible  surface  is 
fixed,  tie  surface  can  take  only  one  figure,  no  displacement  being 
possible  at  any  point  on  it. 

If  the  bounding  edge  is  completely  free,  we  must  equate  to 
zero  the  coefficients  of  the  displacements  under  the  sign,  of  single 
integration,  so  that  the  differential  equations  of  the  edge  are 

(where  ds  is  an  element  of  length  of  the  edge)  the  values  of  A,  p,  p 
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in  these  equations  being  obtained  from  the  general  equations 
(6).  (7),  (8). 

As  a  very  simple  example,  take  the  case  of  a  uniform  rectangular 
sheet  ABCD,  two  of  whose  sides,  AB  and  CD,  are  fixed  horizontally 
and  parallel  to  each  other,  gravity  being  the  only  external  force.  We 
know  from  elementary  considerations  that  the  sections  of  this  surface 
by  vertical  planes  perpendicular  to  the  lines  AB  and  CD  are  catenaries ; 
and  this  result  follows  from  the  above  equations.  For,  taking  the  axis 
of  z  vertically  upwards,  and  the  axis  of  x  horizontal  and  perpendicular 
to  the  direction  of  AB  and  CD,  all  differential  coefficients  with  re- 
spect to  y  vanish,  while  -T=F=0,^=—  g  ;  so  that  the  general 
equations  give  dK  dp 

A^  =  -flrVT+7,  (11) 

while  the  terms  relating  to  the  two  free  sides  give  p  =  0.  Now  the 
integral  of  (11)  gives  at  once  the  Catenary  equation  between  z  and  0. 

If  the  bounding  edge,  instead  of  being  fixed  at  all  points,  has 
external  force  applied  along  it,  and  if  X0,  T09  Z0  be  the  com- 
ponents of  this  force  at  any  point  of  the  edge,  per  unit  length, 
the  left-hand  side  of  (5)  will  require  the  addition  of  the  virtual 
work  of  this  boundary  force ;  that  is,  we  must  add  to  it  the 
term  f  (X0 u  +  Y0v  +  Z0to)dt;  so  that  the  boundary  equations  (9) 
and  (10)  must  be  replaced  by 

j>X0+t7o-Zo  =  0>  (14) 

the  last  of  which  shows  that  the  boundary  force  must  at  every 
point  lie  in  the  tangent  plane  to  the  surface  at  the  point.  The 
general  equations  (6),  (7),  (8)  serve  merely  to  determine  A,  p,  p ; 
and  in  all  cases  the  form  of  the  surface  is  known  from  the  equa- 
tions of  the  boundary. 

290.]  Jellett  s  Results.  The  dynamical  treatment  of  the 
equilibrium  of  an  inextensible  surface  has  conducted  us  to  a 
conclusion  with  respect  to  the  effect  of  fixing  its  bounding  edge 
which,  although  holding  good  in  general,  admits  of  exceptions 
when  the  bounding  edge  is  selected  in  a  particular  manner. 

The  properties  of  inextensible  surfaces,  with  regard  to  dis- 
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placement,  have  been  very  folly  treated  by  Jellett  in  a  paper  to 
which  the  attention  of  the  student  is  directed — On  the  Properties 
of  Inextentible  Surfaces,  in  the  Transactions  of  the  Royal  Irish 
Academy,  voL  xxii. 

We  cannot  do  more  than  summarize  the  results  arrived  at  in 
this  paper.  If,  for  brevity,  we  put  £  =  u+pw,  q  =  v  +  qw  in 
equations  (a)  of  last  Article,  the  equations  of  inextensibility 
become  At 

and  it  is  clear  that  the  immobility  of  a  point  is  fully  expressed 
by  the  conditions  £  =  0,  t;  =  0,  w  =  0. 

If  now  we  consider  the  effect  of  fixing  any  curve  on  the 
surface,  the  determination  of  the  displacement  (if  any)  of  a 
point  on  the  surface  is  identical  with  the  solution  of  the  follow- 
ing problem: — To  find  three  functions,  £,  i;,  w,  which  satisfy 
equations  (l),  (2),  (3),  and  which  vanish  at  all  points  on  the 
given  curve. 

Let  the  differential  equation  of  the  projection  of  the  given 
bounding  edge  on  the  plane  of  w,y  be 

dy=.  mdx. 

It  is  then  shown  that  the  vanishing  of  £,  rjt  w  at  all  points  on 
this  bounding  edge  will  necessitate  their  vanishing  at  all  points 
on  the  surface,  unless  m  is  such  as  to  satisfy  the  equation 

r+2sm  +  tm*=  0.  (a) 

Now  for  a  whole  class  of  surfaces  it  is  impossible  to  satisfy 
this  equation  with  any  real  value  of  m — viz.  the  class  of  surfaces 
for  which  fi_#  is  +  at  aU  ^j^ 

i.e.  for  surfaces  whose  two  principal  curvatures  are  of  the  same 
sign  at  all  points ;  so  that  if  a  bounding  edge  of  any  form  is 
fixed  on  any  such  surface,  no  displacement  of  any  point  on  it  is 
possible. 

If  the  surface  is  such  that  at  all  points 

rt-f  =  0, 
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i.e.  if  it  is  a  developable,  motion  will  be  possible  if  the  fixed  edge 
is  any  one  of  its  rectilinear  sections,  or  its  edge  of regression,.  If 
on  such  a  surface  a  portion  of  a  curve,  A£,  not  coinciding  with 
either  of  these  is  fixed,  the  whole  portion  of  the  surface  included 
between  the  rectilinear  sections  drawn  through  A  and  JB,  un- 
limited in  one  direction  and  bounded  by  the  intercepted  portion 
of  the  edge  of  regression  in  the  other,  is  immoveable. 
If  the  surface  is  such  that  at  all  points 

rt— **is  negative, 

i.e.  if  its  principal  curvatures  are  of  opposite  signs,  at  each 
point  there  are  two  directions  satisfying  (a),  and  if  the  bounding 
edge  coincides  with  a  curve  satisfying  this  equation  at  all  points, 
displacement  is  possible. 

291.]  Particular  Case  of  Flexible  Surftwe.  The  only  case  to 
which  the  investigation  given  by  Lagrange  in  the  MScanique 
Analyiique  applies  without  error  is  that  of  a  flexible  extensible 
surface  of  such  a  nature  that  the  work  done  at  any  point  by  the 
internal  forces  exerted  over  the  contour  of  any  element  of  area, 
dS,  when  this  area  receives  a  small  change,  is  proportional  solely 
to  the  amount  of  increase  bdS,  of  the  area,  and  not  dependent  in 
any  way  on  its  change  of  shape. 

Let  P  be  any  point  on  the  surface,  and  at  P  draw  any  line 
PQ,  of  infinitesimal  length,  in  the  surface.  Then,  in  general, 
the  force  exerted  over  the  length  PQ  by  the  portion  of  the 
surface  at  one  side  on  the  portion  of  the  surface  on  the  other 
side,  of  PQ,  will  be  oblique  to  PQ ;  but  whatever  be  the  nature 
of  the  surface,  there  are  two  directions,  PQX  and  PQ%*  of  PQ  such 
that  this  force  is  perpendicular  to  PQ  (as  will  be  shown  in  the 
chapter  on  Strain  and  Stress) ;  the  magnitude  of  this  normal 
force  divided  by  the  length  PQ  over  which  it  is  exerted  is  called 
surface-tension.  If  the  surface-tensions  on  PQ1  and  PQ2  are  equal, 
it  follows  (as  will  be  subsequently  proved)  that  the  stress  exerted 
on  every  elementary  length  PQ  drawn  on  the  surface  near  P  is 
a  normal  force,  and  the  surface-tension  is  constant  all  round  P. 
If  we  denote  this  constant  value  at  P  by  N,  it  will  be  easily  seen, 
by  taking  for  dS  any  small  closed  surface,  that  for  a  small 
increase  of  its  area  the  work  done  by  the  (normal)  stress  all  round 

itis  NxbdS. 

(Apply  exactly  the  reasoning  in  Example  3,  p.  117,  by  which 
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it  is  shown  that  the  element  of  work  done  by  the  pressure  of 
a  gas  ispdv.) 

If  the  surface  has  attained  its  equilibrium  configuration,  and 
if  we  imagine  displacements  (uy  v,  w)  at  each  point  as  before,  the 
equation  of  Virtual  Work  will  be 

//€  (Xu  +Yv  +  Zw)  dxdy  +/Nhd8  =  0.  (1) 

Now,  if  the  element  of  superficial  area,  dS,  is  that  cut  off  by 
two  veiy  close  planes  perpendicular  to  the  axis  of  x  and  two  very 
close  planes  perpendicular  to  the  axis  of  yy  we  have  dS  =  c  dxdy ; 
and  the  changes  in  the  co-ordinates  will  cause  dxdy  to  become 

dm  dy  (l  +  -7-  +  -r-)  >  as  is  at  once  found.     Hence 
bdS  =  (^  +  j^tdxdy  +  dxdyM 

Substituting  in  this  expression  the  values  of  hp  and  bq  given 
in  Art.  283,  and  then  integrating  (1)  in  the  usual  way,  and 
equating  to  zero  the  coefficients  of  it,  v,  to  under  the  sign  of 
double  integration,  we  have  the  equations 

tX   d.*N      dp*N      dpgN^Q 
dx        dx    €        dy    €  ' 

zY    d.*N       dpqN      d?N^Q 
dy         dx    €         dy    €  ' 

ax  €        dy  € 
which  hold  at  all  points  on  the  surface. 

Denoting -J-  - — h  -r-  —  by  If,  these  equations  may  be  written. 
tX-<™+PU=0,  (2) 

«7-e|^=0,  (3) 

tZ-V  =  0.  (4) 

Substituting  in  (2)  and  (S)  the  value  of  U  given  by  (4),  we 
have  ,jv  j  v 
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and  if  Xdx  +  Tdy  +  Zdz  =  —  d  n,  the  differential  of  single  function , 

n,  these  last  equations  give 

JV  +  n  =  a,  (6) 

where  a  is  a  constant. 

Now  N  may  be  regarded  indifferently  as  the  surface-tension  or  as 

the  potential  work  of  the  stress  {static  energy)  per  unit  area  on  the 

surface,  because  the  potential  work  of  the  stress  for  an  increment 

of  area  equal  to  bdS  is  Nx  bdS.     Hence  (6)  asserts  that  in  the 

equilibrium  configuration  the  sum  of  the  potential  works  of  stress 

and  of  external  forces  per  unit  area  is  the  same  at  all  points  on 

the  surface. 

dN        dN 
The  values  of  -j-  and  -j-  given  in  (5)  when  substituted  in  V 

erive 

€  C3 

Now  if  RL  and  B2  are  the  principal  radii  of  curvature  of  the 
surface  at  any  point,  we  have  (Salmon's  Geometry  of  Three 
Dimensions,  Chap.  XI.), 

£       1   __  (l+q*)r-2pqs  +  (l+p*)t 

R.R^"  c3 

so  that        <U  =  pX+qT+(i*-l)Z+N(±  +  ±.), 
and  therefore  (4)  becomes 

But  the  left-hand  side  of  this  equation  is  the  component,  Fn, 
of  the  external  forces  along  the  normal  to  the  surface ;  hence  we 
have  !        x       Fm  Fn 

as  the  equation  of  the  surface. 

This  equation  can  be  at  once  obtained  by  a  direct  elementary 
process,  as  will  be  shown  in  a  subsequent  chapter. 

If  the  surface  is  one  acted  upon  by  gravity  only,  and  if  it  lies 

very  nearly  in  a  horizontal  plane,  from  which  z  is  measured,  we 

may  neglect  such  products  as  pq,  pz,  pr>  &c,  and  equation  (4) 

gives  tar — N(r  + 1)  =  0, 

where  «r  is  the  weight  per  unit  area  of  the  surface ;  or 

d2z     d2z      vt 

-5-3  +  -T-©  =  —  =  const. 

dar     ay*      a 


293.]  8UBFACE-TENSI0N   OP  A  LIQUID.  177 

292.]  Surfooe-Tension  of  a  Liquid.  At  each  point,  P,  of  the 
surface  of  contact  of  a  liquid  with  a  gas,  another  liquid,  or  a  solid, 
there  exists  a  tension,  the  magnitude  of  which  across  a  given 
elementary  length  PQ  in  the  tangent  plane  at  P  is  the  same  for 
all  directions  of  PQ  ;  and  the  amount  of  this  tension  divided  by 
PQ  is,  as  just  stated,  the  surface-tension  at  P. 

The  main  laws  to  which  this  surface-tension  is  subject  are  the 
following : — 

1.  For  a  given  liquid  in  contact  with  any  given  substance  it 
is  the  same  at  all  points  on  the  surface  of  contact. 

2.  It  varies  with  the  temperature,  becoming  less  as  the 
temperature  becomes  greater. 

3.  It  varies  if  the  substance  with  which  the  liquid  is  in  con- 
tact is  varied.  Thus,  it  is  not  the  same  on  the  surface  of  water 
in  contact  with  air  as  on  the  surface  of  water  in  contact  with 
mercury. 

.  4.  It  is  independent  of  the  curvature  of  the  surface  of  contact. 
Thus,  if  a  soap  bubble  is  blown  out  through  the  end  of  a  tube, 
the  surface-tension  of  the  film  (in  contact  with  air)  is  the  same 
when  the  diameter  of  the  bubble  is  6  inches  as  it  was  when  the 
diameter  was  1  inch. 

This  curious  feet  at  once  distinguishes  the  nature  of  the  dis- 
tention of  a  liquid  film  from  that  of  the  distention  of  an  elastic 
string,  because  for  the  latter  the  magnitude  of  the  tension 
increases  with  the  extension,  while  the  tension  of  the  liquid  film 
is  independent  of  the  extension  of  its  surface. 

A  probable  explanation  of  this  result  for  a  liquid  (suggested  to 
the  Author  by  Mr.  W.  G.  Gregory)  may  be  found  in  the  fact 
that  the  molecules  of  a  liquid  are  moveable  on  each  other  with 
very  great  ease,  so  that  when,  by  a  distention  of  the  extreme 
surface  layer  of  molecules,  the  molecules  which  surrounded  any 
molecule  P  have  their  distances  from  P  increased,  their  vacant 
places  on  the  surface  are  taken  by  others  which  come  up  to  the 
surface  by  the  thinning  of  the  film,  thus  leaving  the  molecular 
arrangement  round  P  practically  unaltered — unless  the  surface  is 
reduced  below  a  thickness  less  than  the  diameter  of  the  'sphere 
of  molecular  activity '  (Art.  293),  in  which  case  the  constancy 
of  surface-tension  ceases. 

The  existence  of  surface-tension  may  be  demonstrated  experi- 
mentally in  several  ways.    One  of  the  simplest  methods  consists 
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Fig.  262. 


in  taking  a  rectangle  formed  of  brass  strips  or  wires,  AB,  BC 
CD,  and  EF  (Fig.  262),  of  which  the  first  three  are  in  one  rigid 
piece,  while  the  last,  EF,  is  capable  of  sliding  up  and  down  on 
the  bars  AB  and  DC. 

The  space,  abed,  enclosed  by  the  four  bars  being  vacant,  dip 
the  system  into  a  soap  solution,  thus  forming  a  film  (represented 

by  the  shading)  in  this  space ;  this  film 
attaches  itself  to  all  the  bars ;  and  if 
the  moveable  bar  EF  is  not  restrained 
by  the  fingers,  it  will  be  drawn  along 
the  others  by  the  film  until  it  reaches 
BC.  IfEF  is  not  too  heavy,  and  the 
plane  of  the  bars  is  held  vertical,  BC 
being  above  EF,  this  latter  will  be 
lifted  by  the  tension  of  the  film. 
Another  very  striking  illustration  of  the  existence  of  surface- 
tension  is  obtained  thus : — Take  a  circular  brass  wire,  A  (Fig. 

263) :  dip  it  into  the  soap 
solution,  thus  covering 
its  area  on  withdrawal 
with  a  thin  film  (repre- 
sented by  the  shading) ; 
now  form  a  loop  of  a 
piece  of  thread  and  place 
it  gently  on  the  surface 
**• a63'  of  the  film.    This  loop 

is  represented  by  a  b  in  the  figure.  Now  perforate  the  film  inside 
the  loop  by  a  pin  or  fine  wire,  and  instantly  the  loop  of  thread  is 
drawn  out  into  a  circle,  c,  by  the  contracting  film. 

This  experiment  illustrates  not  only  the  existence  of  surface- 
tension,  but  also  another  property  to  which  we  shall  presently  refer.* 
At  the  temperature  20°C.  the  surface-tension  of  water  in  con- 
tact with  air  is  81  dynes  per  centimetre ;  for  mercury  in  contact 
with  air  it  is  540  dynes  per  centimetre ;  and  for  mercury  in  con- 
tact with  water  418  dynes  per  centimetre  (see  Everett's  Unit*  and 
Physical  Constant*,  p.  42). 

For  the  best  method  of  measuring  surface-tension,  and  verify- 
ing its  independence  of  the  curvature  of  the  surface,  the  reader 
may  consult  Plateau's  Statique  Experimental*  et  TMorique  de* 

*  Namely,  the  property  of  minimum  area,  Art.  295. 
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Liquide*  soumis  aux  seules  Forces  Moliculaires,  vol.  i.,  pp.  272,  &c. 
This  work  abounds  in  beautiful  illustrations  of  the  forms  assumed 
by  liquid  films,  and  contains  precise  information  on  all  the  details 
necessary  for  experiments. 

293.]  Forms  of  Liquid  Surfaces.  The  molecules  of  a  liquid 
which  lie  on  its  bounding  surface — that  is,  its  surface  of  contact 
with  a  solid  or  with  a  fluid — experience  attraction  from  other 
molecules  of  the  liquid  which  are  at  infinitely  small  distances 
from  them.  Thus,  a  molecule  at  any  point,  P,  on  the  bounding 
surface  will  experience  attraction  from  all  the  liquid  molecules 
which  lie  in  a  hemisphere  having  P  as  centre  and  an  extremely 
small  radius,  PQ.  The  distance  PQ  is  called  the  radius  of  mole- 
cular activity,  the  attraction  of  two  molecules  separated  by  a 
distance  greater  than  PQ  being  insensible.*  If  at  each  point  P 
on  the  surface  we  measure  off  the  distance  PQ  along  the  normal, 
the  Q  points  form  a  layer  parallel  to  the  bounding  surface  such  that 
the  surface  molecules  are  unacted  upon  by  the  layers  below  this  one. 

If  also  we  produce  the  normal  at  P  into  the  surrounding 
medium — i.  e.  the  solid  body,  or  air,  or  any  superincumbent 
fluid — the  liquid  molecule  at  P  will  be  acted  upon  by  a  mole- 
cule of  this  medium  at  a  certain  distance  PQ'  along  this  normal, 
and  by  all  molecules  whose  distances  from  P  are  less  than  PQ'. 
We  shall  thus  have  another  layer  of  molecules  in  the  medium 
denning  the  limits  within  which  the  surface  molecules  of  the 
liquid  are  acted  upon  by  those  of  the  medium. 

Now,  without  any  h  priori  knowledge  of  the  magnitude  of  the 
radius  of  molecular  activity  either  for  the  liquid  or  for  the  body 
in  contact  with  it,  it  can  be  shown  (as  was  first  shown  by  Laplace, 
MSc.  Cel.,  supplement  to  Book  X.)  that  at  any  point,  P,  on  the 
liquid  surface  the  force  per  unit  area  due  to  the  effective  molecular 
attractions  of  the  liquid  itself  and  of  the  medium  with  which  the 
liquid  is  in  contact  is  of  the  form 

where  A  and  N  are  constants  for  the  same  liquid  and  same  sur- 
rounding medium,  provided  the  temperature  is  constant,  and 
B19E2  are  the  principal  radii  of  curvature  of  the  liquid  surface  at 

*  The  fact  that  a  liquid  rises  to  the  same  height  in  a  capillary  tube,  whatever 
its  thickness,  provided  its  internal  diameter  is  constant,  is  supposed  to  justify  this 
assumption. 

N  2 
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P,  both  principal  sections  being  supposed  to  be  convex  towards  the 
medium  at  P.  If  both  are  concave  towards  the  medium,  the  molecular 
force  per  unit  area  is  _  1        1  v 

and  if  one  is  concave,  the  corresponding  radius  of  curvature  is  to 
be  taken  negatively  in  (1). 

The  quantity  N  is  the  surface-tension  of  the  liquid  when  in 
contact  with  the  given  medium.  With  regard  to  the  constant 
A  nothing  appears  to  have  been  determined  (Clerk  Maxwell's 
Article  on  Capillary  Action  in  the  Encyclopedia  Britannica),  except 
that  it  is  much  greater  than  the  term  depending  on  curvature. 

From  the  expression  (1)  it  appears  that  even  when  the  liquid 
surface  is  plane,  there  is  normal  pressure  at  each  point  due  to 
molecular  action.  This  is  due  to  the  fact  that  about  any  point  on 
the  surface  only  one-half  of  the  sphere  of  influencing  molecules 
can  be  described.  A  molecule  at  a  finite  distance  from  the  surface 
would  be  subject,  on  the  contrary,  to  molecular  attractions  in  all 
directions  round  it. 

Suppose,  then,  a  liquid  mass  not  acted  upon  by  any  external 
forces.  For  such  a  mass  the  expression  (1)  must  be  constant  all 
over  its  surface,  i.e.  Ill 

at  all  points  on  the  surface.*  A  drop  of  olive  oil  in  a  mixture  of 
water  and  alcohol,  which  is  made  to  have  the  same  specific  gravity 
as  the  oil,  will  be  an  approximation  to  such  a  liquid  mass ;  and 
by  seizing  this  drop  between  two  wires  in  the  shapes  of  any  closed 
curves,  or  by  allowing  the  drop  to  form  round  a  solid  of  any  shape 
held  in  the  suspending  liquid  mixture  by  a  very  fine  wire,  we  can 
obtain  as  many  figures  of  liquid  surfaces  as  we  please,  each  satis- 
fying equation  (3).  A  full  description  of  beautiful  experiments 
of  this  kind  will  be  found  in  M.  Plateau's  work  just  quoted. 

If  in  (a)  of  last  Article  we  have  Fn  constant  and  also  N  con- 
stant, we  have  a  surface  satisfying  equation  (3),  i.e.  its  form 
will  be  one  of  those  assumed  by  a  liquid  surface  under  the 
conditions  just  described. 

Instead  of  obtaining  such  surfaces  by  means  of  drops  of  oil, 
we  may  very  easily  obtain  beautiful  illustrations  of  them  by 
means  of  soap  bubbles.     A  soap  bubble  is  a  thin  liquid  film 

*  This  result  will  be  deduced  in  a  note  at  the  end  of  the  Volume. 
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which  is  in  contact  with  air  at  both  sides  of  the  surface.  When 
it  is  blown  out  through  the  end  of  a  tube,  its  surface  is  spherical, 
and  the  normal  intensity  of  external  force,  F%>  is  the  excess  of 
the  air  pressure  per  unit  area  inside  over  that  outside — assuming 
that  the  film  is  so  thin  that  its  weight  per  unit  area  is  wholly 
negligible.  For  this  case,  if  R  is  the  radius  of  the  sphere,  the 
intensity  of  pressure  on  the  outer  (convex)  surface  due  to 
molecular  attraction  is  2  N 

while  on  the  inner  surface  the  intensity  of  pressure  due  to 
the  same  cause  is  2N 

Hence  the  resultant  intensity  of  pressure  due  to  this  cause  is 

4JV 

~r'' 

and  if  jo  is  the  excess  of  internal  air  pressure  over  external  air 
pressure  per  unit  area,  we  have 

4JV 

Hence  for  all  sizes  of  the  bubble  we  have  p  .  R  constant. 

For  any  shape  of  the  film,  the  resultant  of  the  molecular  pres- 
sure intensities  exerted  at  any  point  on  both  sides  is 


*»&& 


and  if  the  excesB  of  air  pressure  is,  as  before,  p,  we  have 

lip  =  0,  i.e.  if  the  inner  and  outer  surfaces  are  both  in  contact 
with  the  atmosphere,  we  must  have 

i+i-r0'  (7) 

that  is,  the  two  principal  curvatures  are  equal  and  opposite  at  all 
points  on  the  surface. 

Several  possible  forms  of  equilibrium  of  films  are  at  once 
obvious.  Thus,  a  closed  surface  consisting  of  a  cylinder  ter- 
minated by  two  spherical  caps  is  obviously  possible ;  and  if  r  is 
the  radius  of  the  cylinder  and  /  that  of  the  sphere,  the  left-hand 

1  .  2 

side  of  (6)  is  -  all  over  the  cylindrical  portion,  and  -7  over  the 

spherical  ends ;  therefore  /  =  2r. 
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This  figure  is  very  easily  produced  thus.  Take  two  wires, 
each  formed  into  a  circle  (two  or  three  inches  in  diameter); 
support  one  circle  horizontally  on  three  legs  (each  about  two 
inches  high) ;  by  means  of  a  thread  fastened  at  three  points  on 
the  circumference  suspend  the  other  circle  with  its  plane  parallel 
to  that  of  the  first  circle,  vertically  over  this  circle,  the  distance 
between  the  planes  of  the  circles  being  about  three  inches ;  then 
dip  the  end  of  a  glass  tube  in  the  soap  solution,  and  through 
this  end  blow  a  bubble  between  the  two  wires,  enlarging  the 
bubble  until  it  attains  complete  contact  with  each  circle.  The 
surface  of  the  bubble  will  then  form  a  film  between  the  two 
circles,  and  each  wire  will  be  covered  with  a  spherical  cap. 

By  raising  the  upper  circle,  or  lowering  it,  the  radii  of  the 
spheres  can  be  diminished  or  increased,  and  the  cylindrical  form 
obtained. 

The  persistence  of  these  films  is  greatly  increased  by  adding 
glycerine  to  the  soap  and  water,  and  by  this  means  M.  Plateau 
has  obtained  films  which  lasted  for  18  hours. 

Again,  having  obtained  the  cylinder  with  two  spherical  ends, 
rupture  the  spherical  caps  by  driving  a  wire  or  a  glass  rod  down 
through  them  in  a  direction  parallel  to  the  axis  of  the  cylinder. 
The  portion  of  surface  connecting  the  circular  wires  will  remain, 
but  its  shape  instantly  alters  from  that  of  a  cylinder,  becoming 
a  surface  generated  by  the  revolution  of  a  catenary  round  its  axis. 
For  in  this  case,  as  p  =  0,  the  surface  satisfies  equation  (7) ;  and 
as  the  surface  is  one  of  revolution,  its  two  principal  radii 
of  curvature  at  any  point  are  the  radius  of  curvature  of  the 
meridian,  or  revolving  curve,  and  the  normal  terminated  by 
the  axis  of  revolution.  Now  it  is  well  known  that  the  catenary 
is  the  curve  in  which  these  are  equal  and  opposite. 

The  figure  of  the  film  thus  formed  is  called  a  Catenoid. 

Of  films  whose  surfaces  are  surfaces  of  revolution  there  are 
three  classes  which  have  been  experimentally  investigated  by 
Plateau.     We  proceed  to  deduce  their  forms  analytically. 

Let  p  be  the  radius  of  curvature  at  any  point,  P,  of  the 
meridian,  and  n  the  length  of  the  normal  between  P  and  the 
axis  of  revolution.     Then  (6)  becomes 

V\~ir  « 

Let  A  (Fig.  264)  be  a  plane  circular  iron  wire,  two  or  three 


*93-] 


POBMS   OP   LIQUID   SURFACES. 


183 


inches  in  diameter,  lying  horizontally  over  a  table ;  suspended 
vertically  over  it  let  there  be  another  circular  wire,  2?,  of  the  same 
or  different  diameter,  both  having  been  previously  moistened 
with  the  liquid,  and  blow  through  one  end  of  a  tube  a  soap  bubble 
until  its  surface  comes 

into  contact  with  both  n    d 

wires.  Then  the  film 
will  assume  a  figure  of 
revolution  between  the 
wires  terminating  in 
spherical  caps  (not  re- 
presented in  the  figure)  Fig.  264. 
covering     the     wires. 

The  air  inside  it  will  have  no  communication  with  the  outside 
air.  By  causing  B  to  approach  or  to  recede  from  Ay  the  figure 
of  the  film  will  be  altered. 

Let  AB  be  the  axis  of  revolution,  Pt  the  tangent  to  the 
meridian  at  P,  and  Pm  and  Pn  the  ordinate  and  normal.  Let 
s  be  the  length  of  the  arc  of  the  meridian  measured  from  some 
fixed  point  at  the  left  of  P  up  to  P ;  let  LPtm  =  0,  and  Pm  =  y. 

Then  (8)  becomes         j$     cos0      1 


~^  + 


2N 
where  a  is  put  for  —  • 


Again,  -^  =  sin  0,  so  that  (9)  becomes 


— y  sin  0tf0  +  cos  Ody  =  *-&ym 
Integrating  this  (since  it  holds  at  all  points),  we  have 

,00.0  =  £  +  i. 

where  h  is  a  constant ;  or,  finally,  if  Pn  =  n, 

*£-&>  -*■  ('<" 

Now  if  p  is  the  perpendicular  from  the  focus  of  an  ellipse 
on  the  tangent  at  any  point,  and  r  the  distance  of  this  point 
from  the  focus,  we  have 

,,2(I_     ')  *  (11) 

where  a  and  b  are  the  semiaxes.     Comparing  (10)  and  (1 1),  we 
see  that  P  is  the  focus  of  an  ellipse  touching  the   line  AB 
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at  »,  the  semiaxes  of  this  ellipse  being  a  (or  — )  and  V2aA9  or 

/~hN 
2  A  /   '  a^d  this  ellipse  is  therefore  invariable  whatever  be 

the  position  of  P  on  the  meridian. 

Hence*  the  meridian  curve  of  the  film  is  the  locus  of  the  focus 
of  a  given  ellipse  which  rolls  along  the  line  AB.  The  conic 
being  an  ellipse,  the  locus  is  called  an  Unduloid,  and  is  the 
curve  actually  represented  in  the  figure. 

If  the  rolling  conic  is  a  parabola,  the  locus  of  its  focus  is 
a  catenary,  and  the  surface  of  the  film  is  the  catenoid,  already 
discussed. 

If  the  rolling  conic  is  a  hyperbola,  the  locus  of  the  focus 
is  a  curve  having  a  series  of  loops,  and  the  corresponding  shape 
of  the  film  is  called  a  Nodoid. 

The  Nodoid  is  produced  in  the  same  way  as  the  Unduloid, 
the  greater  or  less  distance  between  the  parallel  rings  between 
which  the  bubble  is  blown  determining  the  character  of  the 
surface;  but  it  is  obvious  that  only  the  portion  between  two 
nodes  can  be  actually  obtained.  This  curve  resembles  that  of 
the  third  class  of  elastic  curves  (see  Fig.  269,  next  chapter). 
The  names  of  these  curves  have  been  given  them  by  M.  Plateau. 

294.]  Connection  with  Elliptic  Integrals.  The  abscissa  and 
ordinate  in  the  Unduloid  and  Nodoid  are  readily  expressible 
in  terms  of  Elliptic  Functions.     If  in  (10)  of  last  Article  for  u 

we  put  y  -T-  y  we  obtain 

(f  +  2ah)-^=2ay, 
.-.     (y*  +  2aAY(dx*+dy*)  =  4aYdx*, 

V-y*  +  4a(a-A)yt-iaiAi      ~     ' 
or  /±«fl    /fr=±/fa,  (1) 

by  putting  aa  +  £2  =  4a2— 4aA,  and  afi  =  ±  2aA ;  so  that  a  and 
/3  are  the  greatest  and  least  values  of  the  ordinate.  Make  the 
usual  substitution,    y2  =  a2  cos2^  +  p£n%  ^  (2) 

*  This  Theorem  is  due  to  DeUnnay. 


dx  =  (aA<t>±£-)d<l>.  (4) 
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a2— Q2 
Then,  putting  if  =  — j—  >  we  have 

y  =  aA(4>),  (3) 

When   $  =  0,  y  =  a,  and  when  0  =  - ,  y  =  £.     Hence  in 

Fig.  262  if  D  and  J?  are  the  points  of  maximum  and  minimum 

ordinate,  all  values  of  <\>  between  0  and  -  correspond  to  points  on 

the  curve  between  D  and  E\  and  as  a  increases  with  <f>,  we  take 
a  positive  sign  outside  the  brackets  in  (4). 
The  abscissa  is  given  by  the  equation 

a  =  a^(*)±/3*W.  (5) 

Since  in  the  Unduloid  the  tangent  can  never  be  parallel  to 

dx 
the  axis  of  y,  we  can  never  have  —  =  0,  therefore  the  +  sign 

in  the  numerator  of  the  left-hand  side  of  (1)  belongs  to  the 
Unduloid  and  the  —  sign  to  the  Nodoid.     Hence  also  in  (5) 
the  +  and  —  signs  correspond  to  these  curves. 
Again,  we  have  in  the  Unduloid 

ay      sin  <f>  cos  <j> 

so  that  -r-5  will  vanish  when 

df  _ 

tan<£=  /\J  -1  0rjf=  '/oft 

and  there  is  a  point  of  inflexion  at  the  corresponding  point. 

If  9  is  the  length  of  the  arc  between  D  and  any  point,  P, 
on  the  curve,  we  find       o      /    ,  qk    .  . 

and  the  area  of  the  surface  generated  by  the  revolution  of  DP 
about  the  axis  of  x  is     2m^a  +  p) ,  j^j. 

If  a  =  /},  the  surface  becomes  a  cylinder. 

When  a  is  slightly  different  from  0  (i.e.  when  I2  is  small), 
the  form  of  the  meridian  curve  is  that  of  a  curve  of  rines,  as  is 
easily  proved. 
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295.]  Minimum  Property  of  Films.  If  we  seek  to  determine 
the  general  equation  of  a  surface  which,  subject  to  enclosing 
a  given  volume,  has  a  minimum  area,  we  obtain  the  equation 

ft  A/l  +i>2  +  q*  .dxdy  +  -5  fzdxdy  =  0 

(a  being  a  constant),  which  gives  us  the  general  property 

at  every  point  on  the  surface.  Now  this  is,  by  (3),  Art.  293, 
precisely  the  general  property  of  the  surfaces  of  films  and  of 
liquids  unacted  upon  by  external  bodily  force. 

The  connection  between  the  two  problems  might  have  been 
foreseen  by  the  principle  of  minimum  or  maximum  Static  Energy, 
combined  with  the  fact  that  the  surface-tension  is  a  constant  for 
all  forms  of  the  film.  For  if  N  and  S  are  the  surface-tension 
and  area  of  the  film,  since  (Art.  291)  N  can  be  regarded  as  the 
Static  Energy  per  unit  area,  the  product 

NxS 

is  the  total  potential  work  of  the  forces  of  the  system,  and  this 
is  simply  proportional  to  the  area  of  the  surface.     (See  p.  178.) 

Hence  the  question  of  the  stability  or  instability  of  any  of 
the  forms  of  liquid  surfaces  can  be  exhibited  in  the  following 
form:  Subject  to  its  bounding  conditions,  is  the  area  of  the 
surface  greater  or  less  than  that  of  any  surface  differing  infinitely 
little  from  it  and  satisfying  the  same  differential  equation, 

-1  +  1  =  1? 

22j      jRg      a 

The  determination  of  the  nature  of  the  equilibrium  in  this 
way  will  often,  however,  be  very  troublesome,  inasmuch  as  the 
comparison  of  the  areas  will  involve  the  retention  of  small  quan- 
tities to  at  least  the  second  order ;  for  the  deduction  of  the  general 
equation  (a)  satisfied  by  all  the  surfaces  under  comparison  has 
been  made  by  the  retention  of  small  quantities  of  the  first 
order. 

In  this  way  M.  Mathieu  [ThSorie  de  la  Capillarity  pp.  73,  &c.) 
has  discussed  the  stability  of  a  cylinder  of  oil  formed  between 
two  equal  circular  plates  in  Plateau's  glycerine  mixture,  and  he 
arrives  at  the  result  that  the  figure  is  stable  only  for  distances 
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between  the  plates  greater  than  the  semicircumference  and  less 
than  the  circumference  of  either  plate. 

296.]  Stability  of  the  Catenoid.  Clerk  Maxwell  (Article  on 
Capillary  Action,  Encyclop.  Brit.)  has  applied  a  simple  and  in- 
genious method  to  the  determination  of  the  Stability  of  the 
Catenoid,  without  the  direct  consideration  of  minimum  area. 

Thus,  let  B  and  C  (Fig.  aaa,  Art.  186)  be  two  fixed  points, 
and  Ox  a  fixed  right  line  parallel  to  BC. 

Then  there  are  two  catenaries  which  pass  through  B  and  C 
and  have  Ox  for  their  common  axis.  For,  if  BC  =  2  A,  and  the 
distances  of  B  and  C  from  Ox  are  each  equal  to  r,  we  have 

h        h 
2r=z  c(ee  +e~e)9 

and  it  is  very  easy  to  prove  that  only  two  (if  any)  real  values 
of  c  can  be  found  to  satisfy  this  equation;  i.e.  there  can  be 
drawn  only  two  catenaries.  Let  these  catenaries  be  BAC  and 
BA'C  (the  latter  not  represented  in  the  figure),  the  vertex,  A\ 
of  the  second  being,  suppose,  between  0  and  A.  Every  catenary 
lying  above  BAC  and  every  catenary  lying  below  BA'C  has  its 
horizontal  axis  lying  below  Ox ;  and  every  catenary  lying  between 
BAC  and  BA!C  has  its  axis  above  Ox. 

Now,  supposing  Ox  to  be  the  line  joining  the  centres  of  the 
two  parallel  circular  wires  between  which  is  formed  a  soap  film, 
these  wires  passing  through  B  and  C,  the  catenoids  generated 
by  the  revolution  of  BAC  and  of  BA'C  are  possible  figures  of 
equilibrium. 

Draw  a  catenary  BaC  slightly  above  BAC;  let  it  revolve 
round  Ox,  and  consider  whether  positive  or  negative  work  should 
be  done  on  a  film  coinciding  with  the  catenoid  BAC  in  order  to 
make  it  coincide  with  the  quasi-catenoid  BaC. 

Let  P  be  any  point  on  BaC;  draw  the  normal  at  P  meeting 
Ox  in  n  and  the  horizontal  axis  of  BaC  in  m.  Then  the  radius 
of  curvature  of  this  curve  at  P  is  equal  and  opposite  to  Pm,  and 
therefore  the  principal  radii  of  the  surface  generated  by  the 
revolution  of  the  curve  round  Ox  are  Pn  and  —Pm,  so  that 
the  sum  of  its  curvatures  measured  towards  the  interior  of  this 
quasi-catenoid  is  -  - 

Tn-P^t*  (a) 

which  is  positive.    Now  if  p  is  the  intensity  of  the  pressure 
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excess  which  must  be  applied  to  the  surface  at  P  to  keep  the 
film  in  equilibrium  in  the  figure  of  the  quasi-catenoid,  we  have 

J L  -  JL  (fi\ 

Pn      Pm~2N9  w 

(Art.  293),  and  p  must  therefore  be  applied  as  an  outward  pressure, 
i.e.  in  the  sense  nP.  This  holds  at  all  points  on  the  quasi- 
catenoid  A  a  C,  since  (a)  is  everywhere  positive.  Hence  to  change 
the  film  from  the  catenoid  BAC  to  the  quasi-catenoid  BaC9 
requires  positive  work,  and  there  is  therefore  no  tendency  to 
such  a  displacement  (Art.  274). 

Again,  draw  a  catenary  BpC  very  slightly  below  BAC. 
Since  its  axis  is  higher  than  Ox,  Pm  is  now  <Pn,  and  the  sum 
of  its  principal  curvatures  at  every  point  is  positive  towards  the 
exterior  of  the  film,  so  that  this  involves  a  pressure  excess,  p, 
directed  towards  the  interior;  i.e.  positive  work  would  be 
required  to  change  the  catenoid  BAC  into  the  quasi-catenoid 
BfiC.    The  catenoid  BAC  is,  therefore,  stable. 

In  precisely  the  same  way,  if  we  consider  the  work  which 
would  be  required  to  change  the  catenoid  BA'C  into  a  very  close 
quasi-catenoid  above  it,  we  see  that  this  work  is  negative,  so 
that  there  is  a  tendency  to  this  displacement ;  and  if  the  slight- 
est motion  in  this  direction  is  given  to  the  film,  it  will  move 
continually  up  to  coincidence  with  the  stable  catenoid  BAC. 
To  change  the  film  BA'C  into  a  quasi-catenoid  below  it  requires, 
in  the  same  way,  negative  work.  Hence  a  displacement  in  this 
direction  would  increase  indefinitely,  and  the  catenoid  BA'C  is, 
therefore,  unstable. 

It  is  easily  seen  that  the  tangents  at  B  and  C  to  the  upper 
(stable)  catenoid  intersect  above  the  axis  Ox  of  the  catenary, 
while  those  drawn  to  the  unstable  catenoid  intersect  below  it. 
This  form  of  the  criterion  of  the  stability  or  instability  is  given 
by  Clerk  Maxwell  in  the  Article  referred  to. 

It  is  understood,  of  course,  that  the  ends  of  the  catenoid  are 
open  to  the  external  air  and  not  closed  by  plates.  If  they  are 
closed,  the  equilibrium  will  in  all  cases  be  necessarily  stable — 
the  film  being  presumed  strong  enough  to  resist  rupture  from 
slight  motions. 


CHAPTER  XVI. 

EQUILIBRIUM   OP  STRINGS  AND   SPRINGS. 

297.]  Tangential  and  Normal  Besolutions.  We  now  pro- 
pose to  complete  the  discussion  of  the  equilibrium  of  flexible 
strings  by  considering  the  case  in  which  the  external  forces  are 
not  coplanar. 

Reverting  to  Fig.  221  of  Chapter  XII,  consider  the  equilibrium 
of  the  element  PQ  apart  from  the  rest  of  the  string.  Then  the 
external  force  per  unit  mass  at  P  will  be,  as  before,  of  the  form 
<f>  (x,  y,  z),  where  (x,  y,  z)  are  the  co-ordinates  of  P ;  and  the 
external  force  exerted  on  PQ  will  be 

4>  (x,  y,  z)  x  kads,  or  h'aFds, 

where  h  and  <r  are  the  density  and  area  of  normal  section  at  P. 

Now,  the  element  PQ  is  kept  in  equilibrium  by  three  forces 
— namely,  the  tension  (T)  at  P,  the  tension  (T+dT)  at  Q,  and 
the  external  force  (hvFds),  which  acts  at  the  middle  point  of  PQ. 

These  three  forces  must  be  coplanar  and  meet  in  a  point. 
Now,  the  two  tensions  act  along  two  consecutive  tangents  to 
the  string,  and  as  the  plane  of  two  consecutive  tangents  to  any 
curve  in  space  is  the  osculating  plane,  we  see  that — 

The  resultant  applied  force  at  any  point  of  a  flexible  string  acts 
in  the  osculating  plane  of  the  string  at  the  point. 

If  the  string  is  stretched  over  any  smooth  surface  by  means 
of  two  forces  applied  at  its  extremities,  the  only  applied  force 
which  is  continuously  distributed  throughout  the  string  is  the 
reaction  of  the  surface;  and  as  this  reaction  is  everywhere 
normal  to  the  surface,  we  see  that — 

A  string  which  is  stretched  along  any  smooth  surface,  and  acted 
on  by  no  external  forces,  except  the  reaction  of  the  surface  and  two 
terminal  tensions,  has  Us  osculating  plane  at  every  point  normal  to 
the  surface. 
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The  string  in  this  case  assumes  the  form  of  a  shortest  line,  or 
geodesic,  on  the  surface. 

Let  Pt  be  the  tangent  and  Pn  the  normal  at  P ;  let  dO  be 
the  angle  between  the  tangents  at  P  and  Q ;  and  let  <f>  be  the 
angle  between  Fdm  and  Pt. 

Then,  resolving  along  Pt  the  forces  acting  on  the  element,  we 

ha™  (T+dT)coedO  +  k<rFcaa<l>d*-T=:  0; 

but  cos  dO  =  1,  neglecting  (dd)2 ;  therefore  this  equation  gives 

dT 

-j-  +  k<rFcoB<l>  =  0,  (1) 

which  asserts  that  the  rate  of  variation  of  the  tension  per  unit 
of  length  along  the  string  is  numerically  equal  to  the  tangential 
component  of  the  applied  force  per  unit  of  length. 

Again,  resolving  the  forces  along  Pn,  the  normal,  we  have 

(T+dT)*v\dO-.k<r  Fsia^ds  =  0, 

ds 
or  since  />,  the  radius  of  curvature  at  P,  is  equal  to  -j-: » 

T 

— k<rFsm<f>  =  0,  (2) 

which  asserts  that  the  curvature  of  the  string  at  any  point  is 
equal  to  the  normal  force  per  unit  of  length  divided  by  the 
tension. 

From  (1)  we  have    T  =  C-ftvFcos  <j>ds, 

where  C  is  an  arbitrary  constant.  Now,  cos  <pds  is  the  pro- 
jection of  ds  on  the  direction  of  F.     Denoting  this  projection 

h7  df>  T=  C-fkaFdf.  (3) 

But  fkaFdf  is  evidently  the  potential  of  the  applied  forces  if 
they  are  a  conservative  system.  Hence,  if  V  and  F0  denote 
the  potentials  at  two  points  in  the  string  at  which  the  tension 
arerandT0,wehave    T=  T0-(r-tQ),  (4) 

or  the  difference  of  the  tensions  at  any  two  points  is  equal  to  the 
difference  of  the  potentials — a  result  which  we  shall  find  to  be 
true  also  in  the  case  in  which  the  string  rests  on  a  smooth 
surface. 

298.]  Equations  of  Equilibrium.  Let  the  force  F  acting  on 
the  unit  mass  at  any  point  P  whose  co-ordinates  are  a?,  y,  z  be 
resolved  into  three  components,  X,  Y,  Z  parallel  to  three  fixed 
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rectangular  axes.  Then  the  components  acting  on  the  element 
PQ  are  iaXds,  inTdsh  kvZds.  Also  the  components  of  the 
tension  acting  on  the  extremity  P  are 

-T-,     -T^       -T—' 
ds  ds9  ds9 

the  components  of  this  tension  are  affected  with  negative  signs, 
since,  when  the  element  PQ  is  considered  apart,  the  tension  at 
P  will  be  directed  towards  the  left-hand  side  of  Kg.  221,  where 
the  origin  of  co-ordinates  is  supposed  to  be. 

These  components  of  the  tension  will  at  any  point  be  functions 
of  the  length  of  the  arc  measured  from  some  origin  point,  A,  of 
the  string  up  to  the  point  considered.  Thus,  if  AP  =  *,  we 
shall  have  dm 

and  the  component  of  the  tension  at  Q  is  therefore/(*+<fc),  or 
„dx      d  /^dx\    ,      d*  ,mdx\    d*2 
^+^(^)^  +  ^(^)T2  +  - 
Hence,  for  the  equilibrium  of  PQ,  resolving  forces  parallel  to 
the  axis  of  x>  we  have 

mdx      d  ,mdx^.     ,      d*  /mdx^.    ds* 

ds 
or,  rejecting  the  terms  which  cancel,  dividing  out  by  ds,  and 
diminishing  ds  indefinitely,  and  denoting  ta  by  m9  the  mass  per 
unit  length,  d  ,    dx\ 

Performing  the  differentiations,  we  obtain 
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For  the  future  we  shall  systematically  use  (a,  ft,  y)  for  the 
direction-angles  of  the  tangent  at  any  point  P  of  a  curve,  the 
positive  sense  of  this  tangent  being  that  in  which  the  arc,  *, 
measured  up  to  P  from  some  origin  point  on  the  curve,  receives 
a  positive  increase. 

Also  by  (£,  77,  C)  we  shall  denote  the  direction-angles  of  the 
radius  of  absolute  curvature  at  P9  taken  in  positive  sense  from  P 
towards  the  centre  of  curvature. 

We  may  suppose  these  angles  to  be  measured  from  lines  drawn 
at  P  parallel  to  the  positive  directions  of  the  axes  of  co-ordinates. 

Equations  (4),  (5),  (6)  may  then  be  written 
T  dT 

-cos£  +  -j-COSa  +  ^Xsr  0,  (7) 

p  as 

T  dT 

-CO8T7  +  -j-cos/3  +  *»7=  0,  (8) 

T  dT 

-cosf  +-j-cosy  +  M#=  0.  (9) 

Multiplying  these  by  cos  a,  cos  /3,  cos  y  and  adding,  we  have 

dT 

—  +  mS=0y  (10) 

where  8  =  the  component  of  the  forces  along  the  positive  sense 
of  the  tangent.     This  equation  gives 

T=  C-/Sds  =  C-fm(Xdx  +  Ydy  +  Zdz), 

which  is  obviously  the  same  as  (3)  of  last  Article. 

dT 
Again,  eliminating  T  and  -7-  from  (7),  (8),  (9),  we  have 

cos  i ,     cos  a,     X 
cos?;,    cos/3,     Y  =  0, 
cos  £     cos  y,     Z 
or  Zcos^  +  rcos0  +  ^cos^  =  0,  (11) 

where  (0,  <£,  \ff)  are  the  direction-angles  of  the  normal  to  the 
osculating  plane.  This  equation  asserts — what  is  evident  from 
first  principles — that  the  resultant  external  force  at  any  point 
lies  in  the  osculating  plane. 

Another  form  of  the  value  of  T  is  obtained  by  integrating  (1), 
(2),  (3)  separately,  and  squaring  and  adding.     Thus 

T*  =  (A  -fmXds)*  +  (B-fmYdsy  +  {C-fmZds)*y     (12) 
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A,  B,  C  being  constants  which  must  be  determined  after  each 

integration  by  knowing  the  values  of  T~9  ...  at  the  point  from 

which  s  is  measured.  * 

Again,  by  multiplying  (7),  (8),  (9)  by  cos  £  cosq,  cos  £  and 

adding,  f 

-~+wP  =  0,  (13) 

where  P  is  the  component  force  along  the  radius  of  curvature  in 
the  positive  sense  (i.e.  towards  the  centre  of  curvature). 

The  equations  of  the  curve  formed  by  the  string  are  obtained 
from  (1),  (2),  (3)  thus,  by  elimination  of  T, 

A—fmXds  _  B-fmTds      C-/mZds 

dx         ~~         dy         ~~         dz  *     ' 

ds  ds  ds 

From  (1 0)  it  follows  that  if  at  no  point  of  lie  string  is  there  any 
component  force  along  the  tangent,  the  tension  mil  be  constant 
throughout. 

299.]  String  on  a  Smooth  Surfaoe.  Now  suppose  that  the 
string,  while  acted  upon  continuously  by  any  forces,  is  placed  on 
a  smooth  surface,  which  produces  at  each  point  a  normal  reaction, 
equal  to  Rds  on  the  element  of  length  ds  at  the  point,  P. 

We  shall  denote  by  (/,  m,  n)  the  direction-angles  of  the  normal 
to  the  surface  in  the  sense  in  which  R  acts  along  the  normal. 
Then  we  have  simply  to  add  the  components  Roost,  Rcosm, 
Reoan  to  X,  J",  and  Z9  respectively  in  equations  (l),  (2),  (3),  or 
(7),  (8),  (9)  of  last  Article,  so  that  our  equations  are  now 

T  dT 

—  cos£+-T-cosa  +  fl*X+22cos£=  0,  (1) 
p              as 

T  dT 

—  CO8J7  +  j-cos/3  +  *»r+JScosm:==  0,  (2) 

T  dT 

—  cos  C+-7-C0S  y  +  *»iT+  iZcos*  =  0.  (3) 

p  uS 

If  a)  is  the  angle  between  the  radius  of  curvature  and  the 
inward  drawn  normal  to  the  surface  at  P  (i.  e.  the  normal  drawn 
in  the  sense  opposite  to  that  of  R),  we  have  by  multiplying  these 
by  cos/,  cos #2,  cosft,  and  adding, 

T 

R  +  mN cosco  =  0,  (4) 

P 
N  being  the  normal  force  per  unit  mass  in  the  sense  of  R. 
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By  multiplying  by  cos  a,  cos  ft  cosy  and  adding,  we  have 

0,  (5) 


dT       _ 

n+mS- 


just  as  in  the  case  of  a  free  string. 

When  the  applied  forces  have  a  potential,  F,  the  integral  of 
this  equation,  as  in  Art.  192,  is 

T=T0-(r-r0).  (6) 

In  the  particular  case  in  which  the  string  rests  on  any  smooth 
surface  under  the  influence  of  gravity,  this  equation  gives 

r=r0-m?(y-y0),  (7) 

the  axis  of  y  being  a  vertical  line.  From  this  it  follows  that  all 
points  at  which  the  tension  is  the  same  lie  in  the  same  horizontal 
plane. 

The  curve  of  equilibrium  of  the  string  is  found  by  eliminating 
T  and  R  from  the  equations  (1),  (2),  (3).     Thus,  if  we  eliminate 

first  t  and  JR.  we  have 
as 


T—+mX, 


dm 

du 

a* 

dm 

dy 
T,' 

du 
dy 

dz 

du 

2T 

dz 

=  0, 


(«) 


in  which  u  =  0  is  the  equation  of  the  given  surface,  so  that 

cos?:co6J»:cob»  =  -t-'.-t-i-t"     The  value  of  T derived  by  in- 

d x   dy    dz  J 

tegrating  (5)  must  be  substituted  in  (8),  and  we  then  get  a 
differential  equation  which,  with  u  =  0,  determines  the  curve. 

800.]  String  on  a  Bough  Surface.  If  a  string,  acted  on 
by  no  forces,  is  stretched  over  a  rough  surface  it  need  not,  as 
in  the  case  of  a  smooth  surface,  assume  the  form  of  a  geodesic  or 
shortest  line.  One  simple  case  in  which  it  will  be  a  geodesic  is 
that  in  which  it  is  about  to  slip  on  the  surface  at  every  point  in 
the  direction  of  the  tangent  to  the  string  at  this  point. 

Geodesic.  Consider  the  equilibrium  of  an  element,  PQ,  of  the 
string,  whose  length  is  <fo,  and  suppose  that  it  is  about  to  slip  in 
the  direction  QP.  The  element  is  acted  upon  by  three  forces — 
namely,  a  tension  T,  at  P,  a  tension  T+dT9  at  Q,  and  the  total 
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resistance  of  the  rough  surface,  which  must  pass  through  the 
intersection  of  the  tangents  at  P  and  Q. 

It  is  evident  that  we  may  consider  this  total  resistance  as 
acting  at  P,  ultimately,  since  it  is  of  the  form  B^d*,  1^  being 
a  finite  quantity,  and  if  it 
be  assumed  to  act  at  any 
point  between  P  and  Q,  its 
components  in  any  direc- 
tions will  differ  from  those 
of  the  total  resistance  sup- 
posed to  act  at  P  by  in- 
finitesimals of  the  order  of 

(dtf.    Resolve  the  total  re-  3^  a$5# 

sistance  at  P  into  a  normal 

force,  Rdsy  and  a  force  in  the  tangent  plane,  y.R(Uy  y.  being  the 
coefficient  of  friction  between  the  string  and  the  surface. 

Now  the  component  pRds  must  act  along  the  tangent  at  P, 
since,  by  hypothesis,  slipping  is  about  to  take  place  along  this 
tangent.  Hence  the  three  forces  T,  T+dT,  and  pRds  being  all 
in  the  osculating  plane  of  the  curve  at  P,  the  remaining  force, 
Rdst  must  also  lie  in  this  plane ;  that  is,  the  osculating  plane  at 
every  point  of  the  curve  contains  the  normal  to  the  surface. 
Hence  the  string  assumes  the  form  of  a  geodesic. 

Denoting  the  angle  between  the  tangents  at  Pand  Q  by  d$, 
we  have,  by  resolving  along  the  tangent  at  P, 

dT+nRds=0.  (1) 

Again,  resolving  along  the  normal  at  P, 

TdO-Rds  =  0.  (2) 

From  (1)  and  (2)  we  have 

dT 

T  +  lxd$=09        .:    T=Cer->9 

C  being  the  constant  of  integration,  and  0  the  sum  of  the  angle* 
of  contingence,  or  angles  between  successive  tangents  to  the 
string  from  any  chosen  point,  At  to  the  point,  P.  Let  T0  be  the 
tension  at  A.    Then  T  =  TQ  when  0=0;  therefore 

T  =  T0e~i*.  (3) 

General  Case.     Suppose  now  that  the  string  is  acted  upon  by 

any  forces,  and  that  F  is  the  force  of  friction  per  unit  length  at 

any  point  P,  the  direction  of  this  force  being  in  the  tangent 

o  2 
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plane,  bat  otherwise  unknown.     Let  its  direction-angles  be 
(a',  /S',  /).     Then  with  the  same  notation  as  before, 

T       A    dT 

—  cost  +T-coso  +  i«-I+ R  cos/  +  jPco8a'=  0,  (4) 

T  dT 

—  coBr)  +  2-coBp  +  tnF+Rco&m  +  FcoB&=  0,  (5) 

T  dT 

—  cosf+  -r-cosy  +  *»iJ'+-Rcos»  +  .Fcosy'=  0.  (6) 

Intrinsic  equations,  completely  equivalent  to  the  above,  can 
be  obtained  by  taking  the  axes  of  z>  y%  and  a?,  respectively, 
parallel  to  the  normal  (direction  of  R),  the  tangent  (direction 
of  T\  and  a  line  drawn  perpendicular  to  both,  so  that 

-,     0  =  0;     *=»*=-, 


a  =  y  =  -  >      0  =  0;     J  =  01  =  -  >      »  =  0 ; 


£=-  — a>,       l?  =  2>     C=»— »• 

If  Q  denotes  the  component  force  per  unit  mass  at  P  along 
the  new  axis  of  a?,  and  0  is  the  angle  which  the  direction  of  F 
makes  with  the  tangent,  these  equations  become 

T 

—  sinw  +  iaQ  +  ^sinfl  =  0,  (7) 

dT 

-^+mS+Fco86         =  0,  (8) 

T 

C0BG>  +  mN+Il         =  0,  (9) 

P 

the  last  of  which,  therefore,  holds  both  for  a  rough  and  for  a 

smooth  surface. 

Consider  the  particular  case  in  which  there  is  no  continuously 

applied  external  force,  i.  e.  let  N=  8  =  Q  =  0,  and  suppose  that 

slipping  is  about  to  take  place  at  a  point.     Then  at  this  point 

F=  fiR9  and  we  have 


-r-=  —  vV2cos2a>— sin2o).  ^  (10) 

At  a  point,  therefore,  at  which  the  osculating  plane  is  in- 
clined at  the  angle  of  friction  to  the  normal  to  the  surface, 
the  tension  is  a  maximum  or  minimum  ;  and  if  slipping  is 
about  to  take  place  at  all  points,  the  tension  will  be  constant 
throughout  if  the  osculating  plane  of  the  curve  in  which  the 
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string  is  placed  makes  throughout  the  angle  of  friction  with 
the  normal. 

If  the  osculating  plane  is  everywhere  normal  to  the  surface, 
a)  =  0,  and  therefore  sin0  =  0,  i.e.  the  force  of  friction  acts 
along  the  tangent — as  is  evident  from  the  fact  that  of  the  four 

dT 
forces,  Ty  T+  -j-ds,  R,  and  F9  which  keep  an  element  in  equi- 
librium, the  first  three  are  then  coplanar,  so  that  F  must  lie 
in  the  tangent. 

Example. 

A  string  whose  weight  may  be  neglected  is  plaoed  along  a  circular 
section  of  a  rough  right  cone  and  is  pulled  at  its  extremities  by  two 
given  forces,  P  and  Q ;  find  the  relation  between  these  forces  when 
the  whole  string  is  about  to  slip,  and  the  direction  of  slipping  at  each 
point. 

Ana,  If  a  =  semi  vertical  angle  of  cone,  /x  =  coefficient  of  friction, 
I  =  length  of  string,  r  =  the  radius  of  the  circle,  and  if  P  is  about 
to  overcome  Q9  l    

and  the  direction  of  slipping  makes  at  each  point  with  the  tangent 
the  angle  whose  cotangent  is  VVcot*a—  1* 

301.]  Equilibrium  of  an  Extensible  String.  With  the  same 
notation  as  that  employed  in  Art.  196,  the  equations  of  equi- 
librium of  a  flexible  extensible  string  in  the  general  case  will 
1*  ntds  =  m0ds0,  (l) 

^  =  (l  +  £)<fe0,  (2) 


(•) 


d*  =  Vdw*+df+dz*,  (4) 

*o=/(*o).  #(«) 

In  general,  then,  the  two  equations  of  the  curve  of  equilibrium 
are  found  by  eliminating  «,  wt0,  *,  *0,  Ttrom  these  seven  equa- 
tions. 
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As  before,  we  take  only  two  cases,  viz.  that  in  which  m0  is 

constant,  and  that  in  which  X,  Ty  Z  axe  constant. 

Firstly,  consider  m0  constant.  A      ji      a 

Then,  multiplying  the  left-hand  sides  of  (3)  by  — >  ■+$  —, 

and  adding, 

while  from  (1)  and  (2)  we  have  m  =  — ^ ;  so  that  (6)  gives 

(l  +  j)  dT+ m0(Xdx  +  Tdy + Zdz)  =  0.  (7) 

Integrating  this  and  patting  Ffor  the  potential  of  the  external 
forces,  per  mass  m0  at  the  point  (x,y,  z),  viz. 

mo/(Xdx+Tdy+Zdz), 

we  have  t(\+L^-A-r  (8) 

where  A  is  a  constant. 

Hence  by  (2)  ^  k 

7i=rmVi**  (9) 

which  gives  s  in  terms  of  *0,  and  therefore  the  extension. 

If  V  and  V  are  the  potentials  at  two  points  at  which  the 
tensions  are  T  and  F ,  respectively, 

iT-r)(i+^£)  =  r-r.  (10) 

The  equations  of  the  curve  of  equilibrium  are  obtained  by 
substituting  the  value  of  T  given  by  (8)  in  any  two  of  the 

(»+x)  *(£)+-»-•• 

Secondly,  suppose  the  external  forces  J,  7,  Z  to  be  constant. 
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Then,  integrating  equations  (3),  we  have 
T%=  A-X/*0*9, 

T^  =  B-T/m0d»0> 

T%.=  C-Z/m0d*J 

as 


(") 


A,  B,  C  being  constants.     Squaring  and  adding  these, 

1"  =  (A-X/m9dtf+(B-7/*9diJ'  +  (C-.Z/m,dtf,  (12) 
which  gives  T  in  terms  of  #0 .     Suppose 

T =*(«<,)•  (13) 

Hence  from  (2)      ,  — yj* 

from  which  the  extension  is  known. 

The  equations  of  the    curve   are  obtained   from    equations 
( 1 1 )  by  substituting  for  dt  in  terms  of  dt0 .     Thus, 

da  =  (A-X/mod»0)  {-  +  fj^j]***, 
dy  =  (B-Y/mod,0){l  +  ^d*0, 

Integrating  these  and  eliminating  *0,  we  obtain  the  two  equa- 
tions of  the  carve  of  equilibrium. 

302.]  Equilibrium  of  a  Plane  Elastic  Bod.  The  equilibrium 
of  a  string  has  been  investigated,  in  Art.  297,  on  the  supposition 
that  if  we  take  a  normal 
section  of  it  at  any  point, 
P,  the  action  exerted  on 
the  portion  PB  by  the 
remaining  portion  PA 
consists  simply  of  a  force 
directed  along  the  tan- 
gent. The  rod  differs  from 
the  string  in  this — that 
the  internal  action  exerted  on  any  normal  section  is  much  more 
complicated,  being  equivalent  to  a  force,  /,  acting  at  some  point 


.**« 


Kg.  266. 


200  EQUILIBRIUM   OP    STRINGS   AND   SPRINGS.  [302. 

of  the  section,  oblique  to  the  tangent,  together  with  a  couple  L. 
In  the  case,  now  before  us,  of  a  rod  lying  wholly  in  one  plane 
and  acted  upon  by  external  forces  and  couples,  also  confined  to 
this  plane,  the  axis  of  the  couple,  L,  will  at  every  point  be 
perpendicular  to  the  plane  of  the  rod.  Indeed,  the  remarks  in 
Art.  103  on  the  nature  of  internal  action,  or  stress,  prepare  us 
for  seeing  this. 

In  the  above  figure  (Fig.  266),  consider  the  nature  of  the  action 
exerted  over  the  normal  section  at  P  on  the  part  PB  by  the 
part  PA.  Near  the  upper,  or  convex,  side  the  bending  has  the 
effect  of  making  the  part  PA  try  to  tear  away  from  PB,  so  that, 
on  the  whole,  there  will  be  in  this  neighbourhood  forces  on  PB 
directed  towards  the  left ;  while  near  the  lower,  or  concave,  side 
of  the  rod  at  P,the  bending  causes  the  portion  PA  to  push  into 
PB,  and  consequently  the  particles  of  PB  in  this  neighbourhood 
will  experience  forces  directed  towards  the  right  of  the  figure. 

This  state  of  stress  is  roughly  repre- 
sented in  Pig.  267.  If  the  arrows  in 
it  represent  the  forces  experienced  by 
the  individual  molecules  of  the  por- 
tion PB,  it  is  clear  how  such  forces 
^T"  "         might  reduce  to  a  single  force  acting 

Rg.  267.  below  P',  perhaps  a  long  way  off  from 

the  rod;  and  how  this  single  force, 
again,  could  (Art.  79)  be  replaced  by  the  force  /  (Fig.  266) 
acting  at  an  arbitrary  point  of  the  section,  together  with  the 
counter-clockwise  couple  L. 

A  remark,  to  which  we  shall  return  in  the  Chapter  on  Strain 
and  Stress,  may  now  be  made  with  reference  to  the  system  of 
stress  (Fig.  267)  on  the  section  of  the  rod.  It  is  this — that  even 
though  the  normal  section  may  be  extremely  small,  as  in  the 
case  of  a  very  narrow  wire,  the  forces  experienced  by  the  suc- 
cessive molecules  lying  in  the  section  vary  in  both  magnitude 
and  sense  with  enormous  rapidity.  On  an  infinitely  small  area 
of  this  normal  section — such  as  the  surface  of  a  single  atom — the 
stress  action  consists  necessarily  of  a  force  simply — without  any 
couple ;  but  the  normal  section  of  even  a  very  thin  wire  contains 
an  infinitely  great  number  of  such  infinitely  small  surfaces,  and 
therefore  furnishes  abundant  possibility  for  the  enormously  rapid 
change  in  the  magnitude  and  sense  of  the  separate  internal  forces, 
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and  hence  for  that  force  and  couple  to  which,  if  the  wire  be  very 
stiff,  these  individual  forces  mnst  reduce. 

The  rod,  whose  equilibrium  we  are  considering,  is  supposed,  for 
generality,  to  be  acted  upon  continuously  throughout  its  length 
by  applied  force,  whose  amount  per  unit  length  at  any  point  is 
F,  together  with  applied  couple,  whose  amount  per  unit  length 
is  G.  •  A  magnetized  spring  acted  upon,  in  addition  to  any  other 
forces,  by  the  earth's  magnetic  attraction,  gives  an  instance  of 
continuously  distributed  external  couple. 

303.]  Conditions  of  the  Extremities.  Our  figure  represents 
the  rod  as  kept  in  equilibrium  by  continuously  distributed  force 
{Fds)  and  couple,  together  with  two  terminal  forces  at  A  and  B. 
These  terminal  forces  may  be  produced  either  by  direct  pulls, 
or  by  fixing  smooth  pins  through  the  extremities,  since  (Art.  103) 
the  pressures  all  round  the  surface  of  a  smooth  cylindrical  axis 
are  equivalent  to  a  single  force  acting  through  the  centre  of 
the  axis. 

Another,  and  essentially  different,  state  of  aflairs  at  the  ends 
is  produced  by  fixing  not  only  the  end  itself  but  also  the  tangent 
at  it.  In  this  case  we  shall  speak  of  the  end  as  tangentially  fixed '. 
It  is  clear  that  this  mode  of  fixture  could  not  be  produced  by 
the  application  of  a  single  force  at  the  end  so  fixed;  it  would 
require  the  application  of  a  force  and  a  couple  to  the  end. 
In  the  case  of  coplanar  forces  this  force  and  couple  are  equi- 
valent to  a  single  force  acting  at  a  distance  from  the  end 
(Art.  79). 

Pivoting  at  an  extremity  is,  then,  productive  of  a  single  force 
acting  at  the  extremity ;  and  tangential  fixture  is  productive  of 
a  force  and  a  couple  acting  at  it. 

304.]  Equations  of  Equilibrium.  We  now  proceed  to  obtain 
the  equations  connecting  the  stress  with  the  external  forces  and 
couples,  exactly  as  in  the  case  of  a  string.  Consider  the  separate 
equilibrium  of  the  element  PQ.  The  stress  which  it  experiences 
at  P  has  been  already  described ;  over  the  normal  section  at  Q, 
the  stress  will  consist  of  a  slightly  different  force,  /+  dly  and  a 
slightly  different  couple,  L  +  dL;  while  the  externally  applied 
force  is  Fds,  and  the  externally  applied  couple  is  Gds.  (The  force 
I+dl  and  the  couple  L  +  dL  are  exerted  by  the  portion  QB  on 
QAy  and  are  therefore  in  the  senses  represented  in  the  figure.) 

Suppose  the  arc  *  to  be  measured  from  A,  so  that  AP  =  s ; 


J- 
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let  Sds  and  Nds  be  the  components  of  Fds  along  the  tangent 
tP  and  the  normal  Pn  drawn  towards  the  convex  side  of  the 
curve ;  let  0  be  the  angle  which  the  tangent  at  P  makes  with 
some  fixed  line  (axis  of  x)  which  we  may,  for  definiteness,  sup- 
pose drawn  at  the  lower  side  of  the  figure,  so  that  the  radius  of 

curvature,  p,  at  P  is  —  -pz  •    Also,  let  the  internal  force,  /,  be 
ad 

resolved  into  components,  Tf  along  the  tangent  and,  Uy  along  the 
normal.     The  second  component  is  called  the  shearing  stress  at 
P ;  the  first  is,  of  course,  the  tension  of  the  rod.     Let  the  tension 
and  shearing  stress  at  Q  be  T+dT  and  U+dU,  respectively. 
r-  Then,  for  the  equilibrium  of  PQ,  resolving  along  the  tangent, 

we  have  -^+Y+dT-(U+dU)d$  +  Sds  =  0, 

observing  that  dO  is  negative.     Hence,  proceeding  to  the  limit, 

?♦?♦«-*         <» 

Similarly,  resolving  along  the  normal, 

L'     Va  >r£  "J<r  +  !iJ.'       U+dU-U+(T+dT)dO+Nd«  =  0. 

'.      ,.T'    -•.  ,.     f-^  +  *=0.  (2) 

,(  d*        p  w 

Finally,  taking  moments  about  an  axis  through  P  perpen- 
dicular to  the  plane  of  the  figure,  and  observing  that  the 
moment  of  the  external  force  would  give  a  term  of  the  order 
ds2,  we  have 

L-L-dL  +  (U+dV)ds  +  Ods  =  0, 

.-.    ^-tf-<?  =  0.  (3) 

From  this  last  we  see  that  when  there  is  no  continuously  dis- 
tributed external  couple,  the  shearing  stress  at  any  point  is  equal  to 
the  differential  coefficient  of  the  stress  couple  with  respect  to  the  arc. 

"With  regard  to  the  sense  of  the  stress  couple  Z,  observe,  in 
general,  that  the  couple  exerted  on  any  portion  PA  by  the 
remaining  portion  PB  is  in  the  sense  in  which  the  tangent 
at  P  revolves  as  we  move  from  P  along  PB ;  and  in  (3)  the 
shearing  stress  exerted  on  PA  by  PB  is  measured  along  the 
normal  drawn  towards  the  convex  side  of  the  curve.  If  U  is 
measured  towards  the  centre  of  curvature  we  have  simply  to 
change  its  sign  in  the  equations. 
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Sometimes  it  is  of  more  advantage  to  obtain  equations  from 
the  consideration  of  the  equilibrium  of  a  portion  of  finite  length 
of  the  curve. 

Thus,  consider  the  equilibrium  of  the  whole  length  AP.  Take 
any  two  fixed  axes  of  x  and  y ;  let  Xds  and  Yds  be  the  com- 
ponents of  the  external  force,  Fds,  parallel  to  these  axes ;  let 
a  and  )3  be  the  components  of  the  force  (arising  from  any  such 
cause  as  fixture)  at  A,  and  let  A  be  the  special  couple  (if  any) 
applied  at  A.    Then,  by  resolution,  we  have 

Tcoefl-  UsinB  =  0-/X&,  (4) 

Tsin0+  UcoaO  =  P+fYds,  (5) 

which  give  T  and  U  at  once. 

Also,  by  taking  moments  about  P,  and  denoting  the  co-ordinates 
of  A  by  a  and  J,  while,  to  avoid  confusion,  we  denote  the  co- 
ordinates of  any  point  on  the  curve  between  A  and  P  by  £  and 
17,  we  have 

L  =  \  +  a(y-b)-p(x-a)+/{X(y-r,)-Y(x-$)+G}ds.  (6) 

Or  the  value  of  L  may  often  be  better  obtained  from  (3),  U 
having  been  determined  from  (4)  and  (5). 

305.]  Partioular  Case  of  Plane  Spring.  Suppose  that  there 
are  no  forces  or  couples  continuously  distributed  along  the  rod,  or 
spring,  but  merely  a  force,  H,  at  one  end,  B,  the  other  being 
either  simply  or  tangentially  fixed;  and  suppose  that  before 
strain  the  spring  had  the  form  of  any  plane  curve,  of  which  the 
radius  of  curvature  at  any  point  was  r.  Considering  the  equi- 
librium of  any  portion  PB,  we  see  that  stress  at  P  (force  and 
couple)  must  reduce  to  a  force  equal  to  the  force  H  and  directly 
opposed  to  it  in  its  line  of  action. 

Hence  at  all  points  the  internal  force  /  is  constant  in  magni- 
tude and  direction — equal  to  H. 

Again,  by  moments  about  P,  if  we  take  the  line  of  action  of  H 
as  axis  of  ar,  we  have  jr;  =  H.y.  (1) 

Now  the  magnitude  of  L  is  assumed  to  be  equal  to  the  change 
in  curvature  at  P  produced  by  strain,  multiplied  by  a  certain 
constant,  A,  whose  magnitude  depends  on  the  stiffness  of  the 
material  of  the  spring  ;  so  that 

L  =  A(\-\).  (2) 
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The  constant  A  is  called  a  flexural  rigidity,  and  it  is  evidently 
of  the  nature  of  a  force  multiplied  by  the  square  of  a  line. 

We  may  therefore  put  ~  =  a2  =  a  constant,  and  then  we  have 


1       1f    ^a\ 


(3) 


which  is  the  equation  determining  the  form  of  the  curve. 

If  the  spring  when  free  from  strain  was  straight,  -  is  zero, 
and  the  equation  becomes 

h-i-  (4) 

If  the  rod  was  in  the  form  of  a  circular  arc  when  unstrained, 

(3)  could  be  put  into  the  form  (4)  by  taking  the  axis  of  x  parallel 

a2 
to  the  line  of  action  of  H  at  a  distance  —  from  it. 

r 

The  force,  H,  may  be  applied  either  directly  to  the  end,  B,  of 
the  rod  itself  or  to  a  rigid  arm  attached  to  B. 

The  latter  case  is  the  same  as  if  H  were  directly  applied  to  B 
and  accompanied  by  a  couple  whose  moment  is  the  moment  of 
H  about  B — in  fact,  a  rigid  arm  at  the  extremity  of  which  H  is 
applied  may  be  regarded  as  a  means  of  applying  a  force  and  a 
couple  at  the  end,  B,  of  the  rod  (see  Art.  202). 

306.]  Elastic  Curves  and  Elliptic  Functions.  Let  ABB 
(Kg.  268)  represent  the  rod,  with  two  rigid  arms,  Aa,  Bb, 


r 


attached  to  its  ends,  two  equal  and  directly  opposed  forces,  27, 
being  applied  perpendicularly  to  these  arms.  We  assume  that 
the  rod  was  straight  when  unstrained. 

Taking  the  line  ab  as  axis  of  x,  the  equation  of  the  bent  rod 

»  Py  =  a\  (1) 
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We  shall  express  p  in  terms  of  the  element  of  arc,  ds,  and  the 
angle,  d6,  between  the  tangents  at  its  extremities;  and  for 
definiteness  we  shall  assume  *  to  be  measured  from  a  point,  D, 
at  which  the  tangent  is  parallel  to  the  line,  aby  of  action  of  the 
force  ffy  and  the  angle  0  made  with  the  tangent  at  D  by  the 
tangent  at  any  point,  P,  on  the  curve  to  be  measured  positively 
in  the  sense  of  clockwise  rotation. 

The  curve  of  equilibrium  may  be  concave  at  some  points  and 
convex  at  others  to  the  line  of  action  of  the  terminal  forces ;  and 
if  at  any  point  it  intersects  this  line,  its  curvature  vanishes  at 
the  point.     It  may,  again,  never  intersect  this  line  at  all. 

If  P  and  Q  are  any  two  very  close  points  on  the  curve,  the 
extremity  of  the  curve,  which  we  should  reach  by  travelling 
from  P  to  Q  and  then  continuously  along  the  curve,  may  be 
called  the  extremity  adjacent  to  Q,  while  the  other  extremity  may 
be  called  the  extremity  adjacent  to  P. 

The  terminal  forces,  Hy  may  act  along  ab  either  towards  each 
other,  as  represented  in  Fig.  268,  or  from  each  other,  and  the 
sense  of  the  bending  (or  concavity)  at  any  point  will  depend  on 
the  senses  of  the  terminal  forces.  In  every  case,  of  course,  the 
sense  of  the  bending  at  any  point  P  is  such  that  the  moment 
about  P  of  the  terminal  force  at  either  extremity  is  opposed  by 
the  stress  couple  exerted  at  P  by  the  remaining  portion  of  the 
rod  ;  or,  in  other  words,  for  all  the  figures  which  the  curve  can 
assume  we  have  the  following  rule — the  sense  in  which  the  tangent 
revolves  in  passing  from  P  to  a  consecutive  point  Q  is  the  sense  of 
the  moment  about  P  of  the  force  at  the  end  adjacent  to  Q. 

If  in  (1)  we  put  p  =  ^  ;  and  ~-  =  —  sin0,  we  have 

«»g  =  -Bin*,  (2) 

...    a'(^)2=C+2cos0, 

where  C  is  a  constant.  Let  D  (Kg.  368)  be  a  vertex,  or  point 
at  which  the  tangent  is  parallel  to  ab,  and  let  the  ordinate 
DC  =  h ;  then  from  the  last  equation  we  have 

f  =  h*-4a*sm*l-  (3) 
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Now  different  cases  arise  according  as  h  is  <2a,  =  2a,  or 
>2a. 
Case  1  ;  A<2a.     Let  A  =  2a£,  where  it  is  a  fraction.    Then 

y=2a/y/^-sin^.  (4) 

a 
Let  sin  -  =  h  sin</> ;  then 

y  =  Acos<£>.  (5) 

The  angle  <f>  can  be  easily  exhibited:  with  C}  the  foot  of 
the  ordinate  from  D,  as  centre,  describe  a  circle  of  radius  h ;  from 
P,  which  is  any  point  on  the  curve,  draw  PR  parallel  to  ah, 
meeting  the  circle  in/?.     Then  the  angle  DGjo  is  obviously  <p. 

To  find  the  length  of  the  arc  LP,  or  #,  we  have  -£■  =  —  sin  6 ; 

but  from  (5),  ~  =  —  A  sin  ^  -£ ;  hence 

*fo       £sin$ 
rf</>  "~    sin0 
a 


Vl-^sin2^ 


•'"       *  =  a/         /I        tf    '    1*'  W 

Jo    vl- ^sin2^ 

=«.^,«),  (7) 

according  to  the  notation  for  an  elliptic  integral  of  the  first  kind. 
To  express  the  abscissa,  CM,  of  P.     If  CM  =  #,  we  have 

<fo  .  Ac       .   .    J     ,  .         1  —  2 Pan* 6 

-r-=cos0,    .\     j—  =  Asuubcotd  =  a — , 

as  a<p  A</> 

where  A0  =  v^l  — £2  sin8  #.     Hence 

-=2a.A^— ,  (8) 

a    0  =  2a . E{k,  <p)-a . P(*, <£),  (9) 

.\     *?  +  *  =  2a.E(k,4>)f  (10) 

where,  as  usual,  J?  denotes  the  elliptic  integral  of  the  second 
kind* 
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Examples. 

1.  If  the  ends  A  and  B  are  fixed  by  smooth  pins  at  a  given  die* 
tance  apart,  and  the  rod  is  placed  in  the  form  of  n  bays,  or  spans, 
between  the  pins,  find  the  pressures  exerted  by  the  pins. 

The  pressures  exerted  by  the  pins  will  be  directly  opposed  in  the 
line  AB.  Let  AB  =  c,  and  let  I  =  whole  length  of  the  rod.  Then 
the  length  of  the  arc  in  one  span  is  obtained  from  (7)  by  putting 

♦  =  |.     Hence  I « 8»aJ(*  £)•  (11) 

Similarly,  from  (10),  we  have 

c+i=4natf(*,  |);  (12) 

so  that  k  is  determined  from  the  equation 

2/.tf(A,£)=(e+Q.J'(*,|),  (13) 

which  is  independent  of  the  number  of  bays. 

Now  there  is  only  one  value  of  k  which  satisfies  this  equation, 
as  we  can  Eee  graphically  thus.  The  values  of  h  range  from  0  to  1. 
Draw  two  rectangular  axes,  Ox  and  Oyy  and  let  abscissae  (along  Ox) 
represent  values  of  k  while  ordinates  represent  the  corresponding 
values  of  E. 

When  jfc  =  0,  JP  =  =,  and  when  h  =  1,  E  =  1.     Also,  we  easily 

find  by  differentiation  that 

"    V.  CD 


dk 

dF 

dk~kKV 


S- !<£-*>.  <«9 


IT 

in  which  we  nse  .7  and  F,  for  shortness,  instead  of  S  (k,  -)  and 

/'(A,  5);  and  also  **  for  l-*». 
2 

Measure  off  07  =  £  along  0y,  and  OT  =  1  along  Ox,  and  at  4T 

draw  an  ordinate  TR  =  1.     Then  the  curve  representing  the  values 
of  E  passes  through  F  and  2?,  touching  TR  at  K,  and  touching  at 

(M?  (\ 

V  a  line  parallel  to  Ox.    (The  value  of  -=r-  at  F  assumes  the  form  -> 

cm;  0 

but  it  is  easy  to  find,  by  the  help  of  (15),  that  it  is  equal  to  zero.) 
This  curve  is  continuously  concave  towards  the  axis  of  x. 

Again,  the  curve  whose  ordinates  represent  the  values  of  F  passes 
through  F,  touching  the  previous  curve  at  this  point,  its  ordinate 
being  thenceforth  always  >OV,  until  when  k  =  1,  the  ordinate  =  oo. 
This  curve,  therefore,  approaches  the  line  TR  asymptotically.  An  in- 
spection of  the  figure  showB  that  if  the  ordinates  of  these  curves  have 
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a  given  ratio,  there  is  only  one  value  of  k  which  will  answer,  since 
the  second  curve  is  continuously  convex  towards  the  axis  of  x,  E  being 
always  >tf*Ff  except  at  the  point  V. 

The  value  of  k,  then,  must  be  found  empirically  from  (13),  and  if 
the  corresponding  value  of  F  is  /a,  equation  (11)  gives 

H=^A  (16) 

for  the  pressure  exerted  by  each  pin. 

Hence  the  pressure  is  proportional  to  the  square  of  the  number 
of  bays. 

If  a  ib  the  angle  made  with  the  line  AB  by  the  tangent  at  either 

Q 

extremity  of  the  rod,  since,  in  general,  sin  -  =  k  sin  0,  we  have 

2 

ein?=*,  (17) 

for  any  figure  which  crosses  the  line  of  force,  since  for  all  such  curves 

<f>  =  -  for  the  point  of  crossing. 
2 

In  the  present  case,  therefore,  whatever  be  the  number  of  bays, 
their  terminal  tangents  are  all  equally  inclined  to  the  line  AB. 

The  particular  case  in  which  the  ends  A  and  B  are  brought  to- 
gether deserves  to  be  noticed.  One  form  of  equilibrium  is,  of  course, 
that  of  a  single  loop  starting  from  A  and  coming  round  to  A  again, 
there  being  two  distinct  tangents  to  the  curve  at  A. 

For  this  case  put  e  =  0  in  (13),  and  the  value  of  k  is  obtained  from 
the  equation  _  _ 

2E(k,\)  =  F(k,\),  (18) 

and  the  inclination  of  each  tangent  is  given  by  (17). 

Another  form  of  equilibrium  in  this  case  is  that  of  a  figure  of  8, 
the  two  tangents  at  the  double  point  making  with  the  axis  of  the 
curve  the  same  angles  as  those  just  found  for  the  case  of  a  single 
loop. 

2.  Show  that  if  a  rod  is  slightly  bent  between  its  extremities,  its 

.   x 
figure  is  that  of  the  curve  of  sines,  y  =  h  sin  -• 

Case  2  ;  h  =  2  a.     In  general,  the  radius  of  curvature  at  the 

a2 
vertex  D  is  equal  to  -j  ,  so  that  when  A  >  a,  the  curve  on  leaving 

D  comes  inside  the  circle  Dp  (Fig.  368).     Such  happens,  then,  in 
the  present  case ;  and  we  easily  find  from  (7)  and  (10) 

#=«logtan(j  +  |),  (19) 

*  =  2asin0-a  log  tan  (^  +  y) '  (20) 
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0  8 

Also  <f>  =  ->  and  y  =  2acos-«     On  leaving  the  vertex,  D, 

the  value  of  x  begins  by  increasing;  but  the  logarithmic  term 

in  (20)  must  soon  destroy  the  term  2a  sin  0,  so  that  x  =  0,  or 

the  curve  cuts  the  axis  of  y  at  some  such  point  as  /  (Pig.  469). 

The  course  of  the  curve  from 

D  is  DPJ£;    and  there  is  ;* 

obviously     a     similar     and  JL 

equal  portion  represented  by  (  \    ) 

DQJA ;  and  the  productions  Qy  I  Jp 

of  the  curve  beyond  the  arms,  ^-^f^^^    a 

at  the  extremities  of  which     '"^r"~l  — £ —        T--y 

the    forces  H  are    applied,  y\%.  269. 

are   asymptotic  to  the  line 
of  force. 

Case  3  ;   h  >  2a.     In  this  case  put  2a  =  k .  A,  where  k  is,  of 

course,   <1.     Hence  y  =  A  a/  1—  A8  sin2-;   and  if  we  put 

0 
k  sin  -  =  sin  </>,  we  have  y  =  A  cos  <f>,  so  that  we  have  the  same 

geometrical  representation  of  <f>  as  before.    But  in  this  case  the 

Q 

curve  can  never  cross  the  line  of  force,  since  sin  -  cannot  be  equal 

1 
to  t  >  and,  consequently,  y  cannot  vanish. 

The  following  results  are  easily  found  : 
,  =  *«.*•(*,-);     x  =  T-E{k,-) j-a.Ffr-). 

The  form  of  the  curve  is  that  represented  in  Kg.  370,  in 
which  a  b  is  the  line  of  action  of  the  terminal  forces.  This  figure 
represents  also  the  curve 

of  what  is  called   the     - £ 

Hydrostatic  Arch  (omit- 
ting, of  course,  the 
looped  portions). 

The  idea  in  the  con- 
struction of  this  arch  TC 

ru  tp  Fig.  270. 

is  as  follows :  If  a  per- 
fectly flexible  string  with  fixed  ends  is  in  equilibrium  under  the 
action  of  continuously  applied  external  force,  which  is  everywhere 

vol.  11.  p 
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normal  to  the  string,  the  tension,  Ty  is  constant,  and  at  each 
point  it  =  Np,  where  iVia  the  normal  force  per  unit  length  and 
p  the  radios  of  curvature  at  the  point  (Art.  183).  In  such  a 
system  there  is  no  shearing  force  and  no  stress  conple  at  any 
point.  Now,  if  we  imagine  the  sense  of  every  force  to  be 
reversed,  i.e.  let  the  normal  force,  Ny  be  converted  into  pressure 
towards  the  centre  of  curvature,  and  the  tension,  T3  to  be  con- 
verted into  thrust,  while  the  string  becomes  a  body  capable 
of  resisting  tangential  thrust  (i.e.  a  body  of  the  nature  of  a 
wire),  no  shear  and  no  bending  couple  would  be  called  into  play  in 
the  new  body.  But  these  are  the  objects  to  be  desired  in  an  arch, 
DP,  supporting  water,  since  with  no  shear  or  bending  couple, 
there  will  be  no  tendency  in  the  joints  to  separate.  The  stress 
in  the  arch  will  then  consist  of  direct  tangential  thrust  between 
stone  and  stone. 

Now  if  P  is  any  point  on  the  arch,  and  ab  the  level  of  the 
superincumbent  water,  the  pressure  per  unit  area  at  P  is  wy, 
where  to  is  the  weight  of  the  water  per  unit  volume,  and  y  the 
depth  of  P  below  ab.  If,  then,  the  arch  is  merely  a  rigidified 
string  devoid  of  shear  and  bending  stress,  T  =  constant,  and 

T 

-  =  wy,  therefore  py  =  constant,  where  T  is  the  thrust  in  the 

arch  per  unit  of  breadth  (i.e.  per  unit  distance  perpendicular  to 
the  plane  of  the  figure). 

Practically  the  elastic  curve  py  =  a2  can  be  constructed  as  an 
assemblage  of  small  circular  arcs  thus.  Take  any  axis  of  abscissae, 
ab  (Fig.  268),  and,  starting  with  a  point  D,  describe  a  small 
circular  arc,  DD\  whose  centre  is  on  the  ordinate  DC.  Let  this 
centre  be  0,  and  let  if  be  the  ordinate  of  D\     Then  on  the  line 

I/O  take  a  point  (X  such  that  (flf—  OD .—,  where  y  is  the 

ordinate,  DC,  of  2),  and  with  0'  as  centre  draw  the  small  circular 
arc  D'D" ;  continue  by  a  small  circular  arc  from  D"  to  D"\  and 
so  on,  and  we  get  an  approximate  figure  of  an  elastic  curve. 

A  plane  flexible  string,  every  element  of  which  is  acted  upon 
by  a  normal  external  force  only,  whose  magnitude  is  proportional 
to  the  distance  of  the  element  from  a  fixed  line  in  the  plane  of 
the  string,  assumes  the  form  of  one  of  the  elastic  curves,  since  by 
equation  (2)  of  Art.  183,  we  have 

py  =  constant. 
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This  would  be  the  case  of  a  flexible  cylindrical  sheet  filled  with 
water.  A  section  of  the  surface  perpendicular  to  the  axis  of  the 
cylinder,  would — at  least  in  places  not  near  the  ends  of  the 
cylinder — be  a  curve  satisfying  the  equation  py  =  constant, 
since  each  element  is  acted  upon  by  a  normal  force  (the  water 
pressure)  whose  magnitude  is  proportional  to  the  depth,  y,  of  the 
element  below  the  free  surface  of  the  water — the  lateral  tensions 
proceeding  from  the  elements  of  the  sheet  outside  the  plane 
of  the  section  contributing  no  component  tension  in  the  plane  of 
the  section. 

807.]  Kinetio  Analogue  of  Plane  Elastio  Wire.  As  we 
shall  subsequently  prove,  there  is  an  intimate  connection  between 
the  statical  problem  of  a  bent  and  twisted  wire  and  the  kinetical 
problem  of  the  motion  of  a  rigid  body  round  a  fixed  point.  The 
kinetical  analogue  of  the  problem  of  the  plane  elastic  rod  is  a  very 
simple  one,  when  the  rod  is  acted  upon  only  by  terminal  forces. 
For  the  equation  of  the  curve  assumed  by  the  rod  is  py  =  a2 ; 
so  that  if  6  is  the  angle  made  by  the  tangent  at  any  point  with 
the  axis  of  a?,  we  have  (see  p.  205) 


-  ^  =-sin0.  (1) 

If  a  point  travel  along  the  curve  with  constant  velocity,  /3,  so 

d% 
that  -rt  =  A  *ne  equation  which  gives  the  position  of  the  tangent 

to  the  curve,  or  direction  of  motion  of  the  moving  point,  at  any 
time  is  therefore  ,  ,». 

?JBi  =—**■  (2) 

Now  the  equation  of  motion  of  a  simple  pendulum  of  length  I 

-y— n*  (3) 

tf  being  its  inclination  to  the  downward-drawn  vertical  through 
its  fixed  end.  Hence  the  direction  of  the  pendulum  and  the 
direction  of  the  motion  of  the  point  which  describes  the  elastic 
curve  can  be  made  the  same  at  all  times ;  for  we  have  simply 
to  place  the  axis  of  the  elastic  curve  vertical,  to  make  the  tangent 
at  the  initial  position  of  the  moving  point  parallel  to  the  initial 

position  of  I  (the  pendulum  string),  and  to  make  0  =  a  \f  y 
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808.]  Tortuous  Curve.  When  a  curve  does  not  lie  in  one 
plane,  it  is  generally  called  a  *  curve  of  double  curvature ' ;  but 
the  term  tortuous  curve,  which  is  more  expressive  and  appropriate, 
has  been  employed  by  Thomson  and  Tait.  This  is  the  term 
which  we  shall  adopt.  The  measure  of  the  tortuosity — or  de- 
parture from  planeness — at  any  point  of  such  a  curve  is  thus 
made.  If  P  and  P'  are  two  points  on  the  curve  distant  by  the 
infinitesimal  arc  ds,  and  ifd<f>i&  the  angle  between  the  osculating 
planes  at  P  and  P',  the  rate  of  change  of  direction  of  the  osculating 
plane  per  unit  length  of  arc  is  obviously  the  limit  of  the  ratio 

-T-  as  Pf  approaches  infinitely  near  to  P. 

This  limiting  ratio  is  called  the  tortuosity  of  the  curve  at  P. 

809.]  Resolution  of  Curvature.  If  through  any  point,  P,  of  a 
tortuous  curve  any  plane  be  drawn,  and  the  given  curve  be  ortho- 
gonally projected  on  this  plane,  it  is  required  to  find  the  curvature  at 
P  of  the  projection. 

Take  the  plane  drawn  through  P,  on  which  the  given  curve 
is  projected,  as  plane  of  x,  y.  Let  p  be  the  radius  of  absolute 
curvature  (i.e.  radius  of  curvature  in  the  osculating  plane)  of  the 
given  curve  at  P ;  let  P'  and  P"  be  points  consecutive  to  P  on 
the  curve,  the  distances  PP',  P'P"  being  each  ds.  Let  the 
projections  of  P',  P"  on  the  plane  xy  be  II',  II".  Then  if,  for 
simplicity,  P  is  taken  as  origin,  the  co-ordinates  of 

„,        dx  .        dy  T 
II'  are  ^  ds ;     -f  ds ;     0  ; 
ds  ds 

so  that  double  the  area  of  the  triangle  Pll'II"  is 
/dx  d2y      dy  d2x 


,axa-y  _ay  arx>. 
*<dsds*       dsd#' 


cos  V 

But  the  coefficient  of  d*3  is  well-known  to  be  ,  where  v 

P 
is  the  angle  which  the  binormal  (perpendicular  to  the  oscu- 
lating plane)  makes  with  the  axis  of  z  (perpendicular  to  plane  of 
projection).     And  if  b  \  is  the  acute  angle  between  Pn'  and 
n'fl",  double  the  area  is  also  PIT  x  n'n".  8X-     Ms0 

Pn'  =  siny.<fc, 
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(0) 


(y) 


where  y  is  the  angle  made  by  the  tangent  PP'  with  the  axis  of 
z ;  so  that  we  have 

sin2  y .  ds2.bv  — <&*• 

P 
Now  if  r  is  the  radius  of  curvature  of  the  projection  Pn'Il".  .. 
at  P,  we  have  rb\  =  Pfl'  =  sin y .  d*.     Hence 

1       1    cos  i;  ,  v 

—  =  —  • •  (a) 

r       p  sin3y  x  ' 

Coil  1.  If  the  plane  of  projection  contains  the  tangent  to  the 
given  curve,  y  =  -,  and  we  have 

1       1 

-  ss  -*COS^. 

Cor.  2.    If  the  plane  of  projection  contains  the  radius  of  abso- 
lute curvature,  y  +  v  =  -,  and 

1  1  2 

-  =  -•seczi' 

r      p 
(i;  is,  of  course,  the  angle  between  the  plane  of  projection  and  the 

osculating  plane  of  the  given  curve). 

It  is  obvious  that  (0)  furnishes  for  the  resolution  of  curvature 
exactly  the  same  rule  as  that  which  holds  for  the  resolution  of  a 
force  into  two  components — viz.  the  curvature  of  the  projection 
of  a  curve  on  any  plane  containing  the  tangent 
line  at  a  point  is  equal  to  the  curvature  of  the 
given  curve  multiplied  by  the  cosine  of  the 
angle  between  the  osculating  plane  and  the 
plane  of  projection. 

Thus  (Pig.  271),  let  PT  be  the  tangent  to  a 
tortuous  curve  at  P ;  let  Pp  be  the  direction  of 
the  radius  of  absolute  curvature;  let  PK  and 
PL  be  any  two  lines  perpendicular  to  PT  and 
to  each  other;  and  imagine  these  lines  and  their 
planes  projected  on  a  sphere  described  with 
centre  P. 

Then,  if  v  is  the  angle  KPp9  the  curvatures,  -  and  -7,  in  the 
1  1  r        f 

planes  TK  and  TL  are  -  cos?  and  -  sin  i>,  so  that 
P  P 

i-  l      J_ 

2-r2  +  /2- 
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We  may  consider  the  element  of  the  given  curve  itself  at  P 
(which,  of  course,  lies  in  the  plane  Pp)  as  'resolved '  into  its  two 
projections  on  the  planes  TK  and  TL ;  since  this  is  only  re- 
garding1 the  said  element  as  given  by  the  intersection  of  two 
cylinders. 

And  just  as  we  can  infer  the  magnitude  of  a  force  from  one  of 
its  components  and  the  angle  between  this  component  and  the 
force,  so  we  can  infer  the '  resultant '  (or  absolute)  curvature  of  an 
element  of  a  curve  from  the  curvature  of  its  projection  on  any 
plane  containing  the  tangent,  and  the  angle  between  this  plane 
and  the  osculating  plane. 

Example. 

A  spiral  of  inclination  a  is  traced  on  a  cylinder  of  radius  r,  what 
is  the  curvature  of  the  spiral  1 

The  angle  a  is  the  complement  of  that  which  the  spiral  makes  with 
the  generating  lines  of  the  cylinder.  Projecting  the  spiral  on  a  plane 
perpendicular  to  the  axis  of  the  cylinder,  the  plane  of  projection 
contains  the  radius  of  absolute  curvature,  so  that  by  (y)  we  have 

-  =     sec*  a,     ,\     p=  — 5— • 
r      p  r      cos2  a 

310.]  Twist  of  a  Wire.  Take  a  straight  wire,  JB,  whose 
cross  section  at  any  point  is  a  circle.  Imagine  a  right  line 
passing  through  the  centres  of  all  these  circular  sections,  and  call 
this  the  axis  of  the  wire.  Now  on  the  surface  of  the  wire  mark 
a  right  line  parallel  to  the  axis ;  and  imagine  that  from  every 
point,  P,  on  the  axis  a  perpendicular,  PK}  is  drawn  to  the 
marked  line.  The  line  PK  at  any  point  P  is  called  a  transverse 
of  the  wire  at  the  point.  At  each  point  of  the  axis  can,  of  course, 
be  drawn  an  infinite  number  of  transverses,  all  of  them  lying  in 
the  cross  section  of  the  wire  at  the  point. 

Suppose  now,  for  definiteness,  that  the  end  B  is  held  fixed, 
and  that  the  end  A  is  connected  with  a  milled  head — as  in  the 
case  of  suspension  wires  in  some  Electrometers  and  in  Coulomb's 
Torsion  Balance — the  wire  being  kept  vertical,  and  that  the 
milled  head  is  turned  round  through  any  angle.  The  result  is 
that  while  the  axis  remains  a  straight  line,  all  the  transverses, 
PK,  are  rotated,  those  near  B  being  least,  and  those  near  A  most, 
disturbed.  What  is  called  i  the  angle  of  torsion '  of  the  wire  in 
this  case  is  the  angle  through  which  a  transverse  at  the  end  A  is 
turned  from  its  original  position ;  and  if  we  divide  this  angle  (in 
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circular  measure)  by  the  length  of  the  wire  AB,  we  obtain  the 

rate  of  twist  which  the  wire  undergoes.    If  the  end  B  is  not 

absolutely  fixed,  but  hampered  in  its  movement,  while  the  end  A 

is  twisted  round — as  is  the  case  in  Coulomb's  Torsion  Balance, 

in  which  the  end  B  is  attached  to  a  repelled  electrified  ball — the 

angle  of  torsion  will  be  the  difference  between  the  angles  through 

which  the  trannverses  at  A  and  B  are  turned,  i.e.  it  will  be  the 

angle  between  the  terminal 

transverses  in  their  strained 

positions — or,  as  we  prefer 

(for  a  reason  to  be  presently 

given)  to  put  it,  the  angle 

made  by  the  transverse  at  A 

with  the  plane  containing  the 

transverse  at  B  and  the  axis 

of  the  wire.     It  is  only  when 

the  axis  of  the  twisted  wire 

remains  a  right   line   that 

the  twist  can  be  measured 

simply  by  the  angle  between 

transverses. 

Let  us  now  consider  the 
case  of  a  wire  which  when 
unstrained  was  straight,  but 
which  is  bent  and  twisted 
so  that  its  axis  has  the  form 
of  any  tortuous  curve — re- 
presented* by  aaa  ...  in 
Kg.  272.  This  curve  we 
shall  call  the  elastic  central 
line  of  the  wire. 

It  is  obviously  impossible 
in  this  case  to  estimate  twist, 
as  previously,  by  the  rotation 
of  transverses  at  the  extremities.  What  we  must  do  is  to  speak 
of  a  rate  of  tvoist  at  every  point  P  of  the  wire,  and  to  estimate 
this  by  treating  a  portion  of  the  wire  between  two  very  close 
cross  sections  near  P  as  straight. 


Fig.  372. 


*  For  the  drawing  of  thii  figure  I  am  indebted  to  Mr.  Alfred  Lodge. 
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Thus,  suppose  that  LIf...  is  a  line  which  was  marked  on  the 
surface  parallel  to  the  axis  when  the  wire  was  unstrained.  It 
has  assumed  the  spiral  form  represented. 

Let  P'  be  a  neighbouring  point  on  the  axis,  and  let  PL  and 
P' If  be  two  transverses  at  P  and  P'.  Now,  treating  the 
portion  PP'  as  straight,  if  5>/r  is  the  angle  made  by  P/L/  with  the 
plane  of  PL  and  PP'  (or  of  PL  and  of  PT,  the  tangent  at  P  to 
the  central  line),  the  rate  of  twist  at  P  is  the  limit  of  the  ratio 

p^7  when  P'  is  taken  infinitely  close  to  P. 

We  shall  denote  the  rate  of  twist  at  any  point  of  the  wire 
by  r. 

Every  strain,  of  whatever  kind,  being  a  relative  displacement 
of  adjacent  parts,  we  may  imagine  the  cross  section,  KL,  at  P 
to  be  held  fixed  in  a  vice,  or  by  a  couple,  when  the  wire  was  un- 
strained, and  the  substance  of  the  wire  in  its  neighbourhood  to 
be  rotated  round  the  tangent  line,  PT,  to  the  axis. 

Observe,  then,  that  the  amount  of  twist  in  any  element,  PP\ 
of  the  wire  is  not  the  angle  between  the  transverse*  at  P  and  P' ; 
for  if  the  wire  is  simply  bent  in  one  plane,  without  any  twist, 
the  transverses  at  P  and  P'  will  be  inclined  to  each  other.  It 
is  the  angle  between  the  transverse  at  P 'and  the  plane  containing 
that  at  P  and  the  tangent  at  P  to  the  central  line. 

Examples. 

1.  Supposing  a  straight  wire  with  a  line  marked  on  its  surface 
parallel  to  its  axis  to  be  wound  round  a  circular  cylinder  in  such 
a  way  that  the  marked  line  is  throughout  kept  in  contact  with  the 
cylinder  and  forms  a  helix  on  its  surface,  what  is  the  rate  of  twist 
at  any  point  of  the  wire  ? 

The  transverse  of  any  point,  being  perpendicular  to  the  marked 
line  and  to  the  surface  of  the  wire,  will  be  normal  to  the  surface  of 
the  cylinder,  since  the  two  surfaces  touch  all  along. 

Employ  the  method  of  spherical  projection.  Take  any  point  0, 
and  round  it  describe  a  sphere  of  unit  radius.  Draw  OA  parallel 
to  the  axis  of  the  cylinder  and  meeting  the  sphere  in  A ;  draw  OL 
parallel  to  the  normal  to  the  cylinder  at  a  point  Q  of  contact  with 
the  wire;  draw  0L'  parallel  to  the  normal  at  Q'  which  is  in- 
finitesimally  distant  from  Q  on  the  marked  line;  draw  OT  and 
OT'  parallel  to  the  tangents  at  Q  and  Qf  to  the  helix  of  contact. 

Then  the  great-circle  arcs  AT  and  AT'  are  each  ~— a,  if  a  is  the 


3IO.]  EXAMPLES.  217 

inclination  of  the  spiral.     The  great  circles  LT  and  L'  7*  are  parallel 

to  the  osculating  planes  of  the  helix  at  Q  and  (/,  and  they  intersect, 

in  the  limit,  in  T. 

Then  the  whole  twist  of  the  portion  QQ*  is  the  angle,  8i/r,  between 

OL'  and  the  plane  of  LT.     Now  the  great  circle  LIS  is  perpendicular 

to  OA,  so  that  the  angle  TLU  =  a ;  hence  b\f/  =  LU »  sin  a ;  but 
717V 

LU=LTAT'= ;     .\    b\lr  =  tan  a .  77",  and  the  rate  of  twist 

cos  a  T 

is  ■—-■ ,  where  &8  =  ^©,;  hence  the  rate  of  twist  =  tan  a  .  -r— ;  but 
0*  0* 

77*      1 

-r —  =  —  =  the  curvature  at  0 ;  therefore 

08        p 

t  =  --tana, 
P 

sin  a  cos  a 


r 
where  r  is  the  radius  of  the  cylinder. 

2.  When  the  wire  is  laid  on,  as  in  last  example,  show  that  the  rate 
of  twist  at  any  point  is  equal  to  the  tortuosity  of  the  spiral. 

Produce  the  arc  TA  to  N  so  that  TN  =  ^.     Then  ON  is  the 

binormal  at  Q.     Similarly,  produce  T'A  to  N'  so  that  T^ssf- 

##' 
Then  the  tortuosity  =  -j—  in  the  limit.     But  NN'=  TT' .  tan  a ; 
a* 

therefore  the  tortuosity  =  -  tan  a,  which  is  also  the  rate  of  twist. 

P 

3.  If  the  marked  line  of  the  wire,  instead  of  being  wound  on  a 
cylinder,  is  laid  (by  bending)  in  contact  with  a  sphere  along  any 
curve  whatever  traced  on  the  surface,  show  that  the  rate  of  twist 
is  zero  at  every  point. 

In  this  case  the  transverse  at  Q*  lies  in  the  plane  containing  that 
at  Q  and  the  element  QQ*. 

In  general,  if  the  marked  line  is  kept  in  contact  with  any  surface 
all  along  a  line  of  curvature,  the  twist  is  zero  at  each  point  of  the 
wire. 

4.  If  the  marked  line  is  laid  along  a  right  cone  so  that  it  cuts 
the  generators  all  at  the  same  angle,  t,  prove  that  the  rate  of  twist  at 
any  point  is 

sin  t  cos  i  cos  a 


where  a  =  semivertical  angle  of  cone,  and  r  =  distance  of  the  point 
from  the  axis  of  the  cone. 


218  EQUILIBRIUM   OP   STRINGS   AND   SPRINGS.  [3 1 1. 

311.]  Stress  Couples  of  Bending  and  Twisting.     In  the 

strained  condition  of  equilibrium  of  the  wire  the  equations  con- 
necting the  (given)  applied  external  forces  and  couples  at  any 
point  with  the  stress  forces  and  couples  called  into  play,  may  be 
obtained  by  either  of  two  methods — 

(a)  The  ordinary  method  of  considering  the  equilibrium  of  a 
portion  of  the  wire  of  length  ds,  between  two  cross  sections  at 
P  and  P'  (Fig.  272),  and  using  equations  of  resolution  and 
moments  with  respect  to  any  three  rectangular  axes ;  that  is, 
equating  the  component  of  the  external  forces  in  any  direction 
to  the  component  in  the  same  direction  of  the  forces  produced 
on  the  element  by  the  portions  of  the  wire  at  the  other  sides  of 
the  sections  through  P  and  P';  and  similarly  for  external 
couples  and  couples  produced  by  strain  ;  or 

(6)  Employing  the  principle  of  virtual  work  and,  imagining 
any  further  (see  Art.  268)  small  deformation  of  the  element, 
equating  the  work  done  in  producing  it  by  external  forces  and 
couples  to  the  work  done  against  the  forces  and  couples  of  strain 
— assuming  that  none  of  the  applied  work  passes  into  heat,  or  any 
other  form  of  energy  of  motion. 

It  is  evident  that  before  either  method  can  be  employed  we 
must  be  able  to  express  the  forces  and  couples  produced  by 
elongations,  bendings,  and  twistings  of  specified  amounts  in 
terms  of  the  magnitudes  of  these  strains— just  as  Hooke's  Law 
expresses  the  magnitude  of  the  stress  produced  (tension)  in  an 
elastic  string  in  terms  of  the  corresponding  strain  (extension). 

Supposing  that  in  the  bent  and  twisted  wire  (Fig.  272),  which 
we  may  take  to  be  straight  when  unstrained*,  PL  and  PK  are 
any  two  transverses  at  P,  and  PT  is  the  tangent  to  the  elastic 
central  line,  and  supposing  the  resultant  curvature  of  this  line  to 
be  resolved,  by  Art.  309,  into  two  components,  k  and  A.,  in  the 
planes  TPL  and  TPK,  respectively,  these  curvatures  will  be  the 
rates  of  bending  per  unit  length  of  arc  in  these  planes — or  round 
the  lines  PK  and  Pi,  respectively.  Moreover,  let  r  be  the  rate 
of  twist  at  P ;  then  r  is  a  rotation  of  the  substance  round  PT. 

Now,  if  we  imagine  any  further  deformation  from  the  con- 
figuration of  equilibrium,  so  that  k,  A,  ds  become  k  +  bk,  \  +  bk, 


*  If  it  ia  tortuous  when  unstrained,  k  and  \  will  be  change*  of  component 

curvatures. 
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ds  +  bd*,  the  work  done  against  the  stresses  most  be  of  the  form 

Tbds  +  (Kbt  +  Lb\  +  GbT)ds,  (1) 

where  T  is  the  longitudinal  tension  at  P,  and  K9  L,  0  are 
obviously  stress  couples,  the  directions  of  whose  axes  we  do  not 
at  present  know.  Beyond  bending,  twisting,  and  elongation,  the 
element  cannot  suffer  any  other  deformation,  so  that  the  internal 
work  is  fully  expressed  by  (1). 

But  we  may  assume  that  the  work,  Tbd*,  done  against 
elongation  is  small  compared  with  that  done  against  bending  and 
twisting,  so  that  the  internal  work  per  unit  length  is 

Kb&  +  Lbk+®br.  (2) 

Further,  we  shall  assume  the  stresses  to  have  a  potential. 
This  is  another  way  of  saying  that  to  bend  and  twist  the  wire 
from  its  unstrained  condition  to  the  condition  (£,  A.,  r)  always 
requires  the  same  amount  of  work,  no  matter  what  may  be  the 
various  intermediate  conditions  through  which,  in  various  experi- 
ments, we  cause  the  wire  to  pass  in  reaching  this  condition 
(£,  A,  r) ;  or,  again,  that  the  wire  in  unbending  and  untwisting 
would,  by  means  of  the  stresses,  give  out  exactly  the  same  amount 
of  work  as  that  which  was  required  to  bend  and  twist  it. 

Hence  the  work  done  against  strain,  per  unit  length  of  the 
wire,  must  be  of  the  form /(A,  A.,  r),  so  that 

Kbi+Lb\  +  ®br  =  bf(i,  A,  t), 

.      K-df       L-dA      o-£.  (3) 

••    K~TV     L~dK>    @"Tr  (3) 

The  form  of  the  function  /  cannot  be  determined  unless  some 
further  supposition  is  made.  The  supposition  is  this — any 
infinitely  small  portion  of  the  wire  is  so  little  deformed  by  strain 
that  if  the  strain  (£,  A,  r)  is  replaced  by  the  strain  (ni,  n  A,  »r), 
where  n  is  any  finite  number,  the  stress  couples  will  become  nK, 
nL,  n® — that  is,  the  principle  of  superposition  of  strains  and 
stresses  holds  for  each  infinitely  small  portion  of  the  wire. 
[Observe  that  assuming  the  element  between  the  cross  sections 
at  P  and  P'  to  differ  infinitely  little  in  shape  from  its  unstrained 
figure,  is  by  no  means  the  same  thing  as  assuming  the  figure  of 
the  whole  wire  to  differ  infinitely  little  from  its  unstrained 
figure.] 
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Hence  K,  L,  and  0  must  be  linear  functions  of  k,  A,  r,  of  the 
forms  K=Ak+c\+l>T, 


-U.    —   ZL^T     OAT    l/T,    % 

i  =   ck  +  B\+  ar,  I 
0=   bh  +  aA  +  Cr,  J 


the  coefficients  of  A.  and  A  in  the  values  of  K  and  X,  respectively, 
being  equal  because,  from  the  relations  (3),  -y-  =  -jy,  &c. 

The  constants  A,  J?,  C,  a,  b,  c  are  rigidities— called  by  Thomson 
and  Tait  *  torsion-flexure  rigidities ' — of  the  wire  at  the  point  P 
considered. 

Hence  the  work  per  unit  length  absorbed  in  bending  and 
twisting  the  wire  to  the  condition  (£,  A,  r)  is 

l(At*  +  jBk2+CT*+2a\T+2bTJk  +  2ckk).  (5) 

The  values  (4)  enable  us  to  represent  the  axes  of  the  couples 
Ky  L,  0.  For,  taking  PK,  PL,  and  PT  as  axes  of  x,  y,  z,  con- 
struct the  quadric 

Jjp +  £]/*  +  Cz2  +  2ayz  +  2bzx  +  2cxy  =  hf  (6) 

where  h  is  any  constant.  Let  (£,  A,  r)  be  taken  as  the  co- 
ordinates of  a  point ;  let  this  point  be  Q.  Then  the  polar  plane 
of  Q  with  respect  to  the  quadric  is 

Kx  +  Ly  +  ®z  =  h.  (7) 

Let  R  be  the  point  whose  co-ordinates  are  (JT,  L,  ©).  Then 
R  is  obviously  on  the  perpendicular  from  P  on  the  plane  (7) ; 
and  iip  is  the  length  of  this  perpendicular  we  have 

thus  R  is  found,  and  its  three  co-ordinates  give  the  three  axes  of 
those  stress  couples  at  P  which  are  called  into  play  by  bendings 
round  PK  and  PL  and  twisting  round  PT. 

Is  there  any  line  at  P  such  that  a  strain  rotation  of  the  substance 
round  it  calls  into  play  a  stress  couple  whose  axis  coincides  with  the 
line  itself?  It  is  evident  that  there  are  three  such  lines — viz. 
the  axes  of  the  quadric  (5) ;  for  if  Q  lies  on  any  one  of  these 
axes,  PQ  will  be  perpendicular  to  the  polar  plane  of  Q,  so  that 
PR  and  PQ  are  coincident  in  direction ;  and  if  the  axes  of  the 
quadric  are  taken  as  those  of  x,  y,  z  and  the  strain  rotation  is 
(k,  0,  0) — i.e.  simply  a  rotation  round  the  first  axis,  the  y  and  z 
co-ordinates  of  R  will  both  be  zero. 

These  are  called  the  principal  torson-flexure  axes  at  P. 
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If  a>l9  o)2,  o)3  denote  any  strain  rotations  round  these  axes,  and 
Z19  i2,  Lz  the  corresponding  stress  couples  called  into  play,  we 
have,  therefore, 

Lx  =  Al»1 ;     L2  =  A2<o2 ;     I3  =  J3W3,  (9) 

where  A19  A2i  A3  are  the  principal  torsion-flexure  rigidities  at  i\ 
Also  the  potential  work  of  the  stress,  per  unit  length  at  any 
point,  is  HA^+A^  +  A^).  (10) 

There  is,  of  course,  no  essential  difference  between  the  quantities 
hy  A,  r ;  each  is  simply  a  strain  rotation  of  the  substance  round  an 
axis.  But  when  the  axes  of  these  rotations  are  two  transverses 
and  a  tangent  line  to  the  wire  (or  rather  to  its  elastic  central 
line),  it  is  usual  to  distinguish  the  last  by  the  name  twist  and 
the  others  by  the  name  bending.  The  principal  axes  may  have 
any  positions  whatever  at  P,  and  it  is  impossible  to  use  dis- 
tinctive names  for  the  rotations  round  them.  That  this  is  so  will 
be  at  once  obvious  if  we  imagine  a  solid  body  with  any  fibrous  or 
laminated  structure,  the  fibres  or  laminae  running  in  a  definite 
direction-  Now  imagine  a  wire  cut  in  any  way  out  of  this  body, 
its  tangent  line  at  any  point  being  oblique  to  the  fibres  or  to  the 
laminae.  It  is  clear  that  at  any  point  of  this  wire  the  tangent 
and  two  transverses  have  no  special  relations  whatever  to  its 
rigidities,  and  therefore  no  special  properties  with  regard  to  sim- 
plicity. 

For  a  wire  drawn  in  the  ordinary  manner,  we  may  assume 
that,  whatever  may  be  the  form  of  the  cross  section  (circular, 
elliptical,  or  rectangular)  the  tangent  to  the  central  line  is  one 
principal  axis  of  strain  rotation,  the  other  two  being  necessarily 
some  two  transverses. 

If,  in  this  case,  we  use  Az  for  the  rigidity  round  the  tangent  to 
the  central  line,  and  if  the  other  two  rigidities,  Ax  and  A2,  are 
equal,  there  will  be  equal  flexibility  round  all  transverses ;  for 
the  quadric  will  become 

M*+?)  +  4*  =  *>  (11) 

and  any  two  lines  whatever  in  the  cross  section  are  principal 
axes  of  the  quadric. 

In  all  cases  the  axis  of  resultant  bending  at  P  is  the  binormal 
to  the  central  line — the  resultant  bending  taking  place  in  the 
osculating  plane;   but  this  plane  will  not,  in  general,  be  a 
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principal  plane  of  flexure ;  i.e.  this  bending  will  not,  in  general, 
call  into  play  a  stress  couple  whose  axis  is  the  binomial. 

It  is  essential  to  observe  that  the  values  of  the  principal 
rigidities  A1  and  A%  round  the  two  principal  transverses  (when 
the  tangent  to  the  central  line  is  a  principal  axis) — i.e.  the  two 
principal  bending  rigidities — depend  not  merely  on  the  structure 
of  the  material,  but  also  on  the  shape  of  the  cross  section ;  and 
that  for  wires  drawn  in  the  ordinary  manner  they  are  evidently 
equal  if  this  section  is  a  circle  or  a  square,  since  in  each  of 
these  cases  the  quadric  will  be  given  by  (11). 

The  determination  of  the  rigidities  Aly  A2)  A3  in  terms  of  the 
shape,  area,  &c.,  of  the  cross  section  must  be  postponed  until  we 
consider  the  subject  of  strain  and  stress  more  particularly. 

312.]  Wire  held  in  a  given  Spiral  with  given  Twist.  Before 
proceeding  to  the  general  case  in  which  the  wire  is  acted  upon 
by  any  forces  and  couples,  we  shall  consider  the  case  in  which 
there  are  only  a  force  and  a  couple  applied  to  each  end,  or  to  one 
end  while  the  other  is  held  fixed. 

Assuming  the  tangent  to  the  central  line  to  be  a  principal  axis  of 
strain,  and  also  that  its  rigidities  round  all  transverses  are  equal,  it 
is  required  to  find  the  force  and  couple  which  must  be  applied  to  each 
end  in  order  to  keep  the  wire  in  the  form  of  a  given  helix,  and  with 
a  given  constant  rate  of  twist. 

[This  problem  is  solved  in  Art.  602  of  Thomson  and  Tait, 
vol.  ii.] 

Let  R  (Fig.  272)  be  the  force  and  G  the  axis  of  the  couple 
applied  to  one  end.  Then,  reducing  R  and  &  to  a  wrench,  the 
axis  of  this  wrench  must  be  the  axis  of  the  cylinder  on  which  the 
given  spiral  lies. 

Let  (R,  K)  be  the  force  and  couple  of  the  wrench,  and  consider 
the  equilibrium  of  the  portion  between  the  cross  section  at  P  and 
the  end  J?.  We  shall  simply  equate  to  zero  the  sum  of  the 
moments  of  the  forces  acting  on  this  portion  about  the  axis  AA\ 
and  about  a  line  through  P  perpendicular  to  AJ!  and  to  the 
radius  of  the  cylinder  drawn  to  P. 

Take  AA'  as  axis  of  z ;  the  radius  of  the  cylinder  drawn  to 
P  as  axis  of  y ;  and  a  perpendicular  to  both  as  axis  of  x.  Let  a 
be  the  inclination  of  the  spiral,  r  the  radius  of  the  cylinder,  r 
the  rate  of  twist. 

Then  the  stress  couples  at  P  exerted  on  the  portion  PB  by  the 
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portion  PA  can  be  reduced  to  two,  viz.  one  about  the  tangent 
PT,  and  one  about  the  binormal  to  the  central  line.  If  Al  =  A2i 
and  p  is  the  radius  of  curvature  at  P,  the  second  couple  is 

— ,  or  (Art  309)  Ax • 

Also  the  magnitude  of  the  couple  exerted  on  PB  about  PT 
(the  twisting  couple)  is  Azr,  and  its  axis  is  in  the  sense  PT  if 
the  twist  is  in  the  sense  LKt  since,  if  the  portion  PA  were  re- 
moved, we  should  have  to  apply  to  PB  a  couple  in  the  sense  KL. 

Again,  the  direction-angles  of  P7are  (a,  ->  -  —  a)  and  those 
of  the  binormal  are  (o+a>  «>  a)>  an^  *^e  v**3  °f  ^e  bending 

couple  exerted  on  PB  is  to  be  drawn  along  the  binormal  from  P 
towards  the  upper  portion  of  the  figure  as  we  view  it,  by 
Art.  200. 

Hence,  by  moments  about  AA'9 

wr         a  a    CO8*"  zv  /«N 

A— -43rsina— Ax cos  a  =  0;  (1) 

T 

and  by  moments  about  a  line  through  P  parallel  to  the  axis  of  #, 

■da  .a  cos2  a  . 

K.r—AsTQoaa  +  Ai sin  a  =  0.  (2) 

It  is  scarcely  necessary  to  observe  that  these  two  equations  of 
moments  are  only  a  part  of  the  condition  of  equilibrium  of  the 
portion  of  the  wire  considered ;  and  that  the  stress  at  P  does  not 
consist  wholly  of  the  two  couples  A3t  (that  of  twisting)  and 

—  (the  c resultant'  bending  couple,  Art.  309);  for  there  is  also, 

manifestly,  at  P  a  stress  which  must  be  equal,  parallel,  and 
opposite,  to  R ;  but  this  last  stress  contributes  nothing  in  the 
equations  of  moments  about  axes  selected  as  above. 
We  can  now  consider  particular  cases  of  this  problem. 

Examples. 

1.  If  the  given  rate  of  twist  is  that  which  would  be  produced  by 
laying  the  wire  along  the  cylinder  in  the  manner  described  in 
example  1,  p.  216,  determine  the  necessary  wrench. 

Aim.  R  =     s   «    '  cos* a  sin  a, 

K  =  (A%  sin*  a  +  Ax  cos8  a) • 

T 
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2.  One  end  of  a  wire  is  held  fixed,  while  a  couple,  G,  is  applied 
(without  any  force)  to  the  other  end,  the  axis  of  the  couple  making 
a  given  angle,  0,  with  the  tangent  at  the  end ;  determine  the  form 
of  the  spiral  assumed  by  the  wire,  and  its  rate  of  twist. 

Ans.  The  axis  of  the  cylinder  must  be  parallel  to  that  of  G, 

it 
so  that  the  inclination  of  the  spiral  is  ~  — 0.     Also,  since  R  =  0,  we 

have  2 

A          .  sin0cos0     A 
A.t—A.  =  0, 

and  48rcos0  +  4x  —  —  =  K(  =  G), 


A,am$ 


Gco&O 


from  which  *  —  — 7= — ,     •  —  — -A — , 

G  A^ 

so  that  we  have  the  radius  of  the  cylinder  and  the  rate  of  twist  of  the 
wire.     Thus  everything  relating  to  the  spiral  is  found. 

3.  Show  that,  one  end  of  a  wire  being  held  fixed,  the  wire  may 
be  kept  by  means  of  a  terminal  force  alone  in  the  form  of  a  given 
spiral,  and  find  the  accompanying  rate  of  twist. 

Putting  2T=0,  we  get  r  = — /-.—    (r  and   a  being  given). 
A  cos'a  A9rsma 

Then  R  = \—. j  which  shows  that  the  ends  must  be  pressed 

r'sina  r 

towards  each  other. 

The  negative  sign  in  the  value  of  r  means  that  the  twist  is  in 
a  sense  reverse  to  that  of  the  winding  of  the  spiral. 

4.  How  can  a  wire  be  held  in  the  form  of  a  given  helix  so  as  to 
have  no  twist  at  any  point  ? 

Ans.  If  a  =  the  inclination  of  the  spiral,  r  =  radius  of  cylinder, 
A1  the  flexural  rigidity,  apply  at  the  free  end  a  couple  in  the  os- 
culating plane,  whose  moment  =  — (  =  — \,  and  apply  also  at 

this  end  a  compressive  force  parallel  to  the  axis  of  the  cylinder,  equal 

.    A*  sin  a  cos8  o       r_      .  _    .  _  ,     t       .     t 

to •     [lne  free  end  is  supposed  to  terminate  on  the 

cylinder,  and  not  to  be  carried  in  towards  the  axis.] 

If  the  wire  when  unstrained  has  the  form  of  a  helix  of  radius 
b  and  inclination  /?,  and  if,  in  its  strained  form,  it  has  radius  r 
and  inclination  q,  one  end  being  fixed  while  the  other  is  acted 
upon  a  force  and  a  couple  which  are  equivalent  to  the  wrench 

(-B,  K ),  the  change  of  curvature  at  any  point  is j —  > 

and  it  is  to  this  change  that  the  resultant  stress  couple  of  bending 
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(that  in  the  osculating  plane)  is  now  proportional.  Moreover, 
if  we  mark  on  the  wire  the  spiral  line  along  which  in  its  un- 
strained condition  it  touched  the  cylinder  of  radios  i,  and  if  the 
wrench  is  such  as  to  keep  this  marked  line  in  contact  with  the 
cylinder  of  radius  r,  the  rate  of  twist  will  be 
sin  a  cos  a      sin  /?  cos  /? 

— ; 1 — 

Hence  equations  (l)  and  (2)  become 

^        .     .       / sin  a  cos  a     sin/Scosflx 
*  =  4>sina( ~r 1 ) 

-           /cos2  a     cos*)8\        /oX 
+  ^100Ba(— ^)>      (3) 

.„           .           /  sin  a  cos  a      sin  3  cos  0  \ 
R.r=AzCo*a( - ^ ) 

.       •cos2 a     cos2/3x         f  . 
-^i«na(— g-).      (4) 

Thomson  and  Tait  (Nat.  PAH.  vol.  ii.  p.  141)  take  other 
variables  than  a  and  r  to  express  the  new  spiral— viz.  the  axial 
distance,  £,  between  the  ends  of  the  spiral,  and  the  whole  angle 
0  through  which  the  spiral  winds  round  its  axis. 

If  /  =  the  whole  length  of  the   spiral,  it   is  obvious  that 

z  =  I  sin  a,  and  <f>  =  -  cos  a.     The  angle  <J>  may  be  considered  as 

that  included  between  a  plane  through  the  axis  and  one  end,  A, 
and  a  plane  through  the  axis  and  the  other  end,  £,  of  the  spiral. 
Using  these  new  variables,  we  have 


K  =  ASp(z<t>-Ay)  +  A1v-p-  (*  Vl*-z*-y  SF=A%    (5) 

BssJt^-*y)-A1^=^^pZP-yVW^?),  (6) 

where  h  is  the  axial  distance  between  the  ends  and  y  the  value  of 
<f>  in  the  unstrained  position. 

We  now  proceed  to  a  verification. 

Since  z  is  measured  along  the  line  of  action  of  22,  and  <f>  is 
measured  round  the  axis,  it  is  clear  that  the  work  done  by  the 
wrench  in  a  small  further  deformation  is 

Pdz  +  Kdfr 
and  since  this  is  the  work  done  against  the  stresses,  which  we 
have  assumed  to  have  a  potential  (Art.  311),  it  follows  that  this 

VOL  II.  Q 


226  EQUILIBRIUM   OP   8TRINGS   AND   SPRINGS.  [31a. 

expression  must  be  the  differential  of  a  single  function  ;  and  we 
see  at  once  on  trial  that  it  is  the  differential  of  the  function 

4»#(i*^_*y*)  +  £  v7*W*(i*«  SF=?-y  •*=F.*), 
or  of  the  Amotion 

which  differs  by  a  constant  from  the  previous  function. 

If  «r  is  the  curvature  in  the  strained  state,  cr  = ~ » 

and  if  «r0  is  the  curvature  in  the  unstrained  state, 


^o=— ^ Alsor  =  — ^. 

Hence  the  above  function  is 

which  is,  as  anticipated,  the  potential  of  the  stress,  i.e.  the  Static 
Energy,  of  the  whole  spring.     [See  Art.  311,  expression  (10).] 

Equations  (5)  and  (6)  give  the  magnitudes  of  the  couple  and 
force,  constituting  a  wrench  about  the  axis  of  the  spiral,  which 
are  required  to  produce  given  changes,  z—h  and  <f>— y,  in  the 
wire ;  or,  conversely,  the  changes  which  are  produced  in  it  by 
a  given  wrench. 

It  remains  to  notice  the  case  in  which  the  change  of  form 
from  the  unstrained  to  the  strained  state  is  very  small. 

We  may  then  put  <f>  =  y  +  b<f>,  and  z  =  A  +  bz.     Then 

Z.^ss^-^JyA.^+^tf  +  ^f/1-**)].*^         (7) 

*./»=  (Ji  +  Jtj^Lp)  y*.bz  +  (A3-Ax)yA.h<l>.  (8) 

Suppose  the  wire  to  form  a  spiral  of  very  small  inclination* 
Then,  either  from  the  two  equations  just  written,  or,  more  di- 
rectly, from  the  fundamental  equations  (3)  and  (4),  the  values  of 
the  requisite  couple  and  force  may  be  found.  In  (3)  and  (4),  if 
for  sin  a  we  put  a,  &c,  we  have 

neglecting  m  the  value  of  Rr  the  term  a  ( tJ  •     If  for  o  we 


A  +  lz 


pnt_,or___,Wenave     R  =  Alg>  (9) 


PI 
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if  we  neglect  the  term  -j  ( v-)»  which  is  evidently  an  in- 
finitesimal of  the  second  order.     The  value  of  R 

(since  y  +  b<f>  =  -•      y  =  t) 

can  be  written  JT=  -y  b<f>.  (10) 

In  this  case,  then,  the  couple  produces  simply  rotation  and  no 
lengthening,  while  the  force  produces  a  lengthening  and  no 
rotation. 

Pro£  J.  Thomson  has  given  a  simple  rale  for  the  elongation, 
bz,  of  the  axial  length  of  a  spiral  of  small  inclination,  produced 
by  a  given  axial  force  at  one  end,  the  other  being  held  fixed. 
The  rule  is  the  interpretation  of  (9)  above.  Suppose  the  wire 
constituting  the  spiral  to  be  made  straight  and  coincident  with 
the  axis  of  the  cylinder  (of  radius  b)  on  which  it  was  wound. 
Let  one  end,  -4,  be  held  fixed  ;  let  the  other,  JB,  be  rigidly  con- 
nected with  a  cap  or  torsion-head  which  just  fits  the  cylinder 
and  can  be  turned  about  its  axis. 

If  the  given  force  R  is  applied  tangentially  to  the  circumference 
of  this  torsion-head,  its  point  of  application  will  move  through  a 
certain  circular  arc  until  it  is  stopped  by  the  torsional  resistance 
of  the  wire.  The  length  of  this  arc  is  the  axial  motion  (hz)  which 
the  force  R  produced  when  applied  to  draw  out  the  spiral. 

For,  considering  the  equilibrium  of  the  portion  of  this  straight 
wire  between  any  point  P,  and  the  extremity,  2?,  we  have  by 
moments  about  its  central  line 

Asv8  =  Eb  ;     /.    a>8=  —  • 

But  a>3  is  the  strain  rotation  per  unit  length,  therefore  lco3  is 
the  whole  angular  rotation  of  the  end  B,  and  the  circular  arc 
described  by  a  point  on  the  circumference  of  the  torsion-head  is 

Wa>8,  which  is  —j—  ;  and  this  is  precisely  Iz  in  (9). 

3 
It  is  worthy  of  note,  then,  that  in  the  case  of  a  wire  which 

forms  a  cylindrical  spiral  of  small  inclination — such,  for  instance, 

as  the  spiral  wire  employed  in  Siemens' s  Ammeter  and  Wattmeter 

— if  the  spiral  is  drawn  out  in  the  direction  of  its  axis  through 

a  small  distance  (so  that  it  is  still  a  spiral  of  small  inclination), 

Q2 
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it  is  the  torsional  rigidity  (J3)  and  not  the  jlexural  rigidity  (Jj) 
that  is  called  into  play.  Moreover,  if  one  end  of  such  a  spiral  is 
rotated  (instead  of  being  drawn  out),  as  happens  in  the  Ammeter 
and  Wattmeter,  it  is  the  jlexural  and  not  the  torsional  rigidity 
that  is  called  into  play  ;  for  b<j>  in  (10)  involves  AL  and  not  Jz. 

And  if  the  spiral  is  not  one  of  very  small  inclination,  these 
results  are  not  true — i.e.  both  rigidities  will  be  called  into  play 
by  axial  stretching,  and  both  by  terminal  rotation. 

313.]  Case  of  Continuously  Distributed  Poroe.  Assuming 
that  the  principal  torsion- flexure  axes  at  any  point  of  the  wire 
are  the  tangent,  PT,  to  the  central  line  and  two  lines,  PK  and 
PL  (Fig*  272)  in  the  normal  section,  suppose  that  instead  of 
mere  terminal  force  and  couple  we  have  external  bodily  force 
(like  weight,  for  example,)  acting  on  all  the  elements,  as  well 
as  external  bodily  couple.  There  may,  in  addition,  be  terminally 
applied  forces  and  couples. 

Assume,  for  the  present,  that  the  wire  when  unstrained  was 
straight 

Consider  the  equilibrium  of  the  elementary  portion  of  the 
wire  between  the  cross  sections  at  P  and  P';  then  before  strain 
the  principal  axes,  P'K',  P'L',  P'T',  at  Pf  were  parallel  to  those 
at  P.  After  strain  they  will  occupy  positions,  relatively  to  those 
at  P,  which  are  obtained  by  holding  the  normal  section  at  P  fixed 
and  rotating  the  system  of  axes  at  P'  round  PK,  PL,  PT  through 
angles  equal  to  ^ds,  a>2ds,  u3ds,  respectively. 

Hence  we  easily  find  the  following  table  for  the  direction- 
cosines  of  the  strained  positions  of  the  axes  at  P'  with  reference 
to  those  at  P: — 


PK 

PL 

PT 

P'K' 

1 

u>zds 

— <a2ds 

P'L' 

— <a3ds 

1 

<axds 

FT 

u>2ds 

— ^ds 

1 

magnitudes  of  the  order  ds2  being  neglected. 

Let  Ll9  L%,  L3  be  the  principal  stress  couples  at  P,  and  Sx, 
S2,  53  the  components  along  PK}  PL,  PT  of  the  internal  force 
exerted  on  the  cross-section  at  P  by  the  lower  portion,  PA,  of 
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the  wire  in  Kg.  272,  the  same  letters  with  dashes  defining  the 
corresponding  things  at  P'.  Also  let  the  components  of  external 
bodily  couple  applied  to  the  portion  between  the  two  cross-sections 
be  Qxds,  G2ds,  G3ds ;  and  of  bodily  force  J^,  X2d*,  X3ds. 

Equating  to  zero  the  total  component  force  parallel  to  PK, 
we  have      S^SS  +  S^ds-S^de+X^  =  0. 

JO 

But  Sy  —  Sj+  -r-1^* ;  therefore  in  the  limit 

^-a^  +  o.^X,.  (1) 

Similarly,  ^-a^+a^s  Zj,  (2) 

^—A+^S^X,.  (3) 

Again,  by  moments  round  PK  we  easily  find 

i1-i1'  +  ij/.ft)8rf#-i8,.a)jrf»  +  52/'rf*+(71<fo  =  0, 

Similarly,  -^-m1La  +  <l>3L1  +  S1=  6t,  (5) 

^— 2  A  +  O.A        =  <?,.  (6) 

[With  a  view  to  homogeneity  in  our  equations,  it  may  be  well 
to  observe  that  8lt  S2,  S3  are  forces — not  forces  per  unit  area; 
Xu  X2,  X3  are  forces  per  unit  length  ;  Gl9  G2,  Gz  are  couples  per 
unit  length ;  *19  o>2,  «8  are  curvatures,  or  angular  rotations  per 
unit  length.] 

Observing  now  that  Lx  =  A1a>1 ;  L2  =  A2ca2 ;  L3  =  -43o>3 ,  the 
last  three  equations  become,  if  Aly  J2i  A3  are  constant  through- 
out the  wire       A  dt&x  .  #3.0  /94 

^^-(Jx-^K<»2=:<rV,  (9) 

which  (see  Routh's  Rigid  Dynamics,  chap,  v.,  or  Williamson  and 
Tarleton's  Dynamics,  chap,  x.)  are  identical  with  the  equations  of 
motion  of  a  rigid  body  with  one  point  fixed,  the  arc  s  measured 
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along  the  wire  corresponding  to  the  time  t  in  the  motion  of  the 
body,  and  the  component  curvatures  and  twist,  a^,  a>2,  a>3,  from 
point  to  point  of  the  wire  corresponding  to  the  component 
angular  velocities,  from  time  to  time,  of  the  rotating  body — 
this  body  being  supposed  to  be  at  each  instant  acted  upon  by 
couples  numerically  equal  to  Ox  +  S2,  G2—819  and  Gz  about  its 
principal  axes,  while  its  principal  moments  of  inertia  at  the  fixed 
point  are  numerically  equal  to  Ax,  A^,  A3. 

If  the  unstrained  wire  is  not  straight,  let  ax  and  <%  be  the  com- 
ponent curvatures  in  the  planes  perpendicular  to  PK  and  PL, 
respectively,  before  strain.  Then  the  direction-cosines  of  PKr 
with  respect  to  PK,  PL,  PT  before  strain  are  (1,  0,  c^d*);  and 
if  0X,  02,  03  are  the  bending  and  twisting  rotations  per  unit 
length,  the  direction-cosines  of  PK'  after  strain  are  easily  found 
to  be  [1 ,  03  ds,  —  (a2  +  02)  ds].  Now  a2  +  02  is  the  new  component 
curvature  in  the  plane  perpendicular  to  PL.  If  we  denote  this 
by  o>2  and  use  <o3  for  03  to  preserve  the  previous  notation,  we  find 
that  all  the  equations  (l)  ...  (6)  hold  for  this  case,  a^  and  o8 
being  the  new  component  curvatures  (and  not  change*  in  them). 

Equations  (7),  (8),  (9)  will  not  hold  in  this  case ;  for  we  have 
Lx=  A1(<a1—a1)i  and  L2  =  A2  (a>2  —  otj),  which  must  be  substi- 
tuted in  (4),  (5),  (6)  ;  so  that  the  equations  become 

&c,  &c. 

814.]  Kinetic  Analogies.  In  a  very  simple  case  (Art.  307) 
of  a  strained  wire  it  has  been  shown  that  the  curvatures  at 
different  points  are  numerically  equal  to  the  angular  velocities, 
at  different  times,  of  a  certain  compound  pendulum. 

We  propose  to  notice  a  less  restricted  case  now. 

Suppose  that  a  wire  (Fig.  272)  is  bent  and  twisted  under  the 
influence  solely  of  terminal  forces  and  couples,  and  suppose  that 
the  wire  was  originally  straight.  Then,  from  last  Article,  it  appears 
that  the  equations  for  its  component  curvatures  and  its  twist  are 

4  *J-(4.-4)  •»•»-*„  (i) 

A^-K-^K^-Si.  (2) 

4t~K— 4K*»=°»  (*) 
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where  S19  S2  are  the  components  of  the  stress  (force)  exerted  on 
the  normal  section  at  P  along  the  lines  PK  and  PL. 

Now,  considering  the  equilibrium  of  the  whole  length  PB  of 
the  wire  between  P  and  the  extremity  B,  we  see  that  the  force 
and  couple  of  strain  at  P  must  be  equal  and  opposite  to  R  and  0 
at  B ;  i.e.  £l5  S2,  Sz  are  simply  equal  to  the  components  of  B 
along  PK,  PL,  PT. 

Imagine  a  rigid  body  moveable  round  a  fixed  point  0,  at 
which  point  we  draw  three  lines  Ok,  01,  Ot  parallel  to  the  lines 
PK,  PL,  PT  in  the  wire,  and  let  the  body  have  moments  of 
inertia  equal  to  Ax,  A2,  Az  about  Oh,  01,  Ot,  which  are  the 
principal  axes  of  the  body  at  0. 

Moreover,  let  this  body  be  acted  upon  by  a  force  equal  and 
parallel  to  R  at  a  point  p  on  the  axis  Ot  such  that  Op  is  a  unit 
length  (the  unit  implied  in  the  measurement  of  curvature  in  the 
wire).  Then  the  components  of  R  parallel  to  Ok  and  01  will  be 
obviously  Sx  and  S2,  and  the  equations  for  the  angular  velocities 
of  the  body  round  Ok,  01,  Ot  will  be  precisely  the  same  as  (l), 
(2),  (3)  for  the  component  curvatures  and  twist  of  the  wire. 
[It  is  understood,  of  course,  that  Ax,  A2,  As  are  each  constant  all 
along  the  wire,  which  may  have  a  section  of  any  (but  constant) 
shape.] 

If,  then,  the  body  is  started  with  angular  velocities  the  same 
in  magnitudes  and  senses  as  the  component  curvatures  at  any 
point,  P,  of  the  wire,  its  principal  axes  being  at  starting  made 
parallel  to  the  principal  axes  of  strain  at  P,  while  it  is  acted 
upon  by  the  constant  force  R  as  described,  its  principal  axes  of 
inertia  will  at  any  time  be  parallel  to  the  principal  axes  of  strain 
at  the  point  (Q,  suppose)  reached  at  that  instant  by  a  point 
travelling  originally  from  P  with  constant  unit  velocity  along 
the  wire ;  and  the  component  angular  velocities  and  curvatures 
will  also  correspond. 

Hence  the  Kinetic  Analogue  of  a  wire  of  constant  section  bent 
and  twisted  by  terminal  forces  and  couples  is  a  rigid  body  moving 
round  a  fixed  point  while  acted  on  by  a  force  of  constant  magnitude, 
direction,  and  point  of  application;  e.g.  a  heavy  rigid  body 
moving  round  a  fixed  point. 

The  case  in  which  the  motion  of  this  pendulous  body  is  uni- 
planar  is  that  discussed  in  Art.  307.  This  analogy  is  due  to 
Kirchhoff,  and  the  reader  will  find  it  discussed  from  a  different 
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point  of  view  in  a  paper  by  Professor  Larmor  (Proceeding*  of  the 
London  Math.  Soc,  Nos.  225-228). 

The  case  in  which  the  wire  when  unstrained  formed  a  helix 
does  not  correspond  to  the  motion  of  a  rigid  body  about  a  point, 
because  its  equations  are  of  the  type  (10)  of  last  Article ;  but 
Professor  Larmor  (he.  eit.)  points  out  that  such  a  case  is  analo- 
gous to  that  of  a  rigid  body  rotating  about  a  fixed  point,  a 
revolving  fly-wheel  being  attached  to  the  body,  the  axis  of  the 
fly-wheel  being  fixed  in  the  body. 

Examples. 

1.  Deduce  the  equations  of  the  plane  elastic  spring  (Art.  304) 
from  the  general  equations,  p.  229. 

2.  In  a  plane  elastic  rod,  without  external  bodily  couple,  the 
shearing  stress  vanishes  at  points  of  maximum  or  minimum  curv- 
ature. 

3.  A  heavy  uniform  inextensible,  but  imperfectly  flexible,  string 

is  suspended  from  two  fixed  points;    prove  that  the  figure  of  the 

'  catenary'  is  given  by  the  equation 

d%6 
A  3-5  +  mgs  cos  0— t  sin  0  =  0, 
cur 

where  A  is  the  flexural  rigidity,  r  the  tension  at  the  lowest  point, 
and  mg  the  weight  per  unit  length  of  the  string ;  0  being  the  in- 
clination of  the  tangent  to  the  horizon,  and  3  the  length  of  the  arc 
measured  from  the  lowest  point. 

(Consider  the  equilibrium  of  the  portion  of  the  curve  between 
the  lowest  point  and  any  point  P.  See  p.  202 ;  and  observe  the  rule 
with  regard  to  signs.) 

4.  Assuming  the  flexural  rigidity  to  be  small,  prove  that,  ap- 
proximately, s      2  A       8 

tan0  = r, 

e       r  („*+««)* 

in  which  r  =  mge.    Compare  with  the  result  for  the  flexible  catenary. 

5.  If  the  string  in  Ex.  3  is  replaced  by  a  thin  steel  ribbon  mag- 
netised in  the  direction  of  its  length,  find  the  differential  equation 
of  the  curve  formed  under  the  influence  of  gravity  and  the  earth's 
magnetism. 

Ans.  If  p  is  its  magnetic  moment  per  unit  length,   F  =  the 
resultant  earth-force  per  unit  pole,  i  =  the  dip,  the  equation  is 

d*6 
A  -t-j  +»i0*cos  0— t  sintf+fA^sin  (6+i)  =  0, 

the  arc  being,  as  previously,  measured  from  the  lowest  point — which 
is  not  now,  however,  a  point  of  zero  shearing  stress. 
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6.  If  a  uniform  elastic  rod  is  freely  pivoted  at  its  extremities  and 
made  to  assume  the  figure  of  n  bays  (as  in  example  1,  p.  207),  prove 
that  its  Static  Energy  is  equal  to 

F  and  E  denoting  the  complete  elliptic  integrals  with  modulus  k, 
where  h  is  (as  shown  in  p.  207)  a  determinate  constant. 

If  IT  is  the  Potential  Work,  or  Static  Energy,  we  have,  by  Art.  311, 

A  J  A 

dU  =  $  —  cfe,  since  o>,  =  - ;   and  py  =  a9,  therefore  dll  =  — 4  y%ds ; 

therefore  substituting  for  y  and  ds  their  values  (Art.  306), 

dU=  A.tfcos9<f>4r> 
2aa  ^  A<f> 

n      2nA  &f*coB*<f>d<t> 


Jo 


which  at  once  gives  the  above  result,  since  (p.  207)  lz=2naF* 

7.  If  a  uniform  rod  has  both  extremities  fixed  by  smooth  pins  and 
is  continuously  acted  upon  by  a  constant  normal  force,  show  that  its 
equation  is  a 

where  /3  is  a  constant,  p  =  normal  force  per  unit  length,  2c  =  dis- 
tance between  the  pins,  /3  =  v^/2— c*/?**  an(^  f*B  the  pressure  on  each 
pin;  the  axes  of  co-ordinates  being  the  line  joining  the  pins  and 
a  perpendicular  to  it  at  its  middle  point.  (The  value  of  /3  must  be 
found  from  the  fact  that  the  length  of  the  curve  is  given  ;  and  if  a  is 
the  angle  made  by  /with  the  line  of  pins,  /sin  a  =  cp.) 

Note.  Several  of  the  results  in  Arts.  306,  Ac.,  were  obtained  by  Professor 
Greenhill  and  published  by  him  in  the  Messenger  qf  Mathematics. 


CHAPTER  XVII. 

THEORY  OP  ATTRACTION. 

Section  1. — Direct  Calculation  of  Attraction. 

315.]  Newtonian  Law  of  Attraction.  The  motions  of  the 
planets  and  comets  of  the  solar  system  can  be  explained  com- 
pletely on  the  hypothesis  that  each  body  of  this  system  attracts 
every  other  body  of  the  system  with  a  force  which  in  any 
position  of  the  two  bodies  is  directly  proportional  to  the  product 
of  the  masses  of  the  bodies,  and  which  in  different  positions  is 
inversely  proportional  to  the  square  of  the  distance  between 
them.  The  fact  that  the  positions  which  will  be  occupied  by 
comets  can  be  predicted  with  certainty,  that  the  existence  of 
Neptune  was  mathematically  deduced  from  the  assumption 
that  certain  disturbances  in  the  motion  of  Uranus  were  due 
to  the  attraction  of  an  unknown  planet  according  to  the  above 
law,  and  several  other  facts  of  the  same  kind,  all  prove  that  the 
law  holds  with  all  the  accuracy  that  human  observation  is 
capable  of  testing,  so  far  as  the  action  upon  each  other  of  large 
masses  separated  by  distances  which  are  great  compared  with 
their  linear  dimensions  is  concerned. 

As  to  the  cause,  or  mechanism,  to  which  this  attraction  is  due, 
nothing  is  known.  Newton  says  in  the  Scholium  at  the  end 
of  Book  III  of  The  Principia,  '  To  us  it  is  enough  that  gravity 
does  really  exist  and  act  according  to  the  laws  which  we  have 
explained,  and  abundantly  serves  to  account  for  all  the  motions 
of  the  celestial  bodies  and  of  our  sea.'  A  little  before  this  in 
the  same  Scholium  he  says, '  But  hitherto  I  have  not  been  able 
to  discover  the  cause  of  those  properties  of  gravity  from  phe- 
nomena, and  I  frame  no  hypothesis  (hypotheses  non  jingo)' 
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Although  Newton  framed  no  hypothesis  on  the  mode  by 
which  gravitation  is  propagated  through  space,  he  mentions 
certain  speculations  which  were  current  in  his  time,  and  which 
have  been  brought  into  great  prominence  in  our  days.  Thus, 
at  the  end  of  section  xi.  of  book  I.  he  says,  '  I  here  use  the  word 
attraction  in  general  for  any  endeavour,  of  whatever  kind,  made 
by  bodies  to  approach  each  other ;  whether  thatendeavour  arise 
from  the  action  of  the  bodies  themselves,  as  tending  mutually 
to  or  agitating  each  other  by  spirits  emitted;  or  whether  it 
arises  from  the  action  of  the  sether  or  of  the  air,  or  of  any 
medium  whatsoever,  whether  corporeal  or  incorporeal,  anyhow 
impelling  bodies  placed  therein  towards  each  other/ 

By  far  the  most  promising  step  that  has  been  taken  towards 
a  solution  of  this  great  difficulty  is  the  discovery  by  Faraday 
that  the  attraction  between  two  electrified  bodies  is  influenced 
by  the  insulating  medium  in  which  they  are  placed,  inasmuch 
as  this  discovery  renders  it  highly  improbable  that  any  force 
produced  by  one  body  on  another  is  a  direct  action  at  a  distance. 
This  discovery  has  been  worked  by  Clerk  Maxwell  into  a  con- 
sistent mathematical  theory  of  the  mechanism  by  which  mag- 
netic and  electromagnetic  actions  are  propagated  by  a  rare 
medium  filling  space. 

Newton  does  not,  however,  confine  the  law  of  attraction 
according  to  the  inverse  square  of  distance  to  large  masses 
like  the  planets ;  for  he  investigates  the  attraction  of  a  solid 
on  a  particle,  even  when  the  particle  is  within  the  matter 
forming  the  body,  on  the  supposition  that  this  particle  is  at- 
tracted by  every  elementary  particle  of  the  body — however  close 
to  the  attracted  particle — with  a  force  expressed  by  this  law. 

The  assumption  that  every  indefinitely  small  particle  of  matter 
attracts  every  other  particle  with  a  force  which  acts  in  the  right 
line  joining  the  particles  and  whose  magnitude  is  directly  pro- 
portional to  the  product  of  the  Quantities  of  matter  in  the  particles 
and  inversely  proportional  to  the  square  of  the  distance  between 
them  is  the  formula  of  what  is  called  the  law  cf  Universal 
Gravitation. 

The  terms  of  the  enunciation  render  it  clear  that  the  linear 
dimensions  of  the  particles  must  be  infinitely  small  compared  with 
the  distance  between  them — otherwise,  indeed,  the  term  '  distance 
between  them'  would  be  unmeaning.     We  shall  soon  prove, 
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however,  that  if  the  particles  are  homogeneous  and  spherical, 
this  limitation  may  be  removed,  and  the  *  distance  between 
them '  is  the  distance  between  their  centres. 

But  it  is  just  at  this  point — i.  e.  when  dealing  with  forces 
exerted  on  each  other  by  indefinitely  close  molecules — that  our 
ignorance  of  the  cause  or  mechanism  of  this  attraction  introduces 
a  most  unsatisfactory  dualism — or  rather  multiplicity  of  laws — 
into  physical  science.*  For  we  are  often  presented  with  re- 
pulsion* instead  of  attractions,  and  the  phenomena  of  Elasticity 
and  Capillarity  have  hitherto  compelled  physicists  to  assume 
other  laws  of  force  between  molecules  than  the  Newtonian  law 
of  the  inverse  square  of  distance,  or  the  law  of  nature^  as  it  is 
often  called. 

Electrical  and  magnetic  attractions  and  repulsions  are  proved 
by  experiment  to  obey  this  law,  and  therefore  the  theory  of 
attraction  is  almost  wholly  a  discussion  of  its  consequences. 

The  quantitative  expression  of  the  Newtonian  law  is  as 
follows.  Suppose  two  very  small  particles  whose  masses  are 
m  grammes  and  mf  grammes  to  be  placed  at  a  distance  of  r 
centimetres  apart — this  distance  being,  as  before  said,  very 
great  compared  with  the  linear  dimensions  of  either  particle ; 
then  each  will  attract  the  other  with  a  force  equal  to 

m .  m  ,  x 


in  which  expression  y  is  an  absolute  constant,  i.e.  one  whose 
magnitude  is  independent  of  the  magnitudes  of  the  masses  and 
their  distance. 

We  shall  subsequently  calculate  the  value  of  y,  which  is  called 

the  absolute  constant  of  gravitation.     With  the  units  of  mass  and 

distance  chosen  as  above,  y  is  evidently  the  number  of  dynes  in 

the  force  with  which  a  mass  of  one  gramme  condensed  into  an  in- 

'  finitely  small  volume  attracts  an   equal  mass  similarly  condensed 


*  For  example,  Clerk  Maxwell,  in  his  article  on  Capillary  Action  (Encyclop. 
Brit.)  says :  *  The  forces  which  are  concerned  in  these  phenomena  are  those 
which  act  between  neighbouring  parts  of  the  same  substance,  and  which  are 
called  forces  of  cohesion,  and  those  which  aot  between  portions  of  matter  of 
different  kinds,  which  are  called  forces  of  adhesion.  These  forces  are  quite 
insensible  between  two  portions  of  matter  separated  by  any  distance  which  we 
can  directly  measure.  It  is  only  when  the  distance  becomes  exceedingly  small 
that  these  forces  become  perceptible.' 

Clearly  science  still  needs  a  vigorous  application  of  Occam's  Razor. 
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at  a  distance  of  one  centimetre  ;  or,  as  we  shall  see,  the  force  of 
attraction  between  two  homogeneous  spherical  grammes  with 
a  distance  of  one  centimetre  between  their  centres. 

316.]  Conical  Angles.  Let  ABODE  (Fig.  373)  be  any  closed 
curve,  plane  or  tortuous,  and  0  any  point.  If  from  0  lines  OA, 
OB,  &c.,  are  drawn  to  every 
point  on  the  curve,  we  obtain 
a  cone.  If  round  0  a  sphere 
of  1  centimetre  radius  is  de- 
scribed, the  rays  OA,  OB,  &c, 
constituting  the  cone  will 
intersect  the  spherical  surface 
in  a  curve  abcde ;  and  the 
number  of  square  centimetres 
in  the  area  of  the  spherical 
surface  contained  within  this 
curve  is  called  the  solid  angle  g* 

subtended  at  0  by  the  given 

curve  ABODE.  Instead  of  this  term  (which  is  in  no  way  ex- 
pressive) we  shall  use  the  term  Conical  Angle.  If  the  sphere 
described  round  0  has  a  radius  of  1  mile  instead  of  1  cm.,  the 
number  of  square  miles  of  the  spherical  surface  enclosed  by  abcde 
will  be  the  conical  angle,  and  this  number  will  be  the  same  as  that 
of  square  centimetres  on  a  sphere  of  radius  1  cm.  Generally, 
if  a  sphere  of  any  radius,  r,  be  described  round  0,  and  the  curve 
ABCDE  conically  projected,  as  above,  on  its  surface,  the  ratio 
of  the  area  of  abcde  to  the  square  of  the  radius  r  is  the  measure 
of  the  conical  angle  subtended  at  0  by  the  given  curve— just  as 
the  plane  angle  subtended  at  0  by  any  two  points,  P,  Q,  is  the 
ratio  of  the  length  of  the  arc  of  any  circle,  with  0  as  centre 
in  the  plane  POQ,  intercepted  by  the  rays  OP  and  OQ,  to  the 
length  of  the  radius. 

A  conical  angle  is  thus  a  mere  number,  like  the  circular 
measure  of  a  plane  angle. 

The  sum  of  all  the  conical  angles  round  any  point  is  4tt, 
because  it  is  the  whole  area,  in  square  centimetres,  of  a  sphere 
of  1  cm.  radius  described  round  the  point. 

The  conical  angle  subtended  by  any  closed  plane  curve  at  any 
point  which  is  in  the  plane  of  the  curve  and  inside  its  area  is 
2  v,  since  the  rays  OA,  OB,  &c,  from  0  to  the  different  points 
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on  the  curve  intersect  a  spherical  surface  described  round  0  as 
centre  in  a  great  circle  of  the  sphere. 

Let  any  closed  surface  be  broken  up  into  an  indefinitely  great 
number  of  small  elements  of  area ;  then  the  sum  of  all  the 
conical  angles  subtended  by  the  contours  of  these  elements  at 
any  point,  0,  inside  the  given  closed  surface  is  obviously  4  v. 

If  0  is  anywhere  on  the  surface  itself,  the  sum  of  all  the  conical 
angles  subtended  at  0  by  the  elements  of  area  of  the  surface  is 
2  7,  since  the  slender  cones  revolving  round  0  lie  all  on  one  side 
of  the  tangent  plane  at  0,  and  they  will  cut  off  only  the  area 
of  half  the  sphere  described  round  0. 

If  0  is  anywhere  outside  the  given  closed  surface,  the  sum  of 
all  the  conical  angles  subtended  at  0  by  the  elements  of  area  on 
the  surface  is  zero.     This  case  requires  a  little  explanation. 

Let  any  line  drawn  through  0  meet  the  given  closed  surface 
in  points  ij,  P2,  ij,  ij  (Kg.  274),  of  which  there  must  be  an 

even  number;  and 
let  a  very  slender 
cone  of  rays  drawn 
through  0  intersect 
the  surface  in  the 
small  elements  of 
Fig.  374!  area  represented  at 

these  points.  Then 
although  numerically 
the  conical  angles  subtended  at  0  by  these  elements  of  area  are 
all  the  same,  distinctions  of  sign  must  be  made  between  them. 
These  distinctions  can  easily  be  made  thus.  At  Px  it  is  the 
outside  of  the  surface  that  is  turned  towards  0 ;  at  P2  it  is  the 
inside ;  at  P3  the  outside  ;  and  at  P4  the  inside.  Hence  if  d<*  is 
the  magnitude  of  the  conical  angle  subtended  at  0  by  these 
elements,  we  may  agree  to  make  it  plus  for  the  inside  aspects, 
F%  and  PA ,  and  minus  for  the  outside  aspects,  Px  and  Pz  ;  so  that 
the  sum  of  the  conical  angles  subtended  at  0  by  these  four  ele- 
ments of  the  given  surface  is  zero. 

For  the  purpose  of  projecting  any  element  of  area — as  that  at 
Pi — on  any  plane,  we  may  adopt  the  convenient  and  consistent 
plan  of  drawing  at  the  point  the  normal,  i^,  outwards  from 
the  surface  proportional  in  length  to  the  element  of  area, 
marking  its  extremity  with  an  arrowhead,  thus  treating  it  as 
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a  directed  magnitude,  like  a  force,  and  taking  its  component  along 
the  normal  to  the  plane  as  representing  in  magnitude  and  sign 
the  projection  of  the  element  of  area  at  Px  along  the  plane  in 
question. 

Thus,  the  conical  angle  subtended  at  0  by  the  element, 
dS1}  of  area  at  Px  is  represented  by  the  projection  of  Pnx  along 
the  line  OQ  which  is  the  normal  to  the  surface  of  the  sphere 
of  projection ;  this  gives  the  conical  angle  =  dSx  x  cos  nYPx  Q9 
which  is  negative.     Similarly  for  the  other  points,  P2,  P3,P4. 

If  dS  is  any  element  of  area  of  a  surface  at  a  point  P,  and  dm 
is  the  conical  angle  subtended  at  any  point  0  by  this  element, 
while  \fr  is  the  angle  between  OP  and  the  outward-drawn  normal 
at  P,  we  have  op* 

dS  = -do>.  (a) 

cos^  v  ' 

For,  if  a  sphere  is  described  through  P  having  0  for  centre, 
the  cone  of  rays  which  intercepts  the  area  do*  square  centimetres 
on  the  sphere  of  1  cm.  radius  will  intercept  on  this  sphere  an 
area  of  OF*. da  square  centimetres  (if  OP  is  measured  in  centi- 
metres) ;  and  since  this  is  the  projection  of  dS  on  the  surface 
of  the  sphere,  we  have  the  result  (a). 

The  locus  of  the  point  0  at  which  a  given  closed  curve,  or  circuit, 
subtends  a  constant  conical  angle  is  a  surface  which  contains  the 
given  curve  as  an  edge — just  as  in  piano  the  locus  of  a  point  0  at 
which  two  fixed  points,  A,  B,  subtend  a  constant  angle  is  a  curve 
(circle)  passing  through  A  and  B.  The  constant  angle  belonging 
to  any  one  of  a  series  of  circles  passing  through  A  and  B  may  be 
found  by  joining  any  point  on  the  circle  to  A  and  B;  but  if  the 
point  selected  on  the  circle  is  either  A  or  B  itself,  an  indeterminate- 
ness  naturally  arises,  since  the  line  joining  B  to  itself  is  indeterminate. 
However,  for  any  one  circle  if  we  take  a  point  on  the  curve  infinitely 
close  to  B,  the  direction  of  the  line  joining  it  to  B  is  the  tangent 
to  the  circle  at  B;  so  that  the  angle  pertaining  to  that  circle  is 
the  angle  between  AB  and  the  tangent  to  the  circle  at  B. 

Similarly  when  the  point  0  is  taken  on  the  given  circuit,  the 
conical  angle  subtended  at  it  by  the  curve  is  naturally  indeterminate ; 
and  to  determine  the  angle  pertaining  to  any  one  surface  of  the  series 
of  surfaces  of  constant  conical  angle  having  the  given  circuit  for  an 
edge,  we  must  take  a  point,  (X,  infinitely  close  to  0  in  the  tangent 
plane  to  the  particular  surface.  The  rays  joining  &  to  the  various 
points  on  the  neighbouring  part  of  the  circuit  form  a  semicircular 
fan  of  rays  in  the  tangent  plane,  and  they  will  intersect  the  sphere 
of  unit  radius  described  round  0  as  centre  in  a  semicircle ;  thus  the 
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projection  of  the  given  circuit  (which  projection  answers  to  the  curve 
abode,  in  Fig.  273)  on  the  unit  sphere  at  0  consists  of  a  great  semi- 
circle and  some  irregular  curve,  U  (suppose),  completing  this  semi- 
circle into  a  closed  curve  on  the  sphere ;  and  the  area  of  the  sphere 
inside  this  closed  curve  is  the  conical  angle  belonging  to  the  selected 
surface  locus. 

To  find,  the  angle  at  which  two  surfaces  of  constant  conical  angles, 
g>,  and  o>8,  cut  each  other  at  any  point,  0,  on  their  common  edge 
of  intersection,  describe  the  unit  sphere  round  0  as  centre.  Then 
we  have  just  seen  that  the  conical  angle  belonging  to  the  surface 
cOj  is  the  area  of  the  sphere  included  by  a  closed  curve  on  its  surface 
consisting  of  a  great  semicircle  Sl  and  an  irregular  curve  U;  and  the 
conical  angle  a>a  belonging  to  the  other  surface  is  the  area  of  the 
sphere  included  between  a  great  semicircle  S2  (having  the  same 
diameter  as  St)  and  the  same  irregular  curve  U.  Hence  u^o),  is 
the  area  of  the  lune  included  between  S1  and  S2 ;  but  Sx  and  S%  lie 
in  the  tangent  planes  to  the  surfaces  a^  and  a>2,  respectively,  so  that 
the  angle,  6,  between  them  is  the  angle  at  which  the  two  surfaces 
intersect ;  and  the  area  of  the  lune  =  20  square  centimetres,  if  the 
radius  of  the  unit  sphere  is  1  cm. 

Hence  two  surface-loci  of  constant  conical  angles  ult  u%for  a 
given  circuit  intersect  at  a  constant  angle  at  all  points  on  this 
circuity  the  angle  between  them  being 

816,  a.  Line-Integrals  and  Surface-Integrals,  The  discussion 
of  the  Conical  Angles  subtended  at  various  points  in  space  by  a 
given  circuit  depends  on  certain  theorems  of  integration  with 
reference  to  unclosed  surfaces  and  their  bounding  edges,  and  as 
the  whole  subject  is  of  much  importance,  particularly  in  the 
theory  of  Electromagnetism,  it  is  considered  advisable  to  devote 
special  consideration  to  it  here. 

Let  </>  (x,  yy  z\  which  we  shall  briefly  denote  by  <p>  be  any 
function  of  the  co-ordinates  of  a  point  in  space ;  then  if  any 
surface  (closed  or  unclosed)  be  broken  up  into  infinitesimal 
elements  of  area  and  the  element,  dS,  of  area  at  any  point  be 
multiplied  by  the  value  of  <f>  which  belongs  to  that  point,  the 
sum  of  all  such  products,  viz. 

taken  all  over  the  surface,  is  called  the  Surface-Integral  of  <f>  over 
the  given  surface. 

In  the  same  way,  if  any  curve  (closed  or  unclosed)  be  taken  in 
space,  and  if  it  is  broken  up  into  infinitesimal  elements  of  length, 
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and  the  element  of  length,  dsf  at  any  point  be  multiplied  by  the 
value  of  <t>  which  belongs  to  that  point,  the  sum  of  all  such 
products,  viz.,  j  ^ 

taken  all  over  the  curve,  is  called  the  Line-Integral  of  0  over  the 
given  curve. 

Theorem  1.     If  <f>  and  \jr  are  any  two  function*  of  x9  y,  and  if 
any  closed  plane  curve  he  described  in  the  plane  ay,  the  double 

— '      //(£->*         w 

taken  over  the  area  of  the  curve,  is  equal  to  the  integral 

ffrdx+xfrdy)  (fi) 

taken  along  the  perimeter  of  the  curve  in  the  sense  in  which  the 
positive  axis  of  x  should  rotate  in  order  to  coincide  with  the  positive 
axis  ef  y. 

Let  rpq...t  Kg.  275,  represent  the  given  curve.    Take  the 

term  jj  -¥-  dxdy  first.     Now 

to  find  this,  we  may  first  in- 
tegrate with  respect  to  x  con- 
sidering y  constant. 

Let  r  be  any  point  on  the 
contour  and  r/  a  line  parallel 
to  the  axis  of  a?;  let  s  be  a 
point  on  the  curve  infinitely 
near  r,  and  ss'  a  line  parallel 
to  the  axis  of  x ;  and  let  rV 
and  rn  be  perpendiculars  on  ss*. 

Taking  y,  then,  as  constant, 

we  are  to  sum  -j-  dxdy  over  Fi*  375' 

the  narrow  strip  sr//.    This  sum  is 


rn 


'f^dy' or  r"(*/"~*)' 


M 


if  \f/'  and  ^  are  the  values  of  ^  at  /  and  r>  respectively. 

Now  observe  that  if  we  travel  over  the  contour  in  the  sense 
of  the  arrow,  taking  at  each  point  the  value  of  the  product 

tfrdy, 
where,  of  course,  dy  is  the  algebraic  increment  of  y  in  each 

vol.  11.  R 
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infinitesimal  step,  we  should  have  in  travelling  from  /  to  J  the 
term  y  x  /n'9 

and  in  travelling  from  9  to  r  the  term 

*x(-r»), 
since  the  value  of  ^  at  9  may  obviously  be  taken  the  same  as  at  r. 
These  two   terms,  therefore,  give   the   sum   (y),   so  that  the 
summation  of  yfrdy  over  the  contour  will  correctly  give  the  result 
of  the  integration  of  the  strip  r/*'*,  and  over  all  other  similar 

8trip8'  rrd<t> 

In  the  same  way,  the  term  —  /  /  -j-dxdy  is  to  be  found  by 

integrating  first  with  respect  to  y,  considering  x  constant.  Let, 
then,  ppr  and  qc[  be  two  indefinitely  close  parallels  to  the  axis  of 
y,  enclosing  a  narrow  strip.  The  summation  is  to  be  performed 
over  this  strip  from  ptop',eo  that  if  <//  and  <f>  are  the  values  of 
<f>  at  p'  and  p>  respectively,  we  have 

and  in  travelling  over  the  contour  in  the  sense  of  the  arrow, 
while  taking  at  each  point  the  value  of  the  product 

<j>dx, 
we  should  have  at  p  the  term  <f>xpm9   and  at  q'  the  term 
#'x(  — p'm'),  the  sum  of  which  is  pm  ($  —  $')>  which  is  pre- 
cisely (6). 

Hence,  then,  the  area-integral  (a)  is  equal  to  the  contour- 
integral  (0),  which  can,  of  course,  be  expressed  in  the  form  of  the 
line-integral  f     dx        d 

where  d%  is  the  element  of  length  at  any  point  of  the  curve. 

Theorem  2.  If '  <f>  is  any  function  of  x,  y,  z,  the  co-ordinates  of 
a  point  in  space,  and  I,  tn,  n  the  direction-cosines  of  the  outward 
normal  at  any  point  of  an  unclosed  surface,  the  integral 


/( 


dy         dx< 
taken  over  the  surface,  is  equal  to  the  integral 

f$dz  (tf) 
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taken  along  the  bounding  edge  of  the  surface  by  a  motion  whose 
projection  on  the  plane  of  xy  is  in  the  sense  in  which  the  positive  axis 
qfx  should  rotate  in  order  to  coincide  with  the  positive  axis  of  y. 

It  must  be  observed  that  ■—  and  -=-  are  the  partial  differential 

dx  dy  r 

coefficients  of  <f>  with  respect  to  x  and  y,  and  that  they  take  no 

account  of  any  variation  of  z — belonging,  as  they  are  supposed 

to  do,  indifferently  to  all  points  in  space,  and  not  being  restricted 

to  the  (related)  points  which  lie  on  the  given  surface. 

Suppose  that  the  co-ordinates  of  points  on  the  given  surface 

are  related  by  the  equation 

*  =  /(*>  y)> 
or  dz  =  pdx  +  qdy9  (1) 

as  is  usual,  where  p  and  q  are  functions  of  x  and  y  only. 


Vl+/>2  +  22  </i+f  +  q*'  VT+75+? 

and      dS  =s  ^/l+j^  +  j8  dx  dy. 

Then  the  given  integral  (()  can  be  expressed  in  the  form 


//<< 


dx      r  dy' 

which  is  a  double  integral  over  the  area  of  the  projection, srpq... , 

of  the  given  surface  S  on  the  plane  xy. 

Now,  of  course,  a  passage  from  point  to  point  of  the  area  of 

this  projection  will  correspond  to  a  motion  from  one  point  to 

another  on  the  given  surface  S,  and  will  necessarily  involve  a 

dd>  dd> 

variation  of  z  in  both  -3—  and  -j-  • 
dx  dy 

Denote  by  ^  the  total  differential  coefficient  of  <j>  with  respect 

dX 

to  x  in  the  passage  from  one  point  on  8  to  a  neighbouring  point 
when  y  remains  constant  but  z  is  altered  with  jr.     Then 

d<£      dQ        d<f> 

Ix  """  dx     P  dz* 

Similarly  _  =  _+,_. 

Hence  (2)  becomes 


//&H-'$**  "> 
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Taking  the  terms  of  this  doable  integral  separately,  we  have 
first  to  integrate  q  —>  with  respect  to  0,  considering  y  constant, 
i.e.,  to  perform  a  summation  along  the  strip  r/.  Denote,  as 
usual,  -j£  by  s. 

Now  A  da       ==  (**/ "fr*)"/***^ 

where  (##)'  is  the  value  of  j^  at  /,  and  (q<f>)  its  value  at  r. 

In  a  motion  round  the  curve  srpq.„  in  the  sense  of  the  arrow, 
the  term  [(?</>/— (?<£)]  X  rV  is  the  same  as  the  sum  of  the  values 
of  q<f>mdy 

at  /  and  r,  as  explained  in  Theorem  1.     Hence 

j  rj?  iarfy  =  fq<t>dy—ff  *$dxdy,  (4) 


# 


da 

in  which  the  single  integral  is  one  along  the  contour  *rpq... . 
Similarly  rr  \^ 

-      p^dxdy^/jxpdx+f/s^dxdy,  (5) 

the  single  integral  on  the  right  side  being  taken  round  srpq  ... 
in  the  sense  of  the  arrow.     Hence  (3)  becomes  simply 

/<t>(pdx  +  qdy).  (6) 

But,  if  x,  y  are  the  co-ordinates  of  any  point,  j9,  on  the  curve 
srpq. . . ,  the  point  P  on  the  edge  of  S,  of  which  p  is  the  projection, 
will  have  the  same  x  and  y,  and  by  (1)  the  increment  of  z  in 
passing  from  P  to  Q  (of  which  q  is  the  projection)  is  the  multiplier 
of  <p  in  (6),  so  that  (6)  is  the  value  of 

f$dz 
in  a  motion  round  the  bounding  edge  PQR...,  in  the  sense  of 
the  arrow,  which  was  to  be  proved. 

In  the  same  way,  of  course,  i(n^—l-~^dS  =  the  line- 
integral  f<f>dy  taken  along  the  bounding  edge. 

We  shall  find  it  convenient  to  denote  the  operations 
d  d  d        d  d         d 

a  2        ay        ax      dz      lay        ax 
with  regard  to  any  surface  the  direction-cosines  of  whose  normal 
are  lf  m,  n,  by  the  symbols 

*i>  <>2,  *»• 
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Theorem  3.  Ifu,v,w  are  any  function*  of  x,y,z  the  co-ordinate* 
cf  a  point  in  space,  and  I,  m,  n  the  direction-cosine*  of  the  normal  at 
any  point  on  an  unclosed  surface,  the  integral 

Cijfdw      dv\        ,du      dwx         ,dv       du^)  ia 

taken  over  the  surface,  is  equal  to  the  integral 
f  (udx + vdy  +  wdz) 
taken  over  the  bounding  edge  cf  the  surface  by  a  motion  which 
project*  on  the  co-ordinate  plane*  in  the  *en*e*  of  positive  rotation 
these  planes. 
This  follows  at  once  from  the  last  Theorem.     For,  taking  the 

we  have  found  that  it  is  simply  fwdz  taken  along  the  edge. 
Similarly  -     du        & 

J  (mT*-*Ty)dS  =  '"**> 
taken  along  this  edge  ;  &c. 

This  is  the  result  that  the  line-integral  cf  any  vector  taken  along 
any  circuit  is  equal  to  twice  the  surface-integral  of  the  normal 
component  of  its  'rotation?  or  *  curl,9  taken  over  any  surface  having 
the  given  circuit  for  a  bounding  edge,  of  which  a  different  proof  will 
be  given  in  the  Chapter  on  Strain  and  Stress. 

Another  discussion  of  this  Theorem  will  be  found  in  Clerk 
Maxwell's  Electricity  and  Magnetism,  vol.  I.,  Art.  24. 

Put  into  a  quaternion  form,  this  Theorem  is  thus  expressed — 
fSvVp .  dS  =  f8rp  .  ds9  (7) 

where  v  is  a  unit-vector  in  the  direction  of  the  outward-drawn 
normal  at  any  point  of  an  unclosed  surface,  r  is  a  unit-vector 
along  the  tangent  at  any  point  of  the  bounding  edge  of  the 
surface,  p  is  any  vector,  and  V  is  the  Hamiltonian  operator 

.  d      .d       .d 

%di+Jdj+kTz9 

The  result  in  this  Theorem  gives  the  solution  of  the  following 
inverse  problem  : — Given  the  components,  17,  V,  W,  of  a  vector, 
p,  which  satisfy  at  all  points  in  space  the  equation 
dU     dT     dW^ 
da       dy      dz  ~~    ' 
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to  determine  the  components  of  another  vector,  cr,  such  that  the 
surface-integral  of  the  normal  component  of  p  over  any  unclosed 
surface  shall  be  equal  to  the  line-integral  of  the  tangential 
component  of  <r  taken  along  the  bounding  edge  of  the  given 
surface. 

For,  in  order  to  transform  the  given  surface-integral  into  a 
line-integral  along  the  edge,  we  must  have 

lU-\  mV+nW  =  \u  +  *2v  +  *3w, 

that  is     dw  _^dv  __  TT    du  ^  dw  _        dv  _  du  _  J-  .  . 

dy       dz  ~~      '  dz       dx  ~~      '  dx       dy  ~~      *         *  ' 

(Stokes's  method  of  solving  these  will  be  found  in  Lamb's 
Treatise  on  tie  Motion  of  Fluid*,  Art.  129.) 

316,  4.]  Calculation  of  Conical  Angles.  Let  o>  be  the  conical 
angle  subtended  by  a  given  circuit,  PQR...,  at  any  point  A 
whose  co-ordinates  are  a,  £,  y.  Then  by  (a),  p.  239,  if  P  is  any 
point  on  any  surface  having  the  circuit  for  edge,  and  dS  an 
element  of  area  of  this  surface  at  P, 

rfo>  r=  -£  cos  \jrdS,  (1) 

where  r  =  AP9  d<*  =  conical  angle  subtended  by  dS  at  A,  and  \jr 
is  the  angle  between  AP  and  the  normal  to  the  surface  at  P. 

Now  if  x,  y,  z  are  the  co-ordinates  of  P,  and  /,  m,  n  the 
direction-cosines  of  the  normal, 

cos^  =  -{/(«-a)  +  «»(y-/3)  +  *^-y)}.  (2) 

Hence  r  1 

<*=J^{l{*-*)  +  r*{y-ft)  +  n{z-y)}dS.  (3) 

But  since  r2  =  («— a)2  +  (y—  j8)2  +  (s— y)2,  we  have 
a? — a       d  /1\ 

with  similar  values  of  "^-—jf-  and  — ^  •     Hence  (3)  can  be  written 

But  since  a,  ft  y  are  completely  independent  of  all  co-ordinates 
on  the  surface  8,  and  therefore  have  nothing  to  do  with  the 
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limits  of  integration,  the  symbols  of  differentiation  with  respect 
to  them  can  be  taken  outside  the  integrals,  and  we  have 

Differentiate  both  sides  with  respect  to  a,  and  observe  that 
so  that  for  -j-^  we  may  write  —  (  -j-tj  +  -3-5)  •    Then 

£  -  h  &f7"-hfi*i-jdj}»-xJ& (6) 

No.  obviously  i(i)  =  -i(i);  ^(!)  =  -|(i);  fa. 

Hence,  first  bringing  the  symbols  of  differentiation  which  are 
within  the  square  brackets  under  the  integral  signs,  (6)  can  be 
written  t  x  x  % 

Now,  by  Theorem  2  of  last  Article,  the  surface-integral  on 

d  fl 

which  -j-r  operates  is  /  -  dz  taken  along  the  given  circuit,  while 

d  .    rl 

that  on  which  j-  operates  is  /  -  dy  taken  along  the  circuit ;  so 

da"  dp]  r       dy)   r'  U 


that 


dm  d(o 

similar  values  holding  for  -7-  and  j-  • 

Denoting  the  line-integrals  j —  >  /  —  >  I  —  along  the  given 

circuit  by  F9  G,  H,  respectively,  as  in  example  42,  p.  64,  we  have 
for  the  differential  coefficients  of  the  conical  angle  subtended  by 
the  given  circuit  at  any  point  (a,  /3,  y)  the  equations 

du>      dH     dO 

da~~  dp~~  dy  ' 

dm      dF     dH  1  ,Q» 


rf/3" 

~dy 

da 

dm 

_dO 

dF 

Ty* 

~  da 

~dp'\ 
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It  is  evident  that  the  conical  angle  subtended  by  a  given 
circuit  at  any  point  (a,  ft  y)  satisfies  the  differential  equation 

(;£+$+37)w  =  0>orva-  =  a         <10> 

Again,  the  quantities  F,  G,  E  which  have  reference  to  a  given 
circuit  and  any  point  (a,  0,  y)  satisfy  the  equations 

dF     dO     dH     A  /<<v 

v*f=o,   v2e  =  o,   v2ir=o.  (12) 

For,  the  left-hand  side  of  (1 1)  is 

*i     dl-     d1- 


-f(did*+-djdy+didz)' 


which,  being  taken  along  a  closed  curve,  is  zero.  Hence  if  space 
were  imagined  to  be  filled  with  a  fluid  in  motion,  or  a  substance 
in  a  state  of  strain,  its  velocity  components,  or  components  of 
strain,  at  each  point,  A,  being  Fy  G,  H9  the  cubical  compression 
at  every  point  would  be  zero,  and  the  axis  of  resultant  vortical 
spin  at  the  point  would  be  the  direction  in  which  the  conical 
angle  subtended  by  the  circuit  increases  most  rapidly — as  will 
be  understood  after  a  study  of  the  Chapter  on  Strain  and  Stress. 
Another  method  of  calculating  the  conical  angle  subtended  at 
a  point  by  a  circuit  is  the  following.  Let  ABODE  (Fig.  273) 
be  the  circuit,  and  0  the  point  at  which  the  conical  angle  is 
subtended.  Then  if  a  is  the  radius  of  the  sphere  described  round 
0,  the  conical  angle  is  the  area  of  the  spherical  curve  abode 
divided  by  a*.  Through  0  draw  any  line,  Oz,  meeting  the 
surface  of  the  sphere  in  z  (not  represented  in  the  figure).  For 
definiteness,  suppose  z  to  be  within  the  part  of  the  spherical 
surface  which  we  regard  as  the  area  of  abode.  Then  the  position 
of  any  point,  j»,  within  abode  may  be  expressed  by  its  angular 
distance,  tf',  from  z,  and  the  angle,  <f>,  which  the  plane  pzO  makes 
with  any  fixed  plane  through  Oz.  These  angles  are  the  co- 
latitude  and  the  longitude  of  p.  An  element  of  spherical  area 
at  p  is  a2  sin  &  dff  dfa  so  that  the  strip  of  area  of  abode  contained 
between  two  longitude  planes  including  an  angle  d<f>  ib 


"*£ 


ane'de', 


3l6,i.]  CALCULATION   OP  CONICAL  ANGLES.  249 

where  0  is  the  colatitude  of  the  point  in  which  the  arc  zp 
intersects  the  contour  of  abode. 

Hence  the  conical  angle  is  given  by  the  equation 

«•  =  f  *(1—  cos0)<ty  (13) 

since  4>  runs  from  0  to  2ir  round  z. 

It  is,  of  course,  quite  indifferent  which  portion  of  the  spherical 
surface  (the  upper  or  the  lower)  we  regard  as  being  the  area  of 
any  curve  traced  on  the  sphere.  If  Oz  is  drawn  so  that  z  is  in 
that  portion  of  the  surface  which  is  regarded  as  outside  the  area, 
the  longitude,  <f>,  of  a  point  within  the  area  will  not  run  from  0 
to  2  ir,  but  from  its  initial  value  it  will,  after  increasing  and 
diminishing,  return  to  this  initial  value,  so  that  fd$  =  0.  With 
an  axis  Oz  so  chosen,  we  should  have 

«=/cos0<fy,  (14) 

the  upper  and  lower  limits  of  <f>  being  identical 

In  the  case  of  any  plane  circuit  we  obtain  another  expression 
for  the  conical  angle  subtended  at  any  point  in  space.  Taking 
the  plane  of  the  circuit  as  that  of  xy  y,  let  (a,  £,  y)  be  the  co- 
ordinates of  the  point,  A,  at  which  the  conical  angle  is  required. 
At  any  point,  P,  in  the  area  of  the  curve  let  the  element  of  area 
be  dS,  and  let  AP  =  r.     Then  in  (a),  p.  239,  we  have 

cosV  =  -,  A  dm  =  £dS.     But  ^  =  -^-(-)> 
T       r  r8  r8  dy  \r' 

therefore  »  =  -  j-  /  —  •  (15) 

The  method  of  calculating  a>  from  this  equation  will  be  under- 
stood when  we  come  to  the  treatment  of  Potential ;  and  it  will 
then  be  seen  that  (15)  expresses  the  feet  that  the  conical  angle 
subtended  at  any  point  by  a  plane  curve  is  the  same  (to  a  factor 
pre*)  as  the  component  of  the  attraction-intensity  normal  to  the 
plane  of  the  curve  exerted  at  the  point  by  a  uniform  plane  lamina 
bounded  by  the  curve. 

Thus  for  a  circular  curve  of  radius  a,  if  B  is  the  distance  of  A 
from  the  centre, 

—i-rr ,  rHdr   ..     <16) 

*Yj*Jo    V&- 2 yr cos 4»  +  r*  ' 

which  reduces  to  Elliptic  Integrals. 


{££?  ~  w  #}*«-  {'W-'Wl'^  ^ 
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Examples. 

1.  Find  the  conical  angle  subtended  at  any  point  on  a  sphere  by  a 

given  circle  lying  on  the  sphere. 

Ans.  Let  r  be  the  angular  radius  of  the  given  circle,  a  =  angular 

distance  of  the  point  considered  from  the  pole  of  the  circle, 

-    ..      sinasinr         .  sinasinr 

r+a=2cr,  r— a  =  2o,  #  = — ^ — ,  and  tt  = =—    ; 

'  sin2<r  cosV 

then  o)  =  2ir-  -J-  J-cosr. F(k)+  — n(n,*){, 

sine  (  x  '      coscr     x       ') 

where  F(k)  is  the  complete  elliptic  integral  of  the  first  kind  with 
modulus  k,  and  II  (n,  k)  the  complete  integral  of  the  third  kind  with 
modulus  k  and  parameter  n. 

The  complete  integral  of  the  third  kind  is  expressible  in  terms  of 
integrals  of  the  first  and  second  kinds  (Hymers's  Integral  Calculus, 
p.  290) ;  thus 

^-n(„,*) 

sine  coscr      N       ' 

V     (cotcr 

~  2**\ 

—l*  »/       sind  3     .     /■»       C08cr 

where  tf=- — ,  and  8in)8= ;• 

sincr  coso 

^  2.  Show  that  the  conical  angle  subtended  at  any  point,  A,  by  a 
circuit  is  the  line-integral  along  the  circuit  of  the  tangential  com- 
ponent of  a  vector  whose  magnitude  at  each  point,  P}  of  the  circuit  is 

1  cos  0  cos  A 
7     sin*0     f 
the  vector  being  perpendicular  to  AP  in  the  plane  of  AP  and  the 
tangent  at  P,  r  =  AP,  0  is  the  angle  made  by  AP  with  a  fixed  line, 
and  A  the  angle  made  with  this  line  by  the  normal  to  the  plane  of  AP 
and  the  tangent  at  i\ 

3.  Find  the  conical  angle  subtended  at  any  point,  P,  in  space  by 
two  intersecting  right  lines  OA,  OB,  their  extremities  A  and  B  being 
both  at  infinity. 

Ans.  U  <f>  and  <f>'  are  the  angles  between  the  plane  A  OB  and  the 
planes  containing  P  and  the  lines  OA,  OB,  and  a  =  LAOB 

a)  =  ir— <f>— c/Z+cos"1  (sin  casino// cos  a— cos  <£  cos  <f/).  (1) 
When  a  =  0,  the  plane  from  which  </>  and  cj/  are  reckoned  is  inde- 
terminate, but  in  this  case  <f>  +  <f/  is  ir,  so  that  <o  is  constant  whatever 
be  the  position  of  P.  When  a  =  ir,  <£  =  <£',  and  to  =  2ir— 2  <£,  which 
is  indeterminate  and  may  be  taken  as  2<f>  simply,  where  <f>  is  the  longi- 
tude of  P  with  reference  to  any  fixed  plane  through  the  infinite  line  AOB. 
If  t  =  tan  <f>y  t^  =  tan  <£>',  the  equation  of  the  surface  locus  of  con- 
stant conical  angle  is 

(*  +  t')Binto  +  #/(co8tt-co8a)  +  2sm8£=0.  (2) 
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To  all  points  on  the  same  right  line  OP,  through  0  belongs  the 
same  value  of  o> ;  moreover,  this  equation  shows  that  the  planes  deter- 
mining any  given  angle  o>  can  be  represented  in  pairs  by  the  points 
of  an  involution  system. 

The  surfaces  of  constant  conical  angles  are  cones  of  the  second  degree 
whose  equations  are  easily  found  from  (2).  For,  if  OA  is  taken  as 
axis  of  x,  and  the  plane  A  OB  as  that  of  xyy  we  find  for  the  locus 

2y(a?sina— ycosa)sin*-  +*(a?sina  +  2ysin2  -)sina> 
It  2 

+  «2(co8»— cosa)  =  0;     (3) 

or,  taking  the  internal  and  external  bisectors  of  the  angle  AOB  as 

axes  of  x  and  y, 

sin8 -  (»*sin*-— y8cos*-)  +  «t (sin*-  — sin9-  )  +  awsin  -  sinco  =  0.  (4) 
2  2  u  &  &  it 

The  conical  angle  is  a  measure  of  the  Magnetic  Potential  at  any  point 
due  to  a  current  in  the  given  circuit ;  hence  the  case  a  =  0  corresponds 
to  a  current  returning  on  itself,  which,  of  course,  produces  no  effect  at 
any  point;  while  a  =  ir  corresponds  to  a  straight  current  of  (practically) 
infinite  length. 

4.  In  the  case  of  any  plane  triangular  circuit  whose  angles  are 
A,  B,  C,  prove  the  following  construction  for  points  on  the  surface- 
locus  of  constant  conical  angle,  a> : — 

From  any  point,  0,  on  a  sphere  draw  arcs,  OL,  OM,  ON,  of  three 
great  circles  including  between  them  angles  equal  to  ir—C,  ir—A, 
tt—B\  then  describe  any  spherical  triangle,  Z,  M,  N,  whose  vertices 
lie  on  these  arcs,  such  that  the  sum  of  its  sides  =  2tt— a> ;  the  angles 
OL,  OMy  ON  will  be  the  inclinations  to  the  plane  of  the  triangle 
ABC  of  planes  drawn  through  its  sides  BC,  CA,  AB  intersecting  in  a 
point,  P,  at  which  the  conical  angle  is  a>. 

Thus,  then,  to  find  the  point  on  any  given  line,  AP,  drawn  through 
A  at  which  the  triangle  subtends  o>,  we  take  two  given  points  M,  N 
on  two  of  the  arcs  and  find  the  point,  Z,  on  the  third  such  that 
LM+LN  is  a  given  quantity.  There  are  two  solutions,  since,  given 
base  and  sum  of  sides  of  a  spherical  triangle,  the  locus  of  the  vertex  is 
a  sphero-conic. 

5.  Show  that  the  complete  solution  of  equations  (8),  p.  246,  from 

w,  vt  w  will  necessarily  be  indeterminate.  _n     ,_     _  _ 

dP    dP    dP 
(To  any  values  found  for  w,  v,  w  may  be  added  terms  -j->  -j- 1  -j-  > 

where  P  is  any  function  of  x,  yt  z  which  has  a  single  (unambiguous) 
value  for  given  values  of  xt  y,  *.) 

6.  For  the  conical  angle  subtended  by  a  given  plane  circle  at  any 
point  in  space,  show  that  the  angles  a,  r,  <r,  b  in  example  1  can  be 
exhibited  by  a  plane  construction. 


p 

/A 
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817.]  Attraction  of  a  Thin  Uniform  Straight  Bar.     Let  the 

line  AB  (Fig.  276),  represent  a  straight  bar  the  area  of  whose 

transverse  section  is  k  square  centi- 
metres, this  area  being  very  small; 
let  the  mass  of  the  bar  be  p  grammes 
per  cubic  centimetre  of  substance ;  let 
/  \  JP  be  the  position  of  a  mass  of  1  gramme 

'  1 Xb      supposed  to  be  condensed  into  an  in- 

Fi     .  6  finitely  small  volume.     It  is  required 

to  find  the  magnitude  and  direction  of 
the  attraction  of  the  bar  on  the  particle  at  P. 

Draw  PO  perpendicular  to  AB ;  take  any  point,  M,  on  AB ; 
let  OM  =  j,  and  consider  the  attraction  on  P  of  the  elementary 
length  ds  at  M.  The  mass  at  P  being  1  gramme,  and  the  mass 
of  ds  being  p .  kds>  if  y  is  the  constant  of  gravitation  (Art.  315), 
the  attraction  of  ds  on  P  is,  in  dynes, 

VpW**  <*> 

This  force  acts  in  the  line  PM.    Resolve  it  into  a  component 
along  PO  and  a  component  perpendicular  to  PO.     Let 
<t>=LOPM,    let    PJf=r,    let    PO  =  p, 
and  let  these  components  be  dT  and  dX,  respectively. 

Then  dX=&um  +  .dt9 

dr  =  ^co*4>.ds. 
But  9  =  p  tan  <p>  .\  ds  =  p  sec*  <t>d$,  and  r  =  p  sec  <f>.     Hence 
dX=- —  8xn<l>d<f>; 

rf7=^  cos  <*><*$. 
p 

Then,  obviously,  if  L  OPA  =  o,  and  LOPB  =  0,  and  if  Zand 

Y  are  the  total  component  attractions  parallel  and  perpendicular 

to  BA  produced  by  all  the  elements  of  the  bar,  we  have 

X=Z*? f*  sin^  =  ^(cos£--cosa),  (2) 

Y=Zk[*  cos*<ty  =  ^(sin0  +  sina).  (3) 

p  J-fi       r   ^        p 
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If  the  resultant  attraction  on  P  makes  the  angle  \fr  with  PO, 

we  have  tan  \j/  =  =-  =  tan  -— -  >     .*.  i/r  =  — —  >  which  shows 

that  the  resultant,  R,  bisects  tie  vertical  angle  APB.    Also 

p      2ykp  .   APBfA  ,  * 

E  =  ■         sin  — —  (dynes).  (4) 

We  may  also  notice  the  simple  feet  that  the  attraction  of  the 
bar  AB  on  P  is  the  same  in  all  respects  as  the  attraction  of  a 
circular  arc  having  P  as  centre  with  radius  PO,  this  arc  being  ter- 
minated by  the  lines  PA  and  PB,  the  density  and  area  of  trans- 
verse section  of  this  arc  being  the  same  as  those  of  the  given 
bar.  For,  if  N  is  the  point  on  AB  distant  ds  from  M,  and  if 
the  lines  PM  and  FN  meet  the  circular  arc  in  m  and  »,  the 
attractions  of  MN  and  mn  on  P  are  exactly  the  same,  because  if 
from  M  a  perpendicular  M Q  is  drawn  to  PN,  we  have 

i#v_    MQ    -  MQ • p M -  mn - PM%  -  mn-PM% 

sinPifO""       PO      "Pm.PO"     Pm*     '' 

therefore  -pr/ft  =  p-g »  *&&  the  attractions   of  corresponding 

elements  of  the  bar  AB  and  the  circular  arc  are  the  same. 

The  attraction  of  the  particle  P  on  the  bar  is  R  exactly 
reversed. 

For  an  infinitely  long  bar,  or  one  so  long  that  the  distances  of 
P  from  its  extremities  are  each  very  great  compared  with  the 
distance,  PO,  of  P  from  the  bar,  the  attraction  is 

^,  (5) 

since  the  angle  APB  is  in  this  case  ir. 

If  the  law  of  attraction  be  not  that  of  the  inverse  square  of 
distance,  let  the  attraction  of  the  element  kpds  at  M  on  the  unit 
mass  at  P  be  expressed  by  the  law 

ipdsxkf(r); 

where  A  is  a  constant  and/'  (r)  any  function  of  the  distance  PM. 
Then,  if  PA  =  r%  and  PB  =  rx ,  we  easily  find 

X=kip[f(ra)-/(r1)],  (6) 

"9^r  « 


■=u>r 
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The  expression  (5)  brings  as  back  to  the  observation  made  at 
p.  235  with  regard  to  the  application  of  the  law  of  inverse  square 
to  particles  separated  by  an  infinitely  small  distance ;  for  it  would 
appear  from  this  expression  that  if  p  =  0,  or  the  attracted  par- 
ticle is  on  the  surface  of  the  bar,  the  attraction  is  00  :  a  result 
which  is  obviously  absurd.  The  whole  of  our  investigation 
depends  on  the  assumption  that  every  point  in  the  element  d*  of 
length  at  if  is  at  the  same  distance,  r,  from  P.  Now  if  P  is  in 
contact  with  the  surface,  the  particles  of  the  bar  in  the  normal 
section  at  P  are  at  all  distances  ranging  from  zero  to  the 
diameter  of  the  bar  from  P9  so  that  we  cannot  expect  our  result 
to  hold  for  this  case.  In  fact,  £,  the  area  of  the  normal  section, 
ought  in  this  case  to  be  infinitely  small,  and  then  the  expression 
(5)  is  indeterminate.  To  find  what  is  really  the  intensity  of 
attraction  at  a  point  on  the  surface  of  the  bar,  we  must  consider 
this  latter  as  a  cylinder  of  finite  radius,  a,  and  break  it  up  into 
slender  filaments  in  such  a  way  that  a  filament  to  which  P  is 
infinitely  close  is  one  of  infinitely  small  section.  Such  a  mode 
of  breaking  up  the  bar  is  obtained  by  a  polar  resolution.  Thus : 
draw  the  normal  section  through  P ;  take  any  point  Q  in  the 
area  of  this  section,  let  PQ  =  r,  and  take  the  usual  polar  element, 
rdrd$,  of  area  at  Q.  Consider  now  the  attraction  at  P  due 
to  the  filament  of  the  bar,  parallel  to  its  axis,  which  stands  on 
this  -element  of  area.  It  is  clear  that  the  filaments  are  now 
taken  in  such  a  way  that  when  the  distance  of  P  from  one  of 
them  vanishes,  so  does  the  transverse  section  of  the  filament. 

For  greater  generality,  let  P  be  assumed  outside  the  bar  at 
a  distance  c  from  its  centre,  0;  let  the  transverse  section  be 
circular  and  the  length  of  the  bar  practically  infinite,  i.e.  P  is  so 
close  to  the  surface,  that  for  each  filament  the  angle  APB  may 
be  taken  as  v. 

The  attraction  of  the  filament  at  Q  on  a  unit  mass  condensed 

at  P  ig  -JlJ-1 ,  or  2ypd$dr ;  and  since  PO  is  the  direction 

of  the  resultant,  we  resolve  this  along  PO;  thus  we  have 
2yp cos  0 d$dr,  where  $  =  Z QPO.  Integrating  this  first  with 
respect  to  r  between  the  points  at  which  the  line  PQ  enters  and 
leaves  the  circular  section,  we  have 


4ypy'a2--<?asin*0co30<*0, 
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as  the  contribution  of  the  wedge  of  bars  corresponding  to  the 
angle  0.  The  extreme  values  of  0  are  ism-1-*  so  that  a  fur- 
their  integration  gives  2-nypa2 

c 

for  the  attraction  of  a  cylindrical  bar  at  a  point  near  its  surface, 
the  length  of  the  bar  being  very  great  compared  with  its 
diameter.  Now  if  the  position  of  the  attracted  point  is  on  the 
surface,  c  =  a9  and  the  attraction  is 

2-nypa. 

318.]  Uniform  Thin  Circular  Plate.  Consider  a  circular 
plate  of  uniform  density  (p  grammes  per  cubic  centimetre  of 
substance)  and  very  small  uniform  thickness  (r  centimetres); 
and  let  1  gramme  mass  be  condensed  into  a  point  P  situated  on 
the  axis  of  the  plate,  i.e.  a  line  drawn  through  0,  the  centre  of 
the  plate,  perpendicular  to  the  plane  of  the  plate.  It  is  required 
to  find  the  attraction  of  the  plate  on  the  particle  at  P.  Let  a 
(centimetres)  be  the  radius  of  the  plate,  and  let  OP  =  z  (centi- 
metres). Take  any  point,  Q,  in  the  plane  of  the  plate  and 
describe  a  circle  with  centre  0  and  radius  OQ  (=  r).  Concentric 
with  this  describe  another  circle  of  radius  r  +  dr,  so  that  a  narrow 
strip  of  area  is  included  between  these  circles.  We  may  in  this 
way  break  up  the  plate  into  an  infinitely  great  number  of 
circular  strips;  the  mass  of  the  typical  strip  is  2w prrdr 
grammes,  and  all  points  in  the  strip  are  at  the  same  distance, 
PQ,  or  Vz2  +  r2,  from  P.  Also,  if  tf>  is  the  angle  OPQ,  since 
the  resultant  force  exerted  on  P  by  the  strip  is  obviously  along 
PO,  this  resultant  is 

2irprrdr  .        ,  ;•  ?  -  '   - 

y-    jg2  +  r2    °°B<k    or  2iryprsin<f>rf4>,  ,, 

since  r  =  z  tan  0,  y  being  the  constant  of  gravitation. 

If  a  is  the  semiangle  of  the  cone  whose  vertex  is  P  and  base 
the  rim  of  the  plate,  <p  ranges  from  0  to  a,  so  that 

5=  2itypr  (1—  cose),  (1) 

1 J* 

Vz*+a2 

From  this  expression  is  deduced  a  result  of  great  importance 
in  Electrostatics.     Suppose  the  attracted  particle  P  to  be  very 
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close  to  the  plate,  at  the  tame  time  that  the  latter  is  infinitely  thin 
compared  with  the  distance  of  P — this  supposition  being  obviously 
necessary  if  we  are  to  assume  that  all  the  particles  in  the  body 
of  the  plate  and  included  in  a  circular  strip  are  equidistant  from 
P.     Then  lines  drawn  from  P  to  the  rim  of  the  plate  are  practi- 

cally  at  right  angles  to  OP,  so  that  a  =  -9  and 

«  =2ir ypr  (dynes),  (2) 

and  the  result  is  independent  of  the  radius  of  the  plate.  Thus,  if 
P  is  at  a  distance  of  1  millimetre  from  the  centre  of  such  a  plate, 
the  attraction  on  P  is  practically  the  same  whether  the  radius  of 
the  plate  is  infinitely  great  or  only  1  decimetre. 

Again,  the  expression  (1)  shows  that  any  two  uniform  plates 
of  the  same  substance  and  of  the  same  small  thickness  will  exert 
equal  forces  on  P  if  they  are  cut  from  the  cone  having  P  for 
vertex  (their  planes  being  parallel).  Hence  any  two  frustums 
of  equal  thickness,  h,  however  great,  cut  from  this  cone  will 
equally  attract  the  particle  P  at  its  vertex,  the  magnitude  of  the 
force  being  2^yph  (l-cosa). 

The  result  holds  also  in  the  case  of  an  oblique  cone  standing 
on  any  plane  base  whatever,  the  attracted  particle  P  being  at  its 
vertex.  To  prove  this  geometrically  we  have  merely  to  show 
that  if  two  plates  of  the  same  thickness,  each  parallel  to  the  base, 
be  taken  anywhere  in  the  cone,  they  exert  equal  attractions  on  a 
particle  at  the  vertex.  Through  the  vertex  P  draw  an  infinite 
number  of  rays  forming  a  very  slender  cone  which  intercepts  on 
the  two  plates  two  small  similar  areas,  dS  and  d&,  at  the  points 

M  and  M ',  suppose.  Then  the  attraction  of  dS  on  P  is  pif2-  > 
and  that  of  dS  is  pM,2  >  these  forces  being  coincident  in  the 
line  PMM\  But  since  the  contours  of  dS  and  dfif  are  similar 
curves,  -7^  =  pj|f/2 ;  therefore  these  attractions  are  equal.  Simi- 
larly for  all  other  pairs  of  corresponding  elements  of  the  plates. 

This  put  into  the  usual  form  of  analysis  would  be  as  follows : 
Let  (r,  0,  <£>)  be  the  radius  vector  from  P  to  M ,  the  colatitude 
and  longitude  (Art.  175)  of  M.  Then  the  element  of  volume  at 
M  may  be  taken  as  i^smOdrdOd^,  and  the  attraction  on  P  of 
the  element  of  mass  included   is  ypsiaOdrdddifi,  and  this 
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depends  only  on  dr  and  not  on  r  (so  long  as  0  and  <f>  are  con- 
stant) ;  hence  the  attractions  of  the  elements  at  IT  and  M/  above 
are  equal,  since  these  points  have  obviously  the  same  6  and  <f>. 

319.]  Uniform  Spherical  Shell.  Suppose  a  thin  shell  of 
attracting  matter  of  uniform  density,  p  grammes  per  cubic  centi- 
metre, to  be  contained  be- 
tween two  very  close  concen- 
tric spheres.  Then  this  shell 
exercises  no  resultant  attraction 
on  any  internal  particle.  For, 
let  i*  be  the  position  of  any 
internal  particle,  and  through 
iy  draw  a  pencil  of  rays, 
QFQ',  RFRf,  &c.,  forming 
a  very  slender  cone ;  then  if 

a  ray  RRf  meet  in  the  inner  sphere  in  r  and  /,  the  lengths 
Rr  and  Rfr'  are  equal;  hence  the  spherical  surfaces  at  Q  cut 
off  a  frustum  whose  thickness  is  equal  to  that  of  the  frustum 
cut  off  at  Q\  and  by  Art.  318  the  attractions  of  these  frustums 
on  the  particle  iy  at  their  common  vertex  are  equal  and  opposite. 
Hence  the  attractions  of  these  elements  of  the  shell  destroy  each 
other  at  P',  and  similarly  all  the  vertically  opposite  elements  of 
the  shell  cut  off  in  the  same  way  annul  each  others'  effects  at  P'. 

The  resultant  force  on  the  particle  is  therefore  zero. 

Precisely  the  same  result  holds  for  an  ellipsoidal  shell  bounded 
by  two  very  close  concentric  and  similar  ellipsoids,  since  the 
intercepts  Rr,  Rfr*  made  by  the  shell  on  any  line  cutting  its 
bounding  surfaces  are  equal.  This  proof  is  given  by  Newton, 
Cor.  3,  Prop.  91,  Book  I.  These  results  we  shall  find  useful  in 
Electrostatics — in  which  occurs  the  general  problem :  Given  the 
outer  bounding  surface  of  a  shell,  find  the  law  of  its  thickness 
(or,  in  other  words,  find  its  inner  bounding  surface)  so  that  its 
resultant  attraction  on  every  internal  particle  shall  be  zero.  The 
simple  result  in  the  case  of  surfaces  of  the  second  degree,  that  the 
inner  surface  is  one  concentric  with  and  similar  to  the  outer, 
is  due  to  the  fact  that  they  have  diametral  planes  which  bisect 
all  parallel  chords. 

If  the  law  of  attraction  is  not  that  of  the  inverse  square,  let  it 

be  expressed  by  X  ^^,  and  consider  the  narrow  belt  of  the  shell 

VOL,  II.  s 
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which  is  generated  by  the  revolution  of  the  element  of  arc  QR 
about  OF.     Let  OP"  =  <?,  FQ  =  r,  a  =  radius  of  shell ;   then 

the  area  of  this  strip  =  2tr-rdr;  for  in  the  usual  notation  it 

c 

=  2iryds,  or  2-na2&m0d$,  where  0  =  /.QOA,  and 

r2  =  a2—  2a<?cos0  +  c2,    .\  rdr  =  acsinflrffl, 

so  that  if  dS  =  area  of  belt, 

iS=2*-rdr,  (A) 

and  the  mass  of  this  belt  =  2Trpr-rdr,  where  r  =  thickness  of 
shell. 

Every  particle  of  this  strip  is  at  the  distance  r  from  P/9  and 
its  resultant  attraction  on  P/  (which  is  in  the  direction  OP)  is 

2  trkpr  -rdr.*-^- .  cos  QPP,  which  is         r    • -^ /(r) rfr. 

Hence,  if  R  is  the  resultant  attraction  at  P/, 

When  the  law  of  attraction  is  that  of  the  inverse  square, /(r) 
is  constant,  and  the  value  of  the  integral  is  zero. 

From  this  expression  can  be  deduced  a  result  which  is  funda- 
mental in  Electrostatics — viz.  the  law  of  the  inverse  square  is  the 
only  law  of  attraction  for  which  a  spherical  shell  of  uniform  thick- 
ness and  density  will  produce  no  resultant  attraction  on  any  internal 
particle. 

For,  whatever  a  +  c  and  a—c  may  be,  i.e.  wherever  P/  is 
situated  inside,  the  definite  integral  must  vanish  identically. 
Denote  a  +  c  by  m  and  a^c  by  n.     Then  for  all  values  of  m 

Jn  ~ ^~~ /(r)rfr  =°- 
Differentiating  this  with  regard  to  m  and  »,  successively, 

Hence  /(*»)  =/(»),  whatever  m  and  n  may  be;  i.e. /(r) 
must  be  absolutely  Constant,  so  that  the  law  of  attraction  is  that 
of  the  inverse  square. 
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For  a  particle  placed  at  any  external  pointy  P}  tie  attraction 
(for  tie  law  of  the  inverse  square)  is  the  same  as  if  the  shell  were 
condensed  into  a  particle  at  its  centre. 

This  may  be  shown  in  several  ways.  Thus,  take  the  inverse 
of  P  with  respect  to  the  spherical  surface ;  let  this  point  be 
i*  that  is,  OPxOP*  =  OQ2  =  a2.  From  this  equation  it 
follows  that  the  triangles  POQ  and  QOP*  are  similar,  and 
therefore  np       n 

^     -  («) 


QJP~  a' 

where  D  =  OP  and  a  =  OQ ;  that  is,  the  ratio  of  the  distances 
of  all  points  on  the  sphere  from  P  and  iy  is  constant.  Again, 
from  the  similarity  of  these  triangles  LQPO  =  AP'QO ;  simi- 
larly,   £QfPO  =  ZP'Q'O;    therefore  the  angle  QPQ'  is  bisected 

byPO. 

Denote  QP  by  r  and  QP*  by  /.  Let  rfw  =  the  conical  angle 
subtended  at  P*  by  the  elements  of  surface  of  the  sphere  cut 
off  at  Q  and  at  Q'  by  a  thin  cone  of  rays  QP*Q\  HP'S?,.... 
Then  (Art.  316)  the  area  of  the  element  of  surface  at  Q  is 
r2  sec  OQP'.du,  and  the  attraction  of  the  mass  of  this  element 

on  a  unit  (gramme)  mass  at  P  is  ypr  -j  sec  OQP'da  acting  in 

PQ  (y  being  the  constant   of  gravitation).     This,  by  (a),  is 

a* 
ypr  j^eec  OQP/.d(o.    The  attraction  on  P  produced  by  the 

.    .  a2 

element  at    Q'  is    similarly  ypTjpaecOQ'P'.dto,  and    these 

two  expressions  are  identical,  i.e.  P  is  equally  attracted  by 
the  corresponding  elements  at  Q  and  Q'.  The ,  resultant  of 
these  forces  acts  in  PO  and  is  equal  to 

The  sum  of  all  such  forces  is  obtained  by  summing  doa  from 
0  to  2  77.     Hence  the  resultant  attraction 

mass  of  shell 

=  y- — ^ — > 

which  is  exactly  the  same  as  if  the  shell  were  condensed  into 
an  infinitely  small  particle  at  its  centre. 

s  2 
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To  deduce   the   result  analytically,  break   up  the   shell,   as 
before,  into  strips  formed  by  the  revolution  of  elements  of  length, 

QR,...  about  OP.     The  area  of  such  an  element  =  2irj:rdri 

where  r  =  QP ;  and  the  attraction  of  the  element  of  mass  con- 
tained within  this  ring  on  the  unit  (gramme)  mass  at  P  is 

2 71  ypT  j:  — .  cos  QPO,  i.e.     '        • -^ dr ;  therefore 


s.zpj*-?**^ 


a  r»+ 

J  D-a 

lirpra* 


If  the  law  is  not  that  of  the  inverse  square,  but  expressed  by 


#  = 


"W^    — — f(r)df'  (2) 

the  limiting  values  of  r  in  these  integrals  being  PA  and  PB, 
i.e.  -D— a  and  -D  +  a. 

2b  determine  the  laws  of  attraction  for  which  the  attraction  of 
a  uniform  spherical  shell  on  any  external  particle  is  the  same  as 
if  the  shell  were  condensed  into  an  infinitely  small  particle  at  its 
centre.  We  know  from  Art.  23  (vol.  i.)  that  this  is  the  case 
for  any  material  body  if  the  law  of  attraction  be  that  of  the 
direct  distance ;  and  we  have  just  proved  that  for  a  uniform 
spherical  shell  the  result  holds  for  the  Newtonian  law.  We 
shall  now  prove  that  these  two  are  the  only  laws. 

Denoting  D  +  a  by  my  and  2>— a  by  »,  and  observing  that 
if  the  shell  may  be  condensed  into  a  particle  of  mass  4?rpra2 

at  its  centre,  the  value  of  R  must  be  lirXpra2''}  '■ ,  we  have 
from  (2)  B 

fmn^f(r)dr  =  2{m-n)fC-¥y  (3) 

Dividing  out  by  m—n  and  differentiating  with  respect  to 
m  and  n  successively,  we  have 

m  +  n      „.   x  1         T^^  +  ^^/xj       x,  t™  +  *\ 

^^)f^-J^cfi%  —/('>*'=/ '(— )' 
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therefore  by  subtraction, 

Differentiating  again  successively,  and  eliminating  f  "  /W  jr 
from  the  two  equations,  we  have  simply  J*     f2 

m2  n2 

which  must  hold  whatever  m  and  ft  may  be.     Hence 

where  C  is  a  constant.  If  C  =  0,f(r)  is  constant,  and  we  have 
the  law  of  inverse  square,  as  before.     If  C  is  not  zero, 

/(r)  =  JOr»,      /.^ocr, 

and  we  have  the  law  of  the  direct  distance.  These,  therefore, 
are  the  only  laws  for  which  the  result  holds. 

320.]  Solid  Homogeneous  Sphere.  Instead  of  a  spherical 
shell,  let  Fig.  277  represent  a  solid  sphere,  and  consider  its 
attraction  on  a  unit  mass  condensed  at  P.  Imagine  the  sphere 
broken  up  into  an  infinite  number  of  infinitely  thin  concentric 
spherical  shells.  Then  each  of  these  attracts  P  as  if  it  were 
condensed  into  a  particle  at  0.  Hence  the  whole  sphere  may 
be  considered  as  condensed  into  a  particle  of  mass  £irpa8  at  0, 
and  if  R  =  the  resultant  force  on  the  unit  mass  at  P, 

If  the  attracted  particle  is  inside  the  sphere,  at  P/)  all  those 
shells  which  lie  outside  the  sphere  described  with  centre  0  and 
radius  OP*  may  be  rejected,  since  none  of  them  produce  any 
resultant*  effect  on  P'\  so  that  the  whole  force 

mass  of  sphere  with  radius  OP' 

=  y  Qj>i  ' 

or_  R  =  y.i*oiy,  (ft) 

where  If  =  OP*,  i.e.  inside  a  homogeneous  solid  sphere  the  attrac- 
tion varies  as  the  distance  of  the  attracted  particle  from  the 
centre. 

*  To  be  carefully  distinguished  from  the  pressure  effect  which  is  produced  at 
all  internal  points,  and  which  is  very  great  at  great  depths.  The  whole  surface 
of  a  particle  may  be  subject  to  great  intensity  of  pressure,  while  the  resultant 
force  on  the  particle  may  be  zero. 
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Also  any  two  solid  homogeneous  spheres  attract  each  other 

as  if  each  were  condensed  into  a  single  particle  at  its  centre. 

If,  then,  m  and  ni   are  their  masses,  and  if  c  is  the  distance 

between  their  centres,  the  magnitude  of  their  mutual  attraction 

is  , 

ftitft  . 

*•-?-•  w 

321.]  Value  of  the  Constant  of  Gravitation.  We  are  now 
in  a  position  to  find  y,  the  absolute  constant  of  gravitation. 
Let  the  two  attracting  spheres  be  the  earth  (assumed  homo- 
geneous and  spherical)  and  a  small  particle  whose  mass  is 
1  gramme.  The  following  data*  relating  to  the  magnitude 
and  density  of  the  earth  may  be  assumed  as  approximately 
correct:  the  radius  of  the  earth  is  637  x  106  centimetres ;  the 
mass  of  the  earth  is  614  x  1025  grammes  (its  mean  density,  p, 
being  5-67  grammes  per  cubic  centimetre);  the  weight  of 
1  gramme  mass  at  the  surface  of  the  earth  is  981  dynes. 
Hence,  putting  R  =  981,  p  =  5-67,  1/  =  637  x  108  in  (0),  or 
using  the  expression  (y)  and  making  m  =  614  x  1025,  m'  =  1, 

c  =  637  x  106,  we  find  ,   , 

_     1  dyne 

y~  1543  xlO4' 

Now  a  dyne  being,  roughly,  the  weight  of  a  milligramme, 
we  see  how  extremely  small  a  magnitude  is  the  constant  of 
gravitation,  at  least,  in  our  region  of  Space  ;  for  it  is  conceivable 
that  in  enormously  distant  portions  of  the  Universe  the  values  of 
y  may  be  different. 

822.]  Sudden  Change  of  Attraction  through  a  Shell.  Let 
P  and  Q  (Fig.  278)  be  two  points  on  the  normal  to  any  thin 
shell  at  opposite  sides  of  the  surface.  Sup- 
pose a  unit  (gramme)  mass  condensed  at  P, 
and  regard  the  attraction  of  the  shell  on 
this  particle  as  produced  by  a  small  circular 
plate  just  below  P,  and  the  remainder  of 
the  surface.  Consider,  similarly,  the  attraction  of  the  shell  on 
a  unit  mass  at  Q.  Now  the  attractions  at  P  and  Q  produced 
by  the  portion  of  the  shell  obtained  by  omitting  the  small 
circular  plate  above-mentioned  are  sensibly  the  same  in  mag- 

*  See  Everett's  Units  and  Physical  Constants,  chap.  vi. 
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nitude  and  line  of  action.     Each  of  these  attractions  may  be 
represented  hyf,  regarded  as  a  vector. 

But  it  has  been  shown  (Art.  318)  that  the  attraction  of  the 
small  plate  on  the  unit  mass  at  P  is 

2-nypr  dynes, 
acting  in  the  normal  from  P  to  Q  ;  while  the  attraction  of  this 
plate  on  Q  is  this  force  exactly  reversed  in  direction. 

Denote  this  force  on  Q  by  the  vector  ».  Then  the  forces  on 
P  and  Q  are,  vectorially, 

/—  »and/+», 
respectively. 

If  the  shell  is  such  that  it  exercises  no  resultant  attraction 
a*  Q>  /+ »  =  0,  and  the  resultant  attraction  on  P  is  normal 
to  the  surface  and  equal  to  —  2 »,  i.e.  to 

—  47rypr, 
considered  as  acting  in  the  sense  of  the  outward-drawn  normal, 
QP.     Numerically,  of  course,  the  force  on  P  is  +  4-nypT,  acting 
in  the  sense,  PQ,  of  the  inward-drawn  normal. 

323.]  Force-intensity.  To  save  circumlocution,  we  shall 
define  the  force-intensity  exerted  by  any  attracting  mass  at  any 
point  P  as  the  force  exerted  by  the  given  mass  on  a  gramme  mass 
condensed  into  a  point  at  P. 

If  instead  of  having  1  gramme  mass  at  P,  we  have  a  particle 
whose  mass  is  dm  grammes,  and  if  the  given  mass  attracts  it 
with  a  force  of  dF  dynes,  the  force-intensity  at  P  is 

dm 

Thus  the  force-intensity  at  P  of  the  small  circular  plate  in 
last  Article  is  2-nypr  (inwards),  which  will  be  in  dynes  if  p  is 
the  density  of  the  shell  at  P  in  grammes  per  cubic  centimetre, 
r  is  the  thickness  of  the  shell  in  cms.,  and  y  is  the  constant 
of  gravitation  as  defined  in  Art.  321. 

324.]  Surface-integral  of  Normal  Force -intensity.  If 
round  any  particle,  dm,  of  matter  attracting  according  to  the 
law  of  the  inverse  square  any  closed  surface  whatever  be  de- 
scribed, the  surface-integral  of  the  normal  force-intensity  pro- 
duced by  the  particle  (the  integration  being  taken  over  this 
surface)  is  equal  to  ±ity.dm\  and  if  the  surface  is  described 
so  that  the  particle  is  outside  it,  the  surface-integral  is  zero. 
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Begin  with  the  latter  case.  Let  0  (Fig.  273)  be  the  position 
of  the  attracting  particle  of  mass  dm  grammes,  and  let  the 
surface   represented    be   any   one   whatever.      Then   the    force- 

intensity  at  Pl  is  y  -zy^ ;  the  component  of  this  along  the  out- 

dm 
ward  normal  is  y  yrpi  cos  OF1n1 ;  and  if  dS1  is  the  element  of  area 

1  dm 

of  the  surface  at  ij,  we  have  y  77™  cos  OP1n1dS1  for  the  ele- 
ment of  the  surface-integral  in  question.  But  this  is  simply 
y  dm  .dec,  where  dais  the  conical  angle  subtended  at  0  by  dSx. 
Hence,  if  at  any  point  on  the  given  surface  N  is  the  magnitude 
of  the  normal  component  of  the  force-intensity  and  dS  is  the 
element  of  area,  we  have 

fNdS  =  ydmfdw 

=  0,  (1) 

since,  as  explained  in  Art.  316,  the  total  conical  angle  sub- 
tended at  any  external  point  by  the  elements  of  any  closed 
surface  is  zero. 

If  0  is  internal  to  the  surface,  the  whole  of  the  investigation 
remains  unaltered,  hut  f  do*  is  now  4ir,  so  that  for  any  internal 
particle,  dm,  j*Nd8  =  _  4  vy dm%  (2) 

If  instead  of  a  single  particle  we  have  any  number  of  them,  all 
external  to  the  given  closed  surface,  and  forming  a  mass  which 
we  may  denote  by  M9,  we  shall  have  (l)  still  holding,  N  being 
the  normal  component  of  the  force-intensity  due  to  the  attraction 
of  the  whole  mass  M% ;  and  if  inside  the  surface  there  is  any 
mass  Mi  distributed  in  any  way  whatever,  we  have 

/NdS^-4iryMif  (3) 

y  being  the  constant  of  gravitation,  having  in  the  C.  6.  S.  system 
the  value  given  in  Art.  321. 

If  attracting  matter  can  be  spread  as  an  infinitely  thin  layer 
on  the  surface,  and  the  total  mass  thus  spread  be  M0,  we  should 

have  /NdS  =  -  2  TtyM0,  (4) 

N  being  the  normal  force-intensity  at  any  point  due  to  the  action 
of  M0.  This  is  obvious  by  Art.  316,  since  for  any  point  on  the 
surface  fdu>  =  2tt. 

The  expression  fNdS  is  sometimes  described  as  the  normal 
flux  of  force  through  the  surface  outwards.     It  is  to  be  carefully 
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noted  that  N  has  been  measured  at  all  points  on  the  surface 
along  the  outward-drawn  normal.  If  at  any  point  it  really  acts 
inwards,  it  is  to  be  considered  as  negative  at  this  point. 

Many  results  in  Electrostatics  depend  on  the  theorems  ex- 
pressed by  (1),  (3),  (4).  These  theorems  are  due  to  Gauss,  and 
are  given  in  his  famous  paper  on  forces  varying  inversely  as  the 
square  of  the  distance  (Taylor's  Scientific  Memoirs,  Vol.  Ill, 
Part  X). 

325.]  General  Components  of  Attraction.  Let  there  be  any 
attracting  body  the  matter  of  which  attracts  according  to  any 
law  of  the  distance — suppose  <f>  (r) — and  consider  its  attraction 
on  a  unit  particle  condensed  into  an  infinitely  small  volume  at 
any  point,  P,  which  may  be  either  inside  the  attracting  mass  or 
in  void  space. 

Let  the  co-ordinates  of  P  referred  to  any  fixed  rectangular 
axes  be  (x,  y,  z) ;  let  P'  be  any  point  in  the  attracting  mass,  its 
co-ordinates  being  (x\  y,  /) ;  let  p  be  the  density  of  the  matter 
at  P/,  so  that  in  a  small  parallelopiped  cut  out  in  the  usual 
manner  at  Pf  the  mass  is  pdafd/d/;  let  r  be  the  distance  PPf. 
(We  may,  for  definiteness,  suppose  these  quantities  to  be  measured 
in  the  units  of  the  C.  6.  S.  system.)  Then  the  attraction  of  the 
element  at  P'  on  the  condensed  gramme  at  P  is  p<j>  (r)  dafd/d/, 
acting  in  the  sense  PI*,  and  the  component  of  this  parallel  to 
the  axis  of  a,  in  the  positive  sense  of  this  axis,  is 

/*•    nf 
— p<f>  (r) . dx'd/d/. 

T 

Hence,  if  J,  Yy  Z  denote  the  total  components  of  the  ( attraction- 
intensity'  (see  Art.  323)  at  P  parallel  to  the  axes,  in  their 
positive  senses,  , 

X=  -Jffp<l>(r)^da,'dy'dJ,  (1) 

or  simply,  =  —  /  <f>  (r) dm>  (2) 

with  exactly  similar  values  of  Y  and  Z9  the  integrations  being 

extended  to  all  points,  P',  of  the  attracting  mass,  of  which  in 

the  more  succinct  form  (2)  dm  is  the  element  of  mass. 

.           .                      .                               x—scf 
When  P  is  within  the  attracting  mass,  the  term assumes 

the  form  -  for  all  the  points  Pr  in  the  immediate  vicinity  of  P, 
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and  though  the  distances  of  P  from  some  points  in  the  mass  are 
zero,  we  must  not  conclude  that  the  attraction  is  infinite,  because, 
as  we  have  pointed  out  at  the  very  beginning  (Art.  315),  a  law 
of  attraction  according  to  a  function  of  the  distance  between 
two  particles  cannot  be  logically  enunciated,  or  even  conceived, 
except  on  the  supposition  that  the  dimensions  of  such  particles 
are  infinitely  small  compared  with  the  (mean)  distance  between 
them. 

As  a  matter  of  fact — and  it  is  one  of  considerable  importance 
to  understand — the  law  of  the  inverse  square  leads  to  no  such 
result  as  an  infinite  attraction  when  the  position  of  the  attracted 
particle  is  within  the  attracting  mass;  but  the  Cartesian  ex- 
pressions (1),  (2)  do  not  immediately  show  this.  We  shall  show 
it  by  taking  the  elements,  dm,  of  mass  in  polar  co-ordinates. 

Taking  the  position  of  the  attracted  particle  P  as  pole,  let 
(r,  0,  <p)  be  the  usual  polar  co-ordinates  of  i*.  Then  the  element 
of  mass  at  i*  is  pr*  smddrddd(f>  (Art.  175),  so  that  the 
att raction  along  PPf  is  p  r2  <f>  (r)  sin  6  dr  d  6  d  (j> ;  hence 

X  =  fffpr*<l>  (r)  sin20  cos<f>  dr  d6  d<j>,  (3) 

Y  =  fffpr*<k  \r)  sin20  sintf>  drdO  d<j>,  (4) 

Z  =  /ffpr*<t>(r)BmdcoBOdrddd<l>.  (5) 

Now,  for  the  law  of  Newton,  <f>  (r)  =  ^  >  so  that 

X  =  yfffp  sin2  6co*<l>drd6  dfr  (6) 

ith  similar  values  of  T  and  Z ;  and  even  when  r  =  0,  X  contains 
no  infinite  term. 

If,  however,  the  attraction  between  two  particles  increased 
according  to  a  law  more  rapid  than  the  inverse  square,  the 
attraction-intensity  at  any  internal  point  would  be  infinite. 

For,  if  <£ (r)  =  ~ ,  we  shall  have  the  term  -  sin20  cos  <p  dr  dd  d$ 

in  the  value  of  X,  and  this  becomes  00  for  the  particles  Pf  imme- 
diately in  contact  with  P.  This  supposes  the  mass  of  P  fixed 
and  finite — 1  gramme,  suppose.  But  if  the  particle  at  P  is  itself 
of  infinitely  small  mass,  the  infinite  value  of  the  attraction  (no 
longer  attraction-intensity)  disappears. 

As  explained  in  the  chapter  on  Centres  of  Mass,  it  is  not 
necessary  to  take  in  all  cases  infinitesimal  elements  of  the  third 
order  in  breaking  up  the  attracting  mass.     According  to  the 
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shape  and  law  of  density  of  the  attracting  body,  we  may  take  as 
elements,  circular  plates,  thin  bars,  rings,  &c.,  as  will  be  illus- 
trated in  the  following  examples. 


Examples. 

1.  Whatever  may  be  the  law  of  attraction,  the  force-intensity 
exerted  by  the  smaller  of  two  concentric  solid  homogeneous  spheres 
at  any  point  on  the  surface  of  the  larger  is  to  the  force-intensity 
exerted  by  the  larger  at  any  point  on  the  surface  of  the  smaller 
in  the  ratio  (radius  of  smaller)8 :  (radius  of  larger)9. 

Draw  any  radius  OP  meeting  the  surface  of  the  larger  in  P  and 
that  of  the  smaller  in  p,  0  being  the  common  centre.  Draw  a  chord, 
ab,  of  the  smaller  parallel  to  OP ;  at  a  and  b  take  equal  and  similar 
very  small  elements  of  area,  each  ds ;  draw  lines  from  the  various 
points  of  ds  at  a  to  the  corresponding  points  of  ds  at  b;  we  thus 
have  a  uniform  bar  of  the  substance  of  the  smaller  sphere  lying 
along  ab.  Draw  lines  from  0  to  all  the  points  on  the  contour  of  ds 
at  A;  we  thus  get  a  slender  cone;  produce  this  cone  outwards  to 
intersect  the  surface  of  the  outer  sphere — at  A,  suppose — and  let  dS 
be  the  element  of  surface  of  the  outer  intercepted  by  this  cone; 
draw  similarly  a  cone  with  vertex  0  having  ds  at  b  for  base,  and 
let  this  intercept  at  B  on  the  outer  an  element  of  area  dS.  Joining 
the  points  on  the  contour  of  dS  at  A  to  the  corresponding  points 
of  dS  at  B,  we  have  a  bar,  AB,  of  the  substance  of  the  larger 
sphere,  also  parallel  to  OP, 

Now,  if  r  and  R  are  the  radii  of  the  smaller  and  larger  spheres, 

it  is  obvious  that  —  =  •==  • 
dS     E* 

Consider  the  force-intensity  at  P  due  to  the  smaller,  and  at  p 
due  to  the  larger,  sphere.  Each  acts  in  the  line  PO ;  hence  to  find 
the  resultant  force  at  P  we  may  consider  only  the  component  at- 
traction parallel  to  PO  due  to  the  bar  ab  and  to  all  the  other  parallel 
bars  into  which  the  smaller  sphere  can  be  broken  up.  If  the  law 
of  attraction  is  expressed  by  A/'(r),  as  in  Art.  317,  and  if  dX'  is 
the  intensity  of  attraction  of  the  bar  ab  at  P,  we  have  by  equation 
(6),  Art.  317,  d  r  =xkp  [/(Pa)-/(P6)]. 

Similarly,  if  dX  is  the  intensity  of  attraction  at  p  due  to  the 
»•*  AB>  dX  =  \KP  [f(pA)-f{pB)], 

k  and  K  being  the  areas  of  the  normal  sections  of  the  bars. 

Now  Pa  =  pA  ;  Pb=pB;  and  -=  =  —  =  -^;  therefore 

dX'  _  r»  m 
dX  ~  &' 
r2 

y  —  —  t 
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where  X'  and  X  are  the  resultant  intensities  of  attraction  at  P  and  p 
due,  respectively,  to  the  smaller  and  larger  spheres. 

2.  From  the  last  result  deduce  a  proof  of  the  theorem  that  the  only 
law  of  attraction  for  which  a  uniform  spherical  shell  will  exercise 
no  resultant  force  at  any  internal  point  is  the  law  of  the  inverse 
square.     [This  application  is  due  to  Duhamel.] 

If  a  shell  produces  no  attraction  inside  it,  all  the  portion  of  the 
larger  sphere  between  the  two  spheres  may  be  neglected  in  finding 
the  attraction  of  the  larger  at  p.     Hence,  however  great  R  may  be, 

X  is  constant  at  p,  so  that  X'  a  -p,  however  small  the  inner  sphere 
may  be.  ^ 

3.  Calculate  the  intensity  of  attraction  of  a  uniform  thin  rect- 
angular plate  at  a  point  on  the  perpendicular  to  its  plane  drawn  at 
its  centre. 

Let  2a  and  26  be  the  lengths  of  its  sides;  h  the  height  of  the 
attracted  particle,  P,  above  0,  the  centre  of  the  plate ;  p  and  r  the 
density  and  thickness  of  the  plate.  Break  up  the  plate  into  bars 
parallel  to  the  side  2a;  let  y  be  the  distance  of  one  of  these  bars 
from  0.  Then  the  area  of  the  normal  section  of  this  bar  is  rdy, 
and  if  the  extremities  of  the  bar  are  A  and  B  and  its  middle  point 
Q,  we  have  for  its  attraction-intensity  at  P  the  expression  (Art.  317) 

2^*mAPQ.dy. 

Let0  =  LQPO\   then  y=Atan0,    PQ  =  Asec0,    and  this    ex- 
sec  (W 
pression  becomes  2ypTa~^=a     ..      "  ;   and  since  the  resultant  atr 
r  vaa  +  fc2sec20 

traction  is  along  P0,  we  multiply  this  expression  by  cos0.     Thus 
we  have 

pa      cos  BdO 

x=*yp™Jt  Tittle' 

where  a  is  the  extreme  value  of  0,  i.e.  tan^1^-     Thus 

If  the  plate  is  of  infinite  length  (a  =  a  ), 

E  =  4ypro. 

4.  Given  the  whole  mass  of  a  solid,  find  its  shape  so  that  its  at- 
traction, in  any  direction,  on  a  particle  placed  at  a  given  point  may 
be  a  maximum.     (Solid  of  maximum  attraction.) 

It  is  clear  that  the  surface  of  the  solid  must  pass  through  the  given 
point,  0.  Let  OA  be  the  given  direction,  and  let  P  and  Q  be  any 
two  points  on  the  bounding  surface  of  the  solid.  Consider  an 
element  of  mass,  dm  at  P,  and  an  equal  element  at  Q.  Then,  what- 
ever be  the  law  of  attraction,  the  element  dm  at  P  and  the  element 


325.]  EXAMPLES.  269 

dm  at  Q  must  give  the  same  component  attractions  on  0  along  OA  ; 
for  if  that  of  Q  were  the  greater,  advantage  would  be  gained  by 
transferring  the  element  dm  from  P  to  Q. 

Hence,  if  the  ♦  law  of  attraction  is  expressed  by  </>  (r),  and  if 
$  =  LPOA,  made  with  OA  by  the  radius  vector  from  0  to  any 
point  on  the  bounding  surface,  we  must  have 

4>  (r) .  cos  $  =  const.  (1 ) 

for  all  points  on  this  surface.  Hence  the  surface  is  one  of  re- 
volution obtained  by  causing  the  curve  (1)  to  revolve  round  OA,     If 

<f>  (r)  =  ~j>  the  revolving  curve  is 

-^r  =  ^  =  con8t-  (2) 

Hence,  if  J?  is  the  resultant  intensity  of  attraction  along  OA, 
R  =  yp      /  ' J    sin  0  cob  $drd<t>de 

Jo  Jo    "  0 

=  2iraypj    cos*0sin0tf0 
4 

The  value  of  a  must  be  found  from  the  given  mass  of  the  solid, 

4 
M ;  and  we  easily  find  M  =  —  wpas ; 

■••   *  =  [— 25—  ]  -y. 

The  attraction-intensity  of  a  sphere  of  mass  if  at  a  point  on  its 

surface   would  be  [ ]  .  y ;  so  that  the  former  exceeds  the 

y 

latter  in  the  ratio  (27)*  :  (25)*. 

The  curve  (2)  which  generates  the  solid  by  revolution  round  OA 
may  be  thus  drawn.  Describe  a  circle  with  0  as  centre  and  OA  as 
radius ;  describe  another  circle  with  OA  as  diameter ;  draw  any 
line,  OMN)  meeting  the  second  circle  in  if  and  the  first  in  N;  then 
take  OP,  a  mean  proportional  between  OM  and  ON,  and  we  have 
a  point  P  on  the  required  curve. 

5.  To  find  the  attraction-intensity  of  an  infinite  homogeneous 
elliptic  oylinder  at  any  external  point  situated  on  the  major  axis 
of  a  transverse  section. 

Let  C  be  the  centre  of  the  ellipse  which  is  the  transverse  section 
of  the  cylinder  through  the  point  0  at  which  the  intensity  of 
attraction  is  to  be  found,  0  lying,  on  the  major  axis  of  the  ellipse 
at  a  distance  £  from  C.  Let  P  be  any  point  on  the  circumference 
of  the  ellipse ;  with  0  as  centre  and  OP  (  =  r)  as  radius  describe 
a  circular  arc  cutting  the  ellipse  again  in  P*  \  take  a  point  Q  on 
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the  ellipse  indefinitely  close  to  P,  and  with  0  as  centre  and  OQ 
(  =  r+dr)  as  radius  describe  another  circular  arc  cutting  the 
ellipse  again  in  Q'.  From  all  points  on  TP*  and  QQf  draw  lines 
of  infinite  length  perpendicular  to  the  plane  of  the  figure,  and  we 
Bhall  have  a  thin  cylindrical  plate  of  infinite  length  cut  off  from 
the  given  cylinder. 

It  is  very  easy  to  prove  that  the  attraction  of  this  plate  on  a  unit 
mass  at  0,  in  the  direction  OC,  is 

4  yp  sin  6  dr$ 
where  0  =  LPOC,  y  =  gravitation  constant,  p  =  density  of  cylinder. 
(Consider  this  plate  as  formed  of  a  number,  of  bars.)     Hence  the 
attraction-intensity  at  0  due  to  the  whole  cylinder  is 

4y  pj 'sin  $  dr. 

But  y*sin  0<£r  =  —  fr  cos  OdO,  the  other  portion  vanishing  at  both 
limits,  since  sin  6  =  0  both  at  the  beginning  and  end  of  the  in- 
tegration.    Now  if  a  and  b  are  the  semiaxes  of  the  ellipse, 

o^rcostf-^+aVsirffl  =  a*b%\ 

_  -  6£cosfl  +  tty&2coB2fl-(f -a>inafl 

■'"    r  Vw£6  +  a%m**0 

If  we  denote  the  values  of  r  by  r,  and  rlt  the  integration  will 
obviously  contain  the  terms  —  rt  cos  Odd  and  r9  cos  0<20,  since  after 
the  radius  vector  OP  passes  the  position  of  the  tangent  from  0,  the 
element  d$  changes  sign.  Hence,  if  —  X  is  the  intensity  of  attraction 
towards  (7,  , 

r^    J        &2coB90  +  a*8in80  ' 

the   limits   of    $  being   0  and   the   value  for  which   rx  =  r„  i.  e. 

b  s 

tan"1  jci__  a •     Putting  vf-c' sin 0  =  b  sin <f>t  we  have 

<f)d<f) 


. ft    cos1 


-C*COB*<f> 

=  -4iryp  -^(£_  v^^?).  (*) 

When  the  cylinder  is  circular,  the  value  of  this  expression  is  easily 

a* 
found  to  be  —  2wyp  -^  • 

6.  Draw  a  diagram  representing  the  weight  of  a  particle  in  its 
different  positions  as  it  is  brought  from  the  centre  of  the  earth  out 
through  its  surface  and  to  infinity. 

7.  What  should  be  the  masses  of  two  small  equal  homogeneous 
spheres  so  that  when  placed  with  a  distance  of  1  centimetre  between 
their  centres  their  mutual  attraction  shall  be  1  dyne  1 

Ar\8.  The  mass  of  each  must  be  100 -/l  543,  or  3928,  grammes. 
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8.  Prove  that  if  there  be  two  homogeneous  solids  of  equal  density 
bounded  by  similar  surfaces,  their  attraction-intensities,  for  the  law 
of  inverse  square,  at  two  points  similarly  situated  with  respect  to 
them  are  in  the  ratio  of  the  corresponding  linear  dimensions  of  the 
solids.     (Newton,  Prop.  72,  Cor.  3.) 

Hence  the  attraction  at  any  point  on  a  given  diameter  inside  a 
solid  homogeneous  ellipsoid  varies  as  the  distance  of  the  point  from 
the  centre.    . 

9.  If  the  intensity  of  attraction  of  any  body  at  a  point  is  vastly 
greater  when  the  point  is  very  close  to  the  surface  of  the  body 
than  when  it  is  distant  from  this  surface  by  a  small  interval,  the 
attraction  takes  place  according  to  a  law  more  rapid  than  that  of  the 
inverse  square.     (Newton,  Prop.  72.) 

10.  Find  the  intensity  of  attraction,  for  the  law  of  inverse  square, 
of  any  portion  of  a  thin  uniform  spherical  shell,  cut  off  by  a  plane,  at 
any  point  on  its  axis. 

Arts.  Let  0  be  the  centre  of  the  sphere ;  OA  the  axis  of  the 
given  segment,  A  being  on  the  surface ;  AB  the  circular  arc  whose 
revolution  round  OA  generates  the  given  segment;  P  the  position 
of  the  attracted  particle  on  AO;  a  =  radius  of  sphere,  PO  =  0,  and 
/?  the  angle  PBO.     Then  the  attraction  is 

- (1-COS0). 

If  A  B  is  a  semicircle  and  P  internal,  /3  =  0;  if  P  is  external,  /3  =  ir. 

11.  If  P  coincides  with  0,  find  the  attraction. 
Ans.  irpyr  sin*  a,  where  a  =  /.BOA. 

12.  Find  the  intensity  of  attraction  of  a  uniform  right  cone  at 
the  middle  point  of  its  base. 

Ans.  2  iryph  sin  a  [sin  a+ cos  a— sin  a  cos  a  { 1  +  log,  cot  -  cot  (-  —  -)}]  j 

where  h  and  a  are  the  height  and  semivertical  angle  of  the  cone. 

13.  A  platinum  wire  of  uniform  diameter  1  mm.  and  1  metre 
long  attracts  a  gramme  mass  condensed  into  a  point  distant  1  cm. 
from  the  bar  on  a  perpendicular  to  the  bar  at  its  middle  point ; 
find  the  magnitude  of  the  force  of  attraction  (specific  gravity  of 
platinum  =  22-06). 

Ans.    0^„„ — —-r-dynes,  nearly. 
89075x10*   J      '  J 

14.  If  the  law  of  attraction  is  expressed  by  any  function,  <f>'(r), 
of  the  distance,  prove  that  the  intensity  of  attraction  of  any  homo- 
geneous solid,  estimated  in  a  given  direction,  at  any  point  P  is 
expressed  by  the  surface- integral 

y*<f>:(r)  cos  XdS, 

where  r  is  the  distance  from  P  of  any  point  on  the  surface  bounding 
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the  solid,  dS  is  the  element  of  surface  area,  and  A.  the  angle  made 
by  the  normal  at  this  point  with  the  given  direction. 

Take  P  as  origin  and  the  given  direction  as  axis  of  x  ;  at  any  point 
(&,  y9  z)  in  the  mass  let  the  element  of  volume  dxdydz  be  taken, 
and  let  the  attraction  of  this  element  be  <ff(r)  dxdydz.  The  com- 
ponent of  this  parallel  to  the  axis  of  x  is 

<f/(r)-  dxdydz,    or   4>'(r)  —  .dxdydz.     . 

Integrating  this,  considering  y  and  z  constant,  i.  e.  along  a  thin  bar 
parallel  to  the  axis  of  x,  we  have 

[+W-+(ri)]4y<fei 

where  rx  and  r2  are  the  distances  from  P  of  the  points  in  which  this 
bar  cats  the  bounding  surface.     Now 

dydz  =  dS% .  cos  As  =  —dSx .  cos  At , 
the  normal  being  at  each  point  drawn  outward ;  therefore,  &c. 

15.  Calculate  the  attraction-intensity  of  a  uniform  elliptic  plate 

at  any  point  on  the  axis  through  its  centre  perpendicular   to   its 

plane.  

Arts.  If  a,  b  are   the   semi-axes   of  the  plate,    c  =  Va9— b*, 

z  =  distance  of  attracted  particle  from  centre,  r  =  thickness  of  plate, 

c*  a2 

&  =  -s o >  w  =  -« 5 >  the  attraction-intensity  is 

aa  +  «*  ar  +  ar 

i^{n<-«,  *)-*•<*)},  (i) 

ava2  +  z* 

where  II  (— w,  k)  and  F(k)  are  the  complete  elliptic  functions  of  the 
third  and  first  kinds  for  the  modulus  k  and  parameter  —  n. 

Again,  this  can  be  expressed  entirely  in  terms  of  functions  of  the 
first  and  second  kind,  since  the  complete  function  of  the  third  kind  can 
be  so  expressed.    Thus  in  general  (Hymers's  Integral  Calculus,  p.  290), 

-{X(k)-F(k)]F(V,  ft), 


VI -n 


where V  =  V'l—k*,  and  sin /3  =  — „ — •     Hence  (1)  becomes 

iyprQ-JHp,  0) .  F(k)-[JHk)-F(kj]F{V,  /9)} ,         (2) 
where  sin  (S  = 


h 

z 


This  obviously  verifies  for  a  circular  plate. 


326.]       POTENTIAL   DUE   TO  ANT  ATTRACTING  MASS.       273 


Section  II. — Theory  of  Potential. 

326.]  Potential  due  to  any  Attracting  Mass.  Consider  an 
element,  dm,  of  mass  occupying  any  point,  M,  and  let  a  unit 
mass  condensed  into  an  infinitely  small  volume  be  brought  by 
any  agent  along  any  path  whatever,  plane  or  tortuous,  from  a 
position  P0  to  a  position  P ;  it  is  required  to  calculate  the  amount 
of  work  done  in  this  passage  of  the  unit  mass  by  the  force  exerted 
on  it  by  the  fixed  particle  dm.  Suppose  the  law  of  attraction  to 
be  that  of  the  inverse  square,  and  at  any  point  of  the  path  of  P  let 

t  be  its  distance  from  M.    In  this  position  let  the  force  be  — g-  • 

Then  for  any  small  displacement  of  P — say  from  P  to  P/ — 

v  dtfi 
along  its  path  the  work  done  by  the  attracting  force  is  —  *—£-dr, 

where  dr  is  MP*— MP.    Hence  the  work  done  by  the  attraction 

from  P0  to  P  is  —  ydm  I    -g  (where  MPQ=  r0),  i.e. 

(J-i)yJ*  (i) 

If  r  and  r0  are  measured  in  centimetres,  dm  in  grammes,  and 
if  y  is  the  constant  of  gravitation  (Art.  321),  this  expression  for 
the  work  done  is  in  ergs. 

Now  if  the  field  of  attraction  is  produced  by  several  particles 
dm,  dm',  dm", ...  at  M,  M',  M",  ...  the  sum  of  the  works  done 
by  the  attractions  of  all  these  on  the  unit  mass  in  the  passage  of 
the  latter  from  any  initial  position  P0  to  any  final  one,  P,  is 

(i  _!),*.  +  (*   i)yA^+(i--V)y*^+...,  (2) 

rdm     dm'      dm'9  \        /dm     dm'     dm" 


or 


ram      am       am  \         /am   .  am    m  am  \      ,  . 

H7-  +  -  +  7-  +  -)-y(ir+7rr  +  77  +...).  (3) 

where  r,  /,  /',...  are  the  distances  of  the  final  position  P  from 
the  several  particles,  and  r0,  r0',  r0", ...  the  distances  of  the 
initial  position  from  them. 

VOL.  II.  T 
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If  the  initial  position  is  infinitely  distant  from  every  attracting 
particle,   —  =  — -,  =  ...  =  0,  so  that  the  work  becomes 

(dm,     dm       dm  \  ,aX 

T'+"/~+  ?*- +-)•  (4) 

The  amount  of  work  done  in  bringing  a  particle  of  unit  mass  and 
infinitely  small  volume  from  any  position  in  which  the  attractions 
exerted  by  the  particles  of  any  given  system  are  zero  (or  insensible) 
to  any  point  P  in  their  field  of  attraction  is  called  the  Potential 
of  the  field  at  that  point. 

It  will  be  seen  that  since  the  work  done  involves  merely 
distances  of  P  from  the  several  particles,  it  is  wholly  independent 
of  the  shape  and  length  of  the  path  along  which  P  has  been  brought ; 
in  other  words,  the  attractions  exerted  by  the  several  particles  in 
the  field  are  a  system  of  conservative  forces  (Art.  272). 

In  the  above  formal  definition  of  the  Potential  at  any  point 
produced  by  a  given  mass  system,  instead  of  saying  that  the  unit 
particle  is  brought  from  infinity  up  to  the  final  position  P,  we 
have  said  that  it  is  to  be  brought  from  a  position  in  which  the 
attractive  forces  of  the  mass  system  are  zero,  although,  ingeneraly 
a  position  at  infinity  would  satisfy  this  description.  It  will  be 
shown  soon,  however,  that  there  are  cases 
in  which  the  estimation  of  the  work  done 

s^       J^V-^^^       on  ^e  ^^  particleyhwa  infinity  up  to  the 

/  M    J  finite  position  P  leads  to  infinite  constants 

V  y  in  the  integration.     If  we  define  the  Pen 

;  tential  at  P  as  the  amount  of  work  done 

g.  *79«  «p  banging  the  particle  from  infinity  to 

this  point,  we  must  add  the  proviso  that 

when  the  particle  is  at  infinity  it  is  also  infinitely  distant  from  every 

attracting  particle  of  the  mass  system — i.e.    that  none   of  the 

attracting  mass  is  contemplated  as  at  infinity. 

Throughout  the  sequel  we  shall  speak  of  the  position  in  which 
the  forces  of  the  field  are  insensible  as  the  zero  position. 

Suppose  now  that  the  attracting  particles  form  a  continuous 
body,  of  any  shape  represented  in  Fig,  379.  Then  the  number 
of  terms  in  (4)  becomes  infinitely  great,  and  if  we  denote  by  V 
the  Potential  at  P,  we  have 
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where  dm  is  the  element  of  mass  at  any  point,  Jf,  and  r  is  its 
distance  from  P.  The  integration  is,  of  course,  to  be  extended 
throughout  the  whole  body,  the  position  of  P  being  fixed. 

Thus  to  each  position  of  P  belongs  a  value,  P,  of  the  Potential. 
If  F  is  any  other  point  at  which  the  Potential  is  V\  the  work 
done  by  the  attractions  in  transferring  the  unit  particle  along  any 
path  whatever  from  P/  to  P  is 

since  the  particle  might  be  brought  from  the  zero  position  to  P 
by  passing  through  P'  on  the  way. 

It  is  to  be  remembered,  then,  that  the  expression  (a)  does  not 
represent  the  work  done  in  bringing  a  unit  mass  from  infinity  to 
P  if  any  of  the  attracting  matter  is  contemplated  as  being  at 
infinity. 

We  might  take  y  =  1  by  departing,  to  some  extent,  from  the 
C.  G.  S.  system,  i.e.  by  taking  the  unit  mass  to  be  that  which, 
condensed  into  a  small  sphere,  attracts  an  equal  spherical  mass 
with  a  force  of  1  dyne  when  the  distance  between  the  centres  of 
the  spheres  is  1  centimetre ;  and  this  mass  would  be,  by  Ex.  7, 
p.  270,  about  3928  grammes.  We  prefer,  however,  to  adopt  the 
C.  O.  S.  system  pure  and  simple  and  to  retain  y,  its  value  being 
that  given  in  Art.  321. 

It  is  to  be  observed  that  Potential  is  an  undirected  or  scalar 
magnitude — unlike  force,  which  has  direction  and  is  a  vector. 
The  Potential  at  P  has  magnitude  but  no  direction. 

Again,  Potential  is  arithmetically  additive ;  i.e.  if  7  is  the 
Potential  at  P  due  to  any  one  mass  system,  and  U  the  Potential 
at  P  due  to  any  other  mass  system,  the  Potential  at  P  due  to 
their  combined  action  is  simply  P+  U. 

827.]  Equipotential  Surfaces.  The  Potential  produced  at  a 
point  P  by  the  attraction  of  any  fixed  masses  may  evidently  be 
expressed  as  a  function  of  the  position  of  P,  i.e.  as  a  function  of 
its  co-ordinates,  a?,  y,  #,  with  reference  to  any  fixed  axes.  If, 
then,  r=  <f>  (x,  y,  z),  there  must  be  a  surface  locus  of  points  at 
each  of  which  V  has  a  given  constant  value,  C ;  for  the  equation 

denotes  a  surface. 

Let  APB  (Fig.  280)  represent  the  surface  at  every  point  of 
which  the  Potential  has  the  same  value  as  that  at  P.  [In  the 
figure  this  surface  is  represented  as  closed ;  but,  except  for  very 

T  % 
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simple  arrangements  of  attracting  matter,  the  equipotential 
surfaces  are  very  complicated,  each  consisting,  perhaps,  of  several 
detached  portions  closed  or  unclosed.]  Then  no  work,  on  the 
whole,  is  done  in  transferring  a  particle  from  any  point  P  on 
this  surface  to  any  other  point,  A,  on  the  same  surface ;  the 
attractive  forces  of  the  field  do  as  much  positive  work  through- 
out a  portion  of  any  path  connecting  P  with  A  as  negative 
throughout  the  remainder. 

If  the  particle  is  transferred  from  P  to  A  along  any  path  tying 
on  the  equipotential  surface,  then  at  no 
instant  during  the  passage  are  the  forces 
doing  any  work  whatever ;  for  no  work 
is  done  in  the  passage  from  any  point 
to  the  next  consecutive. 
Fig.  380.  Hence  the  resultant  attraction  at  any 

point  on  the  surface  acts  along  the 
normal  to  the  surface  at  the  point ;  for,  every  direction  of  displace- 
ment for  which  no  work  is  done  must  be  at  right  angles  to 
the  direction  of  the  resultant  force,  and  no  work  is  done  by  the 
resultant  attraction  at  P  for  any  displacement  of  a  particle  at 
P  in  the  tangent  plane  to  the  equipotential  surface  at  this 
point. 

An  equipotential  surface  is  often  called  a  level  surface  (surface 
de  niveau)  from  its  analogy  with  a  horizontal  plane  which  is  an 
equipotential  surface  for  the  case  of  gravity.  (In  reality,  the 
equipotential  surfaces  for  the  earth's  attraction  are  approximately 
spheres  concentric  with  the  earth,  but  a  limited  portion  of  one  of 
them  at  any  place  may  be  considered  a  horizontal  plane.)  The 
horizontal  plane  is  such  that  the  work  done  by  the  weight  of 
a  particle  in  the  descent  of  the  particle,  along  any  path,  to  the 
ground  is  the  same  from  whatever  point  on  the  plane  the  par- 
ticle falls ;  and,  moreover,  the  particle,  if  placed  on  a  smooth 
hard  substance  coinciding  with  this  plane,  would  not  move  along 
it.  All  points  on  this  plane  have,  therefore,  the  same  Potential 
with  reference  to  the  earth's  attraction,  and  are  said  to  be  at  the 
same  level.  Hence  the  use  of  the  term  level  surface  in  general, 
in  any  field  of  attraction,  gravitational,  electrostatic,  or  magnetic. 
828.]  Belation  between  Force  and  Potential.  At  any 
point,  P  (Fig.  280),  construct  the  equipotential  surface  PAB ; 
let  PQ  be  an  infinitesimal  length  measured  on  the  normal  at  P ; 
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and  through  Q  describe  another  eqnipotential  surface,  QCD.  Let 
V  be  the  value  of  the  Potential  at  P,  and  V+  A  V  its  value  at  Q. 
Now  the  resultant  force  at  JP  acts  along  PQ,  either  inwards  or 
outwards.  Let  it  be  R,  and  consider  the  work  done  in  trans- 
ferring a  unit  mass  from  P  to  Q.  By  definition  this  work  =  AT, 
and  if  R  acts  from  P  to  Q,  it  must  also.be  RxPQ,  assuming 
that  we  may  consider  R  as  constant  at  all  points  between  P 
and  Q.    Hence  ^  y  ^y 

so  that  if  A  P  is  a  positive  increase  of  Potential,  the  sense  of 
R  is  from  P  to  Q.     Similarly  at  B  the  magnitude  of  the 

A  V 

force  =  -=-=>  where  BD  is  the  normal  distance  between  the  two 

surfaces  at  B.  Hence  at  different  points  on  the  same  level 
surface  the  magnitude  of  the  resultant  force  is  inversely  pro- 
portional to  the  normal  distance  between  that  surface  and 
another  level  surface  whose  Potential  exceeds  that  of  the  given 
one  by  an  infinitesimal  amount.  An  inspection  of  the  figure 
(Fig.  280)  shows  the  points  at  which  the  resultant  force  is  most 
intense,  and  also  those  at  which  it  is  least ;  it  is  most  intense 
where  the  two  surfaces  are  closest  together,  and  least  where  they 
are  farthest  apart.  The  value  of  Jt  without  approximation  is  to 
be  found  by  diminishing  PQ,  or  An,  and  therefore  A  F}  in- 
definitely; i.e.  dy 

which  asserts  that  at  any  pointy  P,  tie  resultant  force  is  the  rate 
cf  increase  cf  Potential  along  the  normal  to  the  level  surface  through 
the  pointy  and  it  acts  in  the  sense  in  which  the  Potential  increases. 

Again,  the  component  of  force  in  any  direction  at  any  point, 
P,  is  the  rate  of  variation  of  the  Potential  in  that  direction  at  P. 
For  at  P  draw  PP'  in  the  given  direction,  meeting  in  P'  the 
indefinitely  close  eqnipotential  surface  on  which  the  Potential  is 
P+  AV.  Then  if  F  is  the  component  force  along  PP\  and  R 
the  resultant  force  at  P, 

F=R  cos  QPP' 

^cosQPP'^. 
An  ^H^-pp' 
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Hence  if  PP'=  A*,  and  its  length  is  diminished  indefinitely, 

w 

If  ds  lies  anywhere  in  the  tangent  plane,  the  component  force 
is  zero ;  and  the  resultant  force  acts  in  the  direction  in  which 
the  Potential  increases*  most  rapidly. 

Cob.  The  components  of  force  at  P  parallel  to  three  fixed 
rectangular  axes  are       ,y       ,~       ,*r 

da  }     dy  '      dz'  *  ' 

(#,  y,  z)  being  the  co-ordinates  of  P,  and  V  being  expressed  in 
the  form  F=  <f>  (a?,y,  z). 

If  V  is  expressed  as  a  function  of  the  polar  co-ordinates  (r ,  0,  <f>) 
of  P,  with  reference  to  any  origin,  0,  and  axes,  the  component 
force  along  the  radius  vector  OP  is 

and  the  component  along  the  tangent  to  the  parallel  of  latitude 

atPis  1       dV 

r  sin  6  d(f>  w 

since  PP'  for  this  direction  =  rsinfl.A^ ;  while  the  component 
along  the  tangent  to  the  meridian  at  P  is 

r  d$  (i) 

In  general,  V  may  be  expressed  in  terms  of  any  three  inde- 
pendent variables  which  serve  as  co-ordinates  to  define  the 
position  of  a  point. 

Starting  with  the  notion  of  work,  we  have  deduced  the  force- 
component  in  any  direction  from  the  Potential.     In  particular, 

dV 
we  have  proved  that  X  =  -j- .    But  we  might  have  adopted  the 

reverse  process  and  shown  that  X  is  the  differential  coefficient 
with  respect  to  m  of  a  certain  function  of  x,y,  z. 

Thus  (Art.  325),  if  $  (r)  =  £ ,  we  have 


X  =  -yf^-dm, 
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in  which  the  integration  has  reference  to  a?',/,/;  so  that  we 
can  write  this  in  the  form 


■-■/ 


dm 


dx 

~~  dx*-  J  r  -I  "~  dx  ' 
if  we  denote  y  I  —  by  F. 

For  any  law  of  attraction,  ^'(r),  between  elements  of  mass, 

<p>'  (r) dm,  or 

~~  /    d       m'  0T'dxi£we  denote  —f<t>(r)dm  *>y  ?• 

Now  —f<p{r)  dm  is  precisely  the  work  done  by  the  attraction 
on  a  nnit  mass  from  a  zero  position  to  the  point  P  considered. 
For,  the  attraction  exerted  by  dm  at  any  distance  being 
<f>'  (r)  dm,  the  element  of  work  done  by  this  for  a  small  displace- 
ment of  P  is  —<t>'{r)dm.dr,  and  the  whole  amount  done  from  the 
zero  position  is  —dmf$'(f)dr,  or  —<j>(r)dm.  Summing  the 
works  done  by  all  the  other  elements  of  attracting  mass,  we 

The  process,  however,  of  deducing  the  idea  and  properties  of 
Potential  from  the  components  of  force  is  less  in  accordance  with 
the  methods  of  modern  Physics  than  the  reverse  process,  which 
we  have  here  adopted. 

It  will  be  useful  to  the  student  to  imagine  the  whole  field  of 
attraction,  due  to  any  arrangement  of  mass,  as  mapped  out  by 
a  series  of  equipotential  surfaces,  the  value  of  the  Potential 
increasing  from  one  surface  to  the  next  by  a  small  constant 
amount. 

329.]  Differential  Equations  of  Potential.  At  any  point 
P  describe  the  usual  small  rectangular  parallelopiped  whose 
edges  are  parallel  to  the  axes  of  x,y,z.  If  in  Fig.  228,  p.  1 
of  this  volume,  we  put  P  in  place  of  0,  and  take  the  edges 
infinitely  small,  equal  to  dx,  dy,  dz,  the  parallelopiped  there 
represented  is  such  as  we  contemplate.  Now  take  the  surface- 
integral  of  normal  force-intensity  over  this  parallelopiped.    The 
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outward  normal  force-intensity  on  the  feee  PBFC  is  —  X  or 
—  — ;  so  that  the  contribution  of  this  face  is  —  j-  dydz ;  while 
the  contribution  of  the  opposite  face  is 

d%T 
hence  the  sum  contributed  by  these  two  feces  is  -j-^dxdydz. 

Similarly  the  sum  contributed  by  the  two  feces  perpendicular 

d2V 
to  the  axis  of  y  is  jr*-  dwdyds,  and  that  contributed  by  the  re- 

d%V 
maining  faces  is  -j-^  dxdydz.    The  whole  surface-integral  for  the 

elementary  volume  considered  is  therefore 

,d*r  d*r  dw^.  ,  , 

or  Vs  F. dxdydz,  using  the  symbol 

„,.     d*      d*      d» 

Now  if  there  is  none  of  the  attracting  matter  within  the 
element  of  volume  at  P,  this  quantity  must  be  zero,  by  Art. 
324.  Hence  at  every  point  in  space  at  which  none  of  the 
attracting  matter  exists 

d*V     d*r  t  d*V     A        „srr     A 

^  +  ^  +  ^  =  °'orV2r=°-  w 

If,  on  the  contrary,  P  is  a  point  inside  the  attracting  matter, 
and  if  p  is  the  density,  or  mass  per  unit  volume  (cubic  centi- 
metre) at  P,  the  mass  contained  in  the  parallelopiped  is  p dxdydz; 
so  that  by  Art.  324, 

d*F     d*V     d*V  A  „ST, 

Equation  (a)  is  known  as  Laplace9*  Equation^  while  (/?)  is 
Poiworis  Equation. 

We  now  proceed  to  find  the  equivalent  equations  in  polar 
co-ordinates.  To  do  this,  we  take  the  surface-integral  of  normal 
force-intensity  over  the  polar  element  of  volume  m*qt  (Fig.  219, 
p.  299,  Vol.  I).    Let  *  in  this  figure  represent  the  point,  P,  in 
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any  field  of  attraction,  and  let  the  co-ordinates  of  *  be  (r,  0,  <f>), 
let  the  normal  force-intensity  on  the  face  mtq,  measured  in  the 
sense  Os,  be  R,  while  the  area  of  this  face  =  sx .  Then  this  face 
will  contribute  the  term  —  B*x  to  the  surface-integral,  while 

the  opposite  face  will  contribute  B*x  +  *,  *'  dr  ;  therefore  these 
feces  give  conjointly    * ,  x)  dr.    Let  the  normal  force-intensities 

on  the  faces  mst  and  Uq  be  T  and  S,  and  the  areas  of  these 
feces  *s  and  *8;  then  the  first  and  its  opposite  face  will  con- 
jointly give     ,  2'  d0 ;  and  the  second  with  its  opposite  will 

give    *    a/a<ft.    Hence 

=  —  lirypr2  sm$  dr  dd  d<f>, 

according  as  there  is  not,  or  is,  mass  inside  the  element  of  volume. 

v  „     dV      m      \dV       a         1     dYt 

Now       21  =  —,     27=-j^>     8=     .   nT1; 
dr  r  dd  rsm0  d$ 

*!=  r*mnOd$d<l>9    *a  =  r&ind  drd<f>,    *z=rd0dr9 

so  that  the  equations  are 

lrdfj*dV\        Id,.   JV,         1     PV-y      A 
^L*^^  +  sO^^^^  +  s^d^J  =  °5 

or-4iry/>;     (y) 
and  it  will  be  useful  to  note  the  identity  (putting  fi  for  sin  0) 

A  result  of  importance  may  here  be  noted — namely,  if  the 
equation  V2F  =  0  is  satisfied  by  the  value  F=  r"7,  where  T 
is  a  function  of  6  and  4>  only,  it  will  also  be  satisfied  by  the 

value  V  =  —i ;  for,  each  of  these  values  when  substituted  in 

(y)  gives  the  equation 

Equation  for  V  in  Cylindrical  Co-ordinates.    The  position  of 


282  THEORY  OP  ATTRACTION.  [329. 

any  point,  P,  in  space  may  be  defined  in  the  following  manner 
by  what  are  called  cylindrical  co-ordinates.  Take  any  fixed  rect- 
angular co-ordinate  axes,  Ox,  Oy,  Oz ;  from  P  draw  PM  perpen- 
dicular to  the  plane  of  my,  meeting  this  plane  in  if.  Then  the 
cylindrical  co-ordinates  of  P  are  the  lengths  PM  and  OM,  and 
the  angle  MOx.  Denote  these,  respectively,  by  (z,  £,  <£) ;  then 
V  at  P  must  be  expressible  as  a  function  of  these.  The  cor- 
responding small  element  of  volume  at  P  is  obtained  by  drawing 
a  cylinder  passing  through  P  having  Oz  for  axis,  and  another 
cylinder  very  close  to  it  (having  for  radius  f  +  d£) ;  a  plane 
through  P  parallel  to  the  plane  xy,  and  another  plane  parallel 
to  this  at  a  distance  dz  from  it ;  an  '  azimuth  plane,'  PMO%  con- 
taining P  and  Oz,  and  finally  a  close  azimuth  plane  through 
Oz  making  the  angle  d(f>  with  the  previous  azimuth  plane.  The 
volume  of  this  element  is  (dzd£d<l>,  and  the  areas  s1,s2,s3  of 
its  faces  through  P  are  sx  =  C^C^4>f  *2=  (dzdfa  sz  =  dzd(;  and 
the  force-intensity  perpendicular  to  the  first  and  measured  out- 

AV 
wards  from  the  surface  of  the  element  of  volume  is   — -7-,  so 

dV  .  dz 

that  this  face  gives  -^7-,  and  its  opposite  gives 

dV     d  ,    dV. 
'iTz+dz^dz-rdz 

to  the  surface-integral.    The  sum  of  these  is 

d  (    dK 

Similarly  the  other  pairs  of  opposite  faces  contribute 

so  that  the  whole  surface-integral  over  this  element  of  volume 

is  r.<**P    d  ,jr.    irf2rn.J>J 

F-sr  +  Jf^  +  c^*^'* 

Hence  the  equations  for  V  are 

d2F     1  d  ,JV.      1  cPV      ^  .    A  ,  N 

^  +  c^c^  +  ?^5==0,or="4,ryp;        (c) 

and  we  have  the  identity 

v   -dz*  +dc* +c^r +ca<**2  u; 
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If  the  attracting  matter  is  symmetrical,  as  to  shape  and  density, 
about  an  axis  (that  of  z,  suppose),  equations  (<)  and  (y)  become 

d*F      1  d   ,JV.       A 
and  these  are  necessarily  the  same,  and  can  be  transformed  one 


give 


into  the  other  by  the  relations  r  =  </z2  +  f2,  0  =  tan"1  - ,  which 


d 
dz~ 

cos 

d 
dr 

sin 
r 

0  d 
dO' 

d 

sin 

4+ 

cos 

r 

$  d 
d$ 

830.]  Infinite  Elliptic  Cylinder.  In  general,  to  find  the 
Potential  at  any  point  due  to  an  infinite  homogeneous  cylinder  whose 
transverse  section  is  any  plane  curve  symmetrical  with  respect  to  an 
axis,  it  is  sufficient  to  know  the  value  of  the  Potential  at  all  points 
on  this  axis.  (Laplace,  MScanique  CSlestey  Vol.  I,  Book  III, 
Chap.  6.) 

For,  if  the  axis  of  z  is  taken  parallel  to  the  axis  of  the 
cylinder,  V  will  be  a  function  of  x  and  y  only,  and  the  equation 
for  Twill  be  py     jzjr 

dx*       dy*  "~ 

The  solution  of  this  partial  differential  equation  is 

F=  F(x+y  fZi)+f(x-yV^\), 

where  F  and  /are  two  arbitrary  functions. 

Let  the  axis  of  x  be  taken  coincident  with  the  axis  of  sym- 
metry of  the  transverse  section ;  then  the  above  value  of  V  must 
be  unaltered  if  for  x  and  y  we  put  x  and  — y,  since  V  is  ob- 
viously the  same  at  the  point  (x,  —y)  as  at  the  point  (#,  y). 

.-.     F=f{x+yS^l)+F{x-yV^i). 

Hence    2  F=  (F+f)  (x+yV~l)  +  (F+f)  (*-y /3I), 

=  $(x+y</^)  +  <t>(x-y*/^\\  (a) 

so  that  at  every  point  on  the  axis,  if  U  is  the  Potential, 

U  =  <t>(x), 
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and,  by  hypothesis,  this  is  known,  i.e.  the  form  of  the  function 
(f>  is  known.  Then  if  in  <f>  we  put  x+yV—l  and  a?— y -/—  1 
for  m  successively  and  add  the  results,  we  get  2F,  by  (a). 

Similarly  for  the  attraction-intensity.  Its  value  at  any  point 
on  the  axis  of  symmetry  of  the  transverse  section  is  <p'  (a?),  while 
if  X  and  7  are  its  components  at  any  point, 

27  =  ,tt[<t>'(x+y,tt)-<l>'(x-yV~=l)l  (y) 

which  are  both  known  when  <f>'  is  known. 

To  apply  this  to  the  case  of  an  infinite  elliptic  cylinder,  the 
form  of  <p'  has  been  already  found  (example  5,  p.  269).  Hence 
we  have  for  the  attraction-intensity  at  any  point  (x,  y), 

-2  J  =  **yp^\x+y</^-J(x+yV^f-<?'\ 


ab 


+  **yp^\x-yyr^-s/{x-y*tty-<*]> 
-27=  4iryp^  SZ^[x+y^tt-J(x+yV^y-c*] 


or  _»  == 


-N/*a-j8-es-2*y</-i], 

These  may  be  put  into  real  forms  by  observing  that  if 

Ja+bj~\+,Ja-bS^\  =  uy 

we  have  u  =  </2aJa+  </A%+B*. 

Hence 

-X  =  2iryp^[2»-  </%J& -jfa -e2  +  </(<c*--y*--c*)a  +  4 a?y] >         (5) 
-7=  2iryp^[-2y+  -/2x/-/(«2-y8-^)a  +  4^-(^-ya-c2]»    («) 
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If  the  point  (g,  y)  is  on  the  surface  of  the  cylinder,  x  =  a  cos  <f>, 
y  =  b  ein<p,  and 

r  =  -4iry/>^-^sin<f>,  (»?) 

so  that  the  resultant  is  constant  in  magnitude,  and  it  acts  in 
a  line  parallel  to  the  radius  of  the  auxiliary  circle  of  the  ellipse. 

831.]  Potential  Work,  or  Static  Energy,  of  a  Self-Attract- 
ing System.  In  a  system  in  which  forces  of  attraction  are 
exerted  between  particle  and  particle,  these  forces  will  do  an 
amount  of  (positive  or  negative)  work  if  the  form  of  the  system 
is  altered.  We  propose  to  find  the  amount  of  work  thus  done  in 
a  material  system  self-attracting  according  to  the  Newtonian  law. 

Consider  a  system  of  particles  of  masses  m19  m2,  *»3, ...  with 
distances  r12,  r13,  ...,fa,  ...  between  them  in  any  given  con- 
figuration, and  with  distances  /12,  /18, ...,  /a, ...  between  them 
in  any  final  configuration. 

First,  let  mx  alone  be  brought  into  the  second  configuration, 
all  the  others  being  fixed.  Then  the  amount  of  work  done  by 
the  farces  of  attraction  acting  on  it  is 

1LVi2     V         Vis     *V  J 

where  p12,  p,8, ...  are  the  distances  between  %  and  w8,  0*3,  ... 
after  this  change.  Now  let  m2  be  brought  into  the  final  position, 
f»8,  0»4, ...  being  kept  fixed.     The  amount  of  work  thus  done  is 

ymAh — r)m*+(n — ;-)*»+—] 

LV*i«       PW  vP«a       fuS  J 

t 

the  work  is 


12      Pn  023      r28 

Bringing  m%  now  into  the  final  position,  *»4, ...  being  fixed, 


LVM8       Pl3  Vr28       023 

Repeating  this  process  for  all  the  rest,  and  adding  the  works 
done,  we  have  the  whole  work  (multiplied  by  -)  > 

/l    •      K  /  1  In  /  1  1\ 

a"iiib-r)+«i"ib-r  )+mim4\irT )  +  ••• 
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,  1  lx  /  1  In 

r23       r23  ^24        r24 

+  OT3W4(t I~)  +  "" 

r34        r34 

Now  rearrange  this  by  taking  one-half  of  the  first,  second, 
third, ...  terms  in  the  first  row  and  putting  them,  respectively, 
into  the  succeeding  rows,  and  similarly  treating  the  terms  of 
the  other  rows.     We  thus  find  that  the  expression  is  the  same 

+  iw2[^  +  ;r- +  •••-  —  —  —  -...]+&c-> 

^12       *»  *12       r28 

or  M^-^*i  +  W-©^  +  *(#-'Dl*  +  "-t       («) 

all  divided  by  y,  where  7J'  is  the  value  of  the  potential  in  the 
final  position  of  %  and  Vx  its  value  in  the  first  position  of  »lf 
with  similar  meanings  of  J%,  V2,  &c. 
Or  we  may  write  the  work  in  the  form 

i(sr«y-i(sr«x  W 

where  (2Fm)'  means  the  sum  obtained  by  multiplying  the  mass 
of  each  particle  of  the  system  by  the  value  of  the  potential 
at  its  position  in  the  final  configuration,  and  ILVm  the  cor- 
responding quantity  in  the  first  configuration. 

If  the  particles  are  infinitely  numerous  and  form  a  continuous 
mass,  the  work  of  the  forces  of  attraction  in  changing  the  con- 
figuration is  i  {JTdmy-  i  {/Vdm).  (y) 

Hence  to  scatter  the  particles  of  a  given  self-attracting  system 
to  (practically)  infinite  distances  from  each  other  requires  an 
amount  of  work  /equal  to       \fVdml  (8) 

in  which  expression  the  integral  is  taken  throughout  the  system 
in  its  given  configuration.  This  expression  (b)  may,  therefore, 
be  regarded  as  the  Potential  Work  of  the  forces  of  the  system, 
or  its  Static  Energy,  in  this  configuration. 

Again,  if  Flt  V2, ...  are  the  potentials  at  the  positions  of  a 
number  of  particles  »/,  mx\  ...  produced  by  a  given  system  of 

particles  %,  m2 and  if  the  system  *»/,  *»/,...  (which  we 

shall  denote  by  W)  either  is  not  self-attractive  or  is  absolutely 
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rigid,  the  work  of  removing  the  system  Mf  completely  out  of 
the  field  of  attraction  of  the  other  system  (which  we  denote 
by  M )  is  obviously 

(m1'ri  +  m'2F2  +  m'3r9  +  ...)i  or  S«7; 
or,  again,  fVdm\  if  the  system  M'  forms  a  continuous  mass. 

But  the  work  of  removing  the  system  M'  out  of  the  field 
of  influence  of  M  must  be  exactly  the  same  as  the  work  of 
removing  M  out  of  the  field  of  influence  of  Mf — since  each  is 
the  work  of  separating  the  two  attracting  systems,  each  of  which 
is  considered  as  either  rigid  or  not  self-attractive. 

But  if  P/,  V%\ ...  be  the  values  of  the  potential  produced  by 
the  system  M  at  the  positions  of  Wj,  m2, ...  the  expression  for 
the  work  of  removing  M  is 

(miri'  +  m.f2'+...)  or  2«iP, 
or  fTdm. . 

Hence  we  have  a  useful  theorem  due  to  Gauss,  viz. 

fVdm'  =  fram.  (€) 

But  this  is  also  evidently  true  if  the  elements  dm,  dm\  are 
multiplied  by  any  function  of  the  distance  between  them,  as 

well  as  when  this  function  is  -  ;  and,  moreover,  instead  of  two 

T 

mass  systems,  M  and  M\  we  may  have  two  volumes  of  empty 
space,  so  that  if  dm  and  dm!  are  elements  of  volume,  equation 
(e)  still  holds.  The  theorem  in  this  case  is  of  course  not 
physical  but  merely  analytical. 

We  shall  find  useful  applications  of  this  theorem  of  Gauss 
hereafter. 

332.]  Magnetic  Shell.  In  the  study  of  Magnetism  we  have 
to  deal  with  a  magnetic  shell,  which  behaves  like  a  material  shell 
consisting  of  two  layers  indefinitely  close  together,  each  element 
of  one  of  the  layers — the  outer,  suppose — acting  on  a  given 
material  particle,  placed  anywhere,  with  a  repulsive  force  follow- 
ing the  Newtonian  law,  while  each  element  of  the  other  layer 
attracts  the  same  particle  according  to  the  same  law.  Let 
Fig.  278,  p.  262,  represent  such  a  shell,  and  suppose  the  points  P 
and  Q  to  be  on  the  outer  and  inner  layers,  respectively.  The 
outer  layer  we  may  imagine  to  be  composed  of  positive  matter, 
the  amount  of  which  per  unit  area  is  m  at  any  point  P ;  while  at 
<2,  the  point  directly  opposite  to  P,  on  the  inner  shell  we  may 
imagine  a  quantity  of  negative  matter,  equal  to  —  m  per  unit  area. 
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The  inner  shell  is,  then,  wholly  composed  of  negative  matter y  and 
the  amounts  of  +  and  —  matter,  per  unit  area,  are  equal  at  the 
extremities  of  the  (small)  normal  distance  between  the  shells  at 
all  points.  The  terms  ( positive '  and  ( negative '  matter  are,  of 
course,  only  provisional ;  they  stand  merely  for  causes  of  repulsion 
and  attraction*  Again,  the  quantity  m  may  vary  from  point  to 
point  on  either  shelL  The  product  of  m  and  the  normal  distance, 
A  n,  between  the  shells  at  any  point  is  called  the  strength  of  the 
shell  at  that  point.    Denote  this  product  by  0 ;  so  that 

0  =  wA«. 

We  shall  assume  the  shell  to  be  of  constant  strength  at  all 
points  ;  so  that  if  the  surface-density,  m,  of  matter  varies  along 
either  layer,  the  normal  distance  between  the  layers  will  also 
vary — but  in  such  a  way  that  <f>  remains  constant. 

For  ordinary  gravitating  matter,  whose  constant  of  gravitation 
has  the  numerical  value  of  y  previously  given,  such  a  combination 
of  indefinitely  close  layers  of  repulsive  and  attractive  matter 
would  be  almost  absolutely  nugatory — unproductive  of  anything 
but  an  infinitesimal  force  effect  at  any  point — since,  An  being  at 
all  points  infinitesimal,  the  product  m&n  would  be  infinitely 
small ;  but  if  a  very  large  quantity  of  repulsive  '  matter '  could  be 
concentrated  on  a  small  surface,  the  product  mAn  might  not  be 
infinitesimal,  and  the  whole  action  of  such  a  shell  on  a  unit  mass 
might  amount  to  a  very  considerable  force. 

The  discussion  of  the  following  properties  of  such  a  shell  as 
we  now  imagine  will  not  only  serve  to  illustrate  the  subject 
of  the  present  Chapter  but  prove  a  useful  study  for  the  student 
of  the  theory  of  Magnetism. 

(a)  The  potential  produced  by  a  magnetic  shell  at  any  point  in 
space  is  proportional  to  the  conical  angle  subtended  at  the  point  by 
the  bounding  edge  of  the  shell. 

Let  A  be  the  point  at  which  the  value  of  the  potential  is  to  be 
found ;  let  Q  be  any  point  on  the  inner  surface,  and  P  the 
opposite  point  on  the  outer  surface,  of  the  shell ;  let  AQ  =  r, 
AP  =  r+Ar.  Also  let  the  constant  of  gravitation  for  the  kind 
of  matter  now  supposed  be  k — i.e.,  the  number  of  dynes  in  the 
force  of  repulsion  between  two  positive  unit  masses  at  a  distance 
of  1  cm. — ;  suppose  a  unit  mass  placed  at  A ;  take  any  small 
element  of  area,  dS,  of  the  inner  layer  at  Q,  and  on  the  contour 
of  this  erect  a  cylinder  which  will  cut  off  an  equal  element  of 
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area,  dS,  on  the  outer  at  P.  The  quantities  of  matter  on  these 
elements  being,  respectively,  —mdS  and  tndS,  the  sum  of  their 
potentials  at  A  is 

-W$  or  h^dS.  (1) 

Now  if  >/r  is  the  angle  made  by  AP  with  the  normal  to  the 
shell  at  P,  we  hare  Ar  =  An.coBxjr,  so  that  this  element  of 
potential  becomes         pna  .j, 

^^5,orifi«),  (2) 

by  Art.  316,  where  da>  is  the  conical  angle  subtended  at  A  by 
the  element  dS  of  the  surface  of  the  shell.  It  is  usual  to  assume 
the  constant  k  equal  to  unity — which  amounts  to  taking  the 
unit  mass  as  indicated  near  the  end  of  Art.  326.  On  this  under- 
standing, then,  if  Fib  the  potential  of  the  shell  at  A,  we  have 

r=*.»,  (3) 

where  »  is  the  conical  angle  subtended  by  the  whole  shell  at  A, 
i.e.  the  conical  angle  subtended  by  its  bounding  edge. 

Hence  if  the  bounding  edge  disappears — in  other  words,  if  the 
shell  is  a  closed  surface — it  produces  a  zero  potential,  and  there- 
fore a  null  force  effect,  at  all  points  outside  it,  and  also  a  uniform 
potential,  4  71$,  and  null  force  effect,  at  all  points  inside  it. 

Hence  also  all  magnetic  shells  of  the  same  strength  which 
have  the  same  bounding  edge  produce  the  same  effects  at  all 
points  in  space. 

(b)  Tie  potential  produced  by  a  magnetic  shell  at  any  point  in 
space  is  proportional  to  the  normal  flux  of  force  through  the 
surface  of  the  shell  produced  by  a  unit  particle  at  the  point. 

This  follows  at  once  from  Art.  324. 

(c)  If  a  magnetic  shell  is  placed  in  any  field  of  force  which  has 
a  potential  satisfying  Laplace's  equation,  the  whole  action  of  the 
field  on  the  shell  can  be  produced  by  a  distribution  cf  force  along 
its  bounding  edge  only,  according  to  a  simple  law. 

Let  Xy  Y,  Z  be  the  components  of  the  force-intensity  of  the 
field  (forces  exerted  on  the  magnetic  unit)  at  any  point.    Then  we 

assume 

-      dU     v     dU     „     dU 

A  ss  -7—  9     I  =  -5— >     L  =  —7-  » 

ax  dy  dz 

where  U  is  the  potential  of  the  field  at  the  point.     Hence 

—  =  — ,  &c 
dy  ~~  dx 

VOL.  11.  u 
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Calculate  now  the  whole  ^-component  of  force  exerted  on 
the  shell.  On  the  quantity  —md8  at  any  point,  Q,  on  the  inner 
layer,  the  force  is  —mXdS.  If  l,mtn  are  the  direction-cosines  of 
the  normal  at  Qt  v  the  thickness  of  the  shell  at  Q,  and  #,  y9  z  the 
co-ordinates  of  Q,  the  co-ordinates  of  P  are  x  +  Iv,  y  +  tnv>  z  +  nv\ 
so  that  the  value  of  X  at  P  is 

Hence  the  resultant  ^-component  on  the  corresponding  elements 
at  P  and  Q  is        ,, .    a         d        rfw 

and  the  whole  <&-foree  on  the  shell  is 

,  C/jdX  .      dX       dX\  jct  ,.x 

Now  since  V2£/"  =  0,  we  have 

dX     dT    dZ^Q 

dx      dy      dz  ~~ 

dX  dY 

Substituting  from  this  the  value  of  -7-,  and  also  putting  -7-  for 

-r-  and  -7-  for  -7-  in  (4),  we  have  (4)  equal  to 

♦/{(•b-'&M'I-b)'}* 

or  4>/(b2Z-bz7)dS.  (5) 

But  by  Theorem  2,  Art.  316,  a,  the  first  term  in  this  integral 

is  equal  to  the  integral  <f>  JZ  j-'ds  taken  along  the  bounding 

edge  of  the  shell,  while  the  second  term  is  equal  to  the  integral 

—  ^/r^-rf*  taken  along  this  edge.       Hence  the  whole  a?- 

component,  FmJ  of  force  on  the  shell  is  given  by  the  equation 

SunJWj  F,  =  tf(Z%-Z%)<i.\  (6) 
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where  F9,  Fa,  are  the  components  of  force,  parallel  to  the  other 
axes,  exerted  by  the  field  on  the  shell. 

Now  if  jB  is  the  resultant  force-intensity  of  the  field  at  any 
point,  P,  of  the  bounding  edge,  and  6  the  angle  between  R  and 
the  tangent  to  the  edge  at  P,  the  multipliers  of  d*  in  equations 
(6)  are  simply  the  #,  y  and  z  components  of  a  force 

R  sin  B  (7) 

acting  along  the  line  which  is  at  once  perpendicular  to  R  and 
to  the  tangent  to  the  edge  at  P.  This  force,  K,  may  be 
graphically  represented  thus :  at  any  point,  P,  on  the  edge  of 
the  shell  draw  a  line  representing  in  magnitude  and  direction 
the  resultant  force-intensity,  R9  of  the  field  of  force ;  draw  also 
at  P  a  unit  length  in  the  direction  of  the  tangent  to  the  edge 
at  P,  and  complete  the  parallelogram  determined  by  these  two 
lines;  then  at  P  draw  a  perpendicular  to  the  plane  of  this 
parallelogram  proportional  to  its  area;  this  perpendicular  will 
represent  the  magnitude  and  direction  of  the  force  Rf  to  be 
applied  to  the  edge  at  P,  per  unit  length.  As  to  the  sense  in 
which  the  perpendicular  to  the  plane  is  to  be  drawn,  a  watch- 
hand  rule  similar  to  that  in  Art.  200  may  be  adopted ;  or  we 
may  express  the  result  by  a  quaternion  notation  thus:  let  a 
unit  vector,  r,  be  drawn  along  the  tangent  at  P  to  the  edge  in 
the  sense  in  which  a  man  walking  on  the  positive  side  of  the 
shell  along  the  edge  must  travel  so  as  to  keep  the  shell  at  his 
left  hand,  and  let  R  be  the  vector  representing  the  resultant 
force-intensity  at  P ;  then 

Rf=FrR.  (8) 

"We  have  now  to  show  that  the  system  Rf  will  produce  the 
same  moment  about  any  axis  as  the  force  system  (J,  Y>  Z). 

To  calculate  the  moment  of  the  latter  about  the  axis  of  #,  let 
Q  be  a  point  on  the  inner  layer  and  P  on  the  outer,  as  before. 
Then  the  moment  of  force  exerted  on  the  element,  —md8, 
at  Qis 

-(%-  Yz)mdSy 

and  therefore  the  resultant  moment  given  by  the  masses  —mdS 
and  mdS  at  Q  and  P  is 

U  2 
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Bat  this  is  easily  seen  to  be  the  same  as 

or  <j>  {\  (y F+  zZ) - \  (yX) -  *3  (z X) }  dS, 

with   the   notation   of  Theorem  2,  Art.  316,  a;   and  by   this 

Theorem  the  result  is  the  line-integral 

taken  along  the  edge  of  the  shell.     Hence  if  L  denotes  this 

Now  the  coefficient  of  d*  is  exaotly  the  moment  of  the  force 
K  about  the  axis;  therefore  the  system  of  edge-forces,  1?9  is 
completely  equivalent  to  the  given  forces  acting  on  all  the 
elements  of  the  shell. 

(d)  To  express  the  Static  Energy  of  two  magnetic  shells 
occupying  given  positions. 

Let  their  strengths  be  <f>  and  <//. 

Take  any  point,  Q\  on  the  inner  (supposed  negative)  surface 
of  the  second  shell.  The  potential  at  this  point  due  to  the  first 
is  <t>a)  by  (3) ;  and  if  iy  is  the  point  on  the  outer  (positive)  surface 
at  the  extremity  of  the  normal  at  Q',  the  potential  at  2y  is 

*«+**' (''^+»'|>+»' ,7?)  *>• 

where  v  is  the  thickness  of  the  shell,  l\  m\  n'  are  the  direction- 
cosines  of  the  normal,  and  (a?',  tf  /)  the  co-ordinates  of  Q'. 
Hence  the  potential  work  of  the  force  of  the  first  shell  on  the 
masses  —mdS  and  mdS'  at  Qf  and  P'  is 

Now  by  Art.  316,  b,  this  is  the  same  as 

^.AydH    dO.^   ,,dF     rffl\      , ,dQ     dFs\,v 

+*  Ydj-d7)+m  (d/-^+n  W-^)r ; 

and  the  integral  of  this  over  the  surface  of  the  shell  is  by  Theorem 
3,  p.  245,  the  line-integral 
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taken  along  the  edge  of  the  shell.  Substituting  for  F  its  value, 
/  —  s  and  similar  values  of  G,  Ry  the  potential  work  of  the  forces 

of  the  first  shell  acting  on  the  second  is 

.  ./  /Tl  /dxdixf     dydif     dzd/\  ,    , , 

this  double  integral  being  taken  over  the  edges  of  the  two 
shells,  (#,  y,  z)  being  the  co-ordinates  of  any  point,  P,  on  the 
edge  of  the  first,  (of,  jf>  /)  those  of  any  point,  P7,  on  the  edge  of 
the  second,  r  being  the  distance  PP/>  and  ds9  ds'  elements  of 
length  of  the  edges  at  P  and  P\  If  €  is  the  angle  between 
the  directions  of  ds  and  ds\  and  W  stands  for  the  Static  Energy, 

r=  M'tf^dsd*',  (10) 

which  is  known  as  Neumann's  Formula. 

The  Static  Energy  here  expressed  is  merely  the  work  which 
must  be  done  against  their  mutual  forces  in  withdrawing  either 
shell,  considered  as  a  rigid  body,  to  an  infinite  distance  from  the 
other.  The  result  depends,  then,  merely  on  the  shapes  and 
positions  of  the  edges  and  not  at  all  on  those  of  the  surfaces  of 
the  shells. 

(e)  Static  Energy  of  a  Magnetic  Shell  and  any  Field  of  Force. 
Supposing  the  field  of  force  to  have  at  each  point  a  potential,  the 
static  energy,  in  any  position  of  the  shell,  is  equal  to  the  normal 
flux  of  force  of  the  field  through  the  shell,  multiplied  by  the 
strength  of  the  shell. 

For,  taking,  as  before,  any  points  Q  and  P,  at  the  extremities 
of  the  small  normal  thickness,  on  the  negative  and  positive  faces 
of  the  shell,  if  V  is  the  potential  of  the  field  at  Q,  the  potential 
work  of  the  forces  on  the  element  —mdS  at  Q  is  —mVdS,  while 
for  the  element  mdS  at  P  it  is 

mFdS+mvdS(l-3-+m-r  +n-j-)  F, 
n  da        dy        dzJ 

where  v  is  the  thickness  of  the  shell  at  P.  Hence  if  W  is  the 
whole  potential  work 

tit      j  fr?dF       dF      dF^  ,0  ,.,. 

which,  since  t-  >  -r- »  i-  are  the  components  of  the  force-inten- 
dx     dy     dz  r 
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sity  of  the  field  at  P  (or  Q),  is  the  normal  flux  of  force-intensity 
of  the  field  through  the  shell.  When  V2F=  0,  this  can  be 
expressed  as  a  line-integral  of  the  vector  (u,  v,  w)  along  the  edge 
of  the  shell  by  determining  u,  v,  w  as  at  the  end  of  Art.  316,  a. 


Examples. 

[Throughout  these  examples  it  may  be  assumed  that  length  and  mass  are 
measured  in  centimetres  and  grammes,  so  that  the  constant  of  gravitation, 

%  -  1543x°o*;  *nd  V™  m  w9*¥« StrammeJ] 

1.  If  the  field  of  attraction  is  produced  by  two  particles  of  masses 
ml  and  m,  at  two  points  N  and  S  (Fig.  36,  p.  46,  vol.  I.),  and  if 
rx  and  ra  are  the  distances  of  any  point  P  from  them, 


y  being  the  gravitation  constant  (Art.  321). 

Now  mx  and  m9  being  both  essentially  positive,  very  large  values 
of  V  will  correspond  to  points  P  very  near  either  N  or  S9  while 
small  values  will  correspond  to  points  very  distant  from  both,  and 
zero  values  to  points  at  infinity.  The  equipotential  surfaces  are 
evidently  all  surfaces  of  revolution  round  the  line  NS.  If  V  is  a 
very  large  constant,  the  equipotential  surface  will  consist  approxi- 

mately  of  a  sphere  with  centre  N  and  radius  =  -^  together  with 

ym  k 

a  sphere  with  centre  8  and  radius  —p^*     As  the  values  of  V  decrease, 

the  equipotential  surfaces  are  each  formed  by  two  oval  shaped  sur- 
faces surrounding  the  points  N  and  S;  for  a  certain  value  of  V  these 
ovals  join  each  other  at  a  point  between  N  and  S,  forming  a  surface 
generated  by  a  kind  of  lemniscate  revolving  round  NS ;  and  for  less 
values  of  V  each  surface  becomes  continuous,  and  is  nearly  a  sphere 
for  very  distant  points. 

For  Newtonian  gravitation,  however,  if  the  masses  ml  and  m2  have 
moderate  values — say  a  few  grammes  each — large  values  of  V  exist 
only  at  points  infinitesimally  distant  from  N  or  &  Thus  if  *»,  =  1 
gramme  and  *w2  =  2  grammes,  and  if  V  is  only  1  erg,  the  radius  of 

the  sphere  round  N  is  y  centimetres,  Le.  ^mAts — —-cms.,  which  is 
practically  zero.  1543x10' 

Unless  the  masses  condensed  at  N  and  S  are  comparable  with 
1543  x  10*  grammes,  no  sensible  values  of  V  (Le.  of  the  work  of 
bringing  1  gramme  mass  from  infinity  into  the  neighbourhood  of 
NS)  will  exist,  except  at  infinitesimal  distances  from  the  points 
Ntn&S. 

This  inconvenience  does  not  exist  in  Electrostatics  and  Magnetism, 
because  in  these  domains  the  analogues  of  the  unit  (gramme)  mass 
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in  Newtonian  gravitation  act  upon  each  other  at  small  distances 
with  forces  incomparably  greater  than  that  exerted  by  two  condensed 
grammes  at  a  distance  of  1  cm. 

If  we  suppose  mi  to  exercise  a  repulsive  force  at  P,  while  ms 
exerts  an  attractive  force,  we  shall  have 

and  the  surface  of  zero  potential,  instead  of  being  wholly  at  infinity, 
is  a  sphere,  with  regard  to  which  N  and  S  are  inverse  points 
(p.  259). 

The  field  produced  by  both  particles  together  may  be  studied  by 
superposing  the  fields  produced  by  them  separately.  Thus  the 
equipotential  surfaces  due  to  each  are  spheres.  Describe  round  N 
the  spheres  for  which  the  potential  due  to  m^  are  C,  C+k,  C+2&... 
where  k  is  any  small  potential  magnitude ;  and  round  S  the  spheres 
for  which  Kis  C,  C— k,  C— 2 A,... ;  then  the  curves  of  intersection 
of  these  trace  out  the  surface  on  which  the  potential  is  C+C. 

2.  To  calculate  V  at  any  point  for  a  thin  uniform  bar  (see  Fig.  276, 
p.  252). 

With  the  same  notation  as  before, 

F=y*',/^=-y*/,£B1^=y*',,o«(cot4oot2)- (a) 

This  may  be  put  into  another  form.    If  PA  =  r,  PB  =  r',  AB  =  2c, 
v     .  t   i     r+^+20 

r=yipiogi^7-i-o, 

or     F  =  yifcplog— ,  (/3) 

a — c 

where  a  =  semi-axis  major  of  the  ellipse  described  through  P  with 
A  and  B  for  foci. 

The  equipotential  surfaces  are  surfaces  for  which  a  is  constant ; 
they  are  therefore  ellipsoids  of  revolution  having  the  extremities 
A  and  B  for  foci 

If  we  assign  to  Fa  series  of  values,  the  corresponding  values  of 
a  may  be  graphically  represented.     Equation  (/3)  gives 

V  F 


Draw  a  line  Ox  and  represent  a  series  of  values  of  V  by  successive 
lengths  measured  along  it  from  0.  Construct  a  catenary  whose 
equation  is  v  y 

0  being  the  origin  and  Ox  the  horizontal  axis  of  this  catenary. 
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Along  the  other  axis  draw  a  line  parallel  to  Ox  at  a  distance 
c(=  £  length  of  bar) ;  then  the  lengths  intercepted  on  the  successive 
tangents  to  the  catenary  between  these  two  parallel  lines  are  the 
semi-axes  of  the  corresponding  ellipses  which  generate  the  equi- 
potential  surfaces  by  revolving  round  AB. 

From  the  value  of  V  given  in  (/3)  we  can  deduce  the  value  of 
the  force-intensity  at  P.  For,  the  resultant  acts  in  the  bisector 
of  the  angle  APB,  and  if  ds  is  an  element  of  length  of  this  line 

at  P,^=2Ykp-T^^r-    Now  if  LAPB-2^  AP  =  r,wehave 

ds  ra*—c*ds  ^ 

5-=  cos<f>.     Also  r-f  /  =  2a,  and  since  at  a  point  near  P  on  the 
ds 

bisector  of  APB  (tangent  to  a  hyperbola  confocal  with  the  ellipse) 

r— i*  is  constant,  we  have  dr  =  d/t  therefore  -=-  =  cos  A,  and 

ds 

dV      2ykpe        , 
ds       a*—<?       * 

Again,  cos</>  =  a  /  °  ~"C  >  by  elementary  trigonometry,  and  if 

p  is  the  perpendicular  from  P  on  AB,  we  have  2cp  =  r/sin  2<f>; 
therefore  ^  =  M^sin^ 

ds  p 

which  is  the  value  already  found  (Art.  317). 

A  particular  case  must  now  be  noted.     If  the  bar  is  infinitely  long, 

the  expression  (a)  gives  V  =  »,  i.  e.  the  sum  /  —  is  really  infinite 

in  any  given  position  of  P.  On  the  other  hand,  we  can  see  that  the 
work  which  would  be  done  by  the  attraction  of  the  bar  in  bringing 
the  condensed  unit  mass  from  infinity  up  to  the  finite  position  P 
is  not  ao.  For  if  we  imagine  the  bar  to  be  a  circle  of  immense 
diameter  0(/y  the  point  0  being  near  us  and  (f  remote,  and  also 
that  the  unit  mass  is  brought  from  &  up  to  P,  it  is  quite  clear 
that  while  P  is  moving  from  (/  up  to  the  centre  of  the  circle,  the 
attraction  of  the  circle  is  doing  negative  work,  the  resultant  force 
being  all  through  this  motion  directed  towards  &  ;  and  that  when  P 
leaves  the  centre  and  moves  towards  0,  the  attraction  does  positive 
work ;  so  that  the  total  amount  done  in  the  motion  from  (f  to  the 
final  position  P  is  numerically  equal  to  that  which  would  be  done 
in  bringing  the  unit  simply  from  0  to  P — which  obviously  is  far 
from  being  00. 

But  observe  that,  with  some  of  the  attracting  mass  contemplated 

as  existing  at  infinity,  we  are  no  longer  to  regard  the  integral  /  — 9 

in  a  given  finite  position  JP,  extended  over  the  body,  as  the  work 
done  by  the  attraction  in  bringing  the  unit  mass  from  infinity  to  P. 
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That,  in  the  case  of  an  infinitely  long  bar,  the  amount  of  work 
done  by  the  attraction  in  bringing  the  unit  from  a  perpendicular 
distance  q  to  a  perpendicular  distance  p  is  simply 

2yfylog,J,  (y) 

may  be  seen  by  taking  the  resultant  force,  R9  at  any  distance,  x,  viz. 

>  and  taking  —fRdx. 
•c 

We  must  bear  in  mind  that  (y)  will  not  hold  for  positions  of  P 

very  close  to  the  surface  of  the  bar,  i.e.  for  very  small  values  of  p  ; 

because  for  such  points  the  linear  dimensions  of  the  transverse  section 

become  comparable  with  the  distances  of  P  from  the  various  points 

in  the  section — as  has  been  already  pointed  out  in  Art.  317. 

3.  Without  any  consideration  of  force  or  of  work  done,  show  that 
the  difference,  /.^  ndm 

of  the  summations  over  an  infinite  bar  with  reference  to  any  two 
finite  positions  P  and  Q  is  finite  and,  when  multiplied  by  the  gravi- 
tation constant,  equal  to  the  expression  (y). 

Instead  of  finding  each  integral  separately,  perform  the  summation 
in  a  different  order.  Thus,  M  being  any  point  on  the  bar,  and 
0M=8  (Fig.  276),  take  at  once  the  difference  of  effects  at  P  and  Q 
produced  by  the  particle  at  M.     This  gives 

Integrating  this  from  *  =  —  J  to  *  =  +  /,  we  get 

which  assumes  an  indeterminate  form  when  I  =  00 ;    but  a  simple 

binomial  development  of  (1  +  — )  shows  at  once  the  true  value 
to  be  (y).  p 

4.  To  find  the  potential  at  any  point  on  the  axis  of  a  thin  uniform 
circular  plate. 

With  the  notation  of  Art.  318,  the  potential  at  P  due  to  the  ring 

#       ,.  .  2irprrdr  2irpTzsind>  _  ,      .,       .       ., 

of  radius  r  is   y .  — - — 7—,  or  y  —     o  ,       d<b :  therefore  the  po- 

z  sec  <f>  cos*  <f> 

tential  produced  by  the  whole  plate  is 

2iry/0Ts(seca—  1), 

or  2wy/5r(yV  +  a2— z), 

where  a  =  radius  of  plate. 

5.  To  find  V  for  a  uniform  spherical  shell. 

Firstly,  at  an  internal  point,  P/  (Fig.  277,  p.  257).     Breaking  up 
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the  shell  into  elements  QR,  Q[R  which  are  thin  conical  frustums, 
as  in  p.  259,  if  d a>  is  the  conical  angle  subtended  by  either  at  i", 

the  volume  of  the  frustum  is  pr .  P'Qf  sec  P/PO.  da>,  or  — ^fj <*&>• 

The  potential  due  to  this  at  2*  is  2yapT-^~da).     Similarly  the 

potential  due  to  the  frustum  (gl?  is  2yapr~^yd(ii\  and  the  sum 
of  these  =  2yapida>.     Hence  W 

r=47ry/)r.a.;  (1) 

which  shows  that  V  is  constant  wherever  P/  may  be  inside — a  result 
for  which  we  are  already  prepared,  since  everywhere  inside  the 
resultant  attraction  =  0,  and  this  requires  that  V  is  constant. 

Secondly,  for  an  external  point,  P.  This  may  be  deduced  from 
the  value  of  V  at  the  inverse  point,  2*.    For,  the   element  con- 

j 
tributed  by  the  frustum  QR  is  y  -^.i  where  dm  =  mass  of  frustum. 

But  PQ^—'P'Q,  therefore  the  element  of  potential  =  -=- •  ^73 ' 

which  bears  the  constant  ratio, —>  to  the  potential  of  the  element 

at  P*<  Hence  the  potential  of  the  whole  shell  at  P  is  -=  times  the 
potential  at  2*  or  4vypTa> 

V-         D         » 

which  is  the  same  as  if  the  shell  were  condensed  into  a  particle  at 
its  centre.  ,y 

The  resultant  attraction-intensity  at  P  =  —-—(measured  towards 
0),  which  gives  the  same  result  as  before.  d^ 

These  results  can  also  be  easily  deduced  analytically  by  breaking 
up  the  shell  into  zones,  as  has  been  done  (p.  258)  in  calculating  the 
force-intensity  at  P  and  2".     Thus,  the  mass  of  a  zone  being,  as 

in  p.  258,  2itpr-  rdr  where  r  =  P/Q  or  PQ,  the  potential  produced 
0 

by  the  zone  is  2irypr-dr;  and  for  the  internal  point  the  limits  of 

r  are  a  +  c,  while  for  the  external  point  they  are  c±a. 

The  value  of  V  can  also  be  deduced  from  the  differential  equation 
(y),  Art.  329.  For  V  depends  solely  on  the  distance,  r,  of  the  in- 
ternal point  from  the  centre,  and  not  on  0  or  <f>.     Hence  (y)  reduces 

dV 
therefore  r9  —  =  C  =  constant.    But  at  the  centre  the  force-intensity, 

dV  dV 

-=-9   vanishes,    .'.    C  =  0,    .\    —  =  0  everywhere  inside, 

.".     V  at  any  poiiit  =  V  at  centre  =  y .  • 
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It  follows  that  for  a  homogeneous  spherical  shell  contained  between 
a  sphere  of  radius  a'  and  a  sphere  of  radius  a,  the  potential  at  any 


i.e. 


point  inside  the  inner  sphere  (a')  is  4iryp/    rdr ; 

.V 

.while  at  an  external  point  at  a  distance  D  from  the  centre 

At  a  point  inside  the  matter  of  the  shell,  at  a  distance  e  from  the 
centre  ^_  n 

F=2iryp(ai-e»)+4iryp— — 

6.  To  find  V  at  any  point  for  a  solid  homogeneous  sphere.  If  the 
point  is  outside  the  sphere  (radius  a), 

If  it  is  inside,  at  a  distance  e  from  the  centre,  add  the  potential 
due  to  the  shell  contained  between  the  surface  of  the  given  sphere 
and  that  of  the  sphere  of  radius  OP*,  to  the  potential  due  to  the 
solid  sphere  of  radius  OP*.    Thus 

F=21^yp(a,-c*)+£wypc, 
=  2irypa*— f  wypc*. 
V  can  also  be  obtained  from  the  differential  equation  (y),  Art.  329. 
Thus,  at  any  internal  point  this  equation  gives,  since  V  is  a  function 
off  only,  2   d      dV 

dV  •'•    **^-*W»+G 

Now  — =  0  at  the  centre,    .\    (7  =  0,  and  V  =  —  f  irypr*  +  C. 

CtT 

But  at  the  centre  V  is  easily  seen  to  be  2iryp  a\  .'.  this  =  C. 

7.  To  find  V  for  an  infinite  homogeneous  circular  cylinder.  If  P 
is  outside,  A"  P=  0.  Use  cylindrical  co-ordinates.  Then  V  is  simply 
a  function  of  £  (p.  282),  so  that 

d?+HK  =  °-  0) 

Therefore  by  integration         dy      q 

To  determine  C,  suppose  P  to  be  very  distant  from  the  cylinder, 

so  that  the  latter  may  be  treated  as  a  thin  bar.     Then  —  is  the 
force-intensity  at  P,  which  » 

=  -^-^    /.  C=-2y*p  =  -2irypa*, 
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if  a  =  radius  of  cylinder.     Hence 

dV_     2ntypa*  . 

which  shows  that  the  intensity  of  attraction  at  any  point  outside  the 
cylinder  varies  inversely  as  the  distance  from  the  axis.     Integrating, 

F=-2irypa,log0C+Cr; 
and  to  determine  C,  let  the  point  P  he  supposed  so  far  from  the 
cylinder  that  the  latter  may  be  taken  as  a  mere  bar,  or  wire.     Now 
in  this  case  V  is  given  in  example  (2),  and  since  A  and  B  are  both 
zero,  P=  00,  therefore  C  =  00. 

When  none  of  the  attracting  matter  is  at  infinity,  V  is,  as  has 
been  explained,  the  work  done  in  bringing  a  condensed  unit  mass 
from  infinity  to  the  position  P,  but  it  ceases  to  have  this  meaning 
when  attracting  matter  is  contemplated  as  existing  at  infinity.     The 

Cdm 
summation  /  —  for  an  infinitely  long  bar  is,  in  every  position  of  P, 

really  infinite.  But  if  we  are  concerned  only  with  the  amount  of 
work  done  in  bringing  the  unit  mass  from  one  finite  position,  Q9 
to  another,  P,  we  can  easily  show  that  the  difference 

(/t),-(/t). 

is  finite,  notwithstanding  that  each  integral  itself  is  of  infinite  mag- 
nitude (see  example  3). 

Moreover,  the  supposition  itself  on  which  the  equation  for  V  is 
(1)  falls  to  the  ground;  for  it  is  only  for  points  finitely  distant 
from  the  cylinder  that  V  depends  simply  on  £. 

Hence  instead  of  choosing  infinity  as  the  zero  position  of  P  we 
must  choose  some  other.  We  may  choose  a  position  on  the  surface 
of  the  cylinder,  and  define  the  potential  at  P  as  the  work  done  by 
the  attraction  in  conveying  a  gramme  mass  from  P  to  the  surface  of 
the  cylinder.     With  this  definition,  we  have 

=  2Trypa%log€-* 

dV  a 

and  now  jv  will  be  the  force-intensity  in  the  negative  sense  of  f. 

If  P  is  inside  the  substance  of  the  cylinder,  (1)  must,  by  Art.  329, 
be  replaced  by  1  d     MdV, 

c^(C^)==~47ry'; 

and  siuce  77=0011  the  axis,  (7  =  0,    .'.    jr  =  —  2iry/>£ 
dQ  dQ 

/.  r=-*ypC'  +  C'=*y/>(a«-Ca). 
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8.  To  find  the  potential  and  attraction-intensity  at  any  point  pro- 
duced by  a  spherical  shell  whose  thickness  (or  density)  varies  inversely 
as  the  cube  of  the  distance  from  a  given  point. 

Let  the  thickness  of  the  shell  at  any  point  Q  (Fig.  281)  vary  in- 
versely as  the  cube  of  the  distance  of  Q  from  the  given  external 
point  0,  and  let  the  potential  at  any  internal  point,  P,  be  required. 

Produce  OP  to  S  so  that  OP  .OS  =s  OQ  .OR  =  square  of  tangent 
from  0.  Imagine  the  spherical  surface  broken  up  into  elements  by 
cones  described  about  S,  each  with 
very  small  conical  angle,  di»>.  One 
of  these  cones  is  represented  by 
the  line  RSU,  which  must  be 
understood  to  stand  for  a  slender 
double  cone  of  rays  with  vertex 
S.  Joining  0  to  all  points  on  the 
contours  of  the  small  areas  at  R 
and  U  by  lines  represented  by 
OR  and  OU,  we  obtain  small 
elements  of  area  at  Q  aud  T; 


Fig.  281. 


joining  the  contours  of  these  to  S,  we  obtain  two  small  frustums  of 
cones  at  Q  and  T. 

It  is  the  sum  of  the  potentials  at  P  produced  by  these  frustums 
that  we  shall  take;  and  it  is  clear  that  the  assemblage  of  such 
frustums  as  those  at  Q  and  T  will  exhaust  the  whole  shell. 

Let  a  be  the  radius  of  the  sphere.     Then  (Art.  316)  the  cone  of 

2a 
rays  through  S  cuts  off  an  &re&jrfj*8R*.da>  at  R.     Also,  since  the 

elements  of  area  at  R  and  Q  are  equally  inclined  to  the  line  OQR, 
they  are  to  each  other  in  the  ratio  OR*:  OQf;  therefore  the  element 

— -*«h        as«. 

OJf  BU 

But  o7^=ii7i(from  the  similar  triangles  ROS  and  POQ);  therefore 

RO     ru  jpnt  2a 

this  element  of  area  =OQs. ^7^* -^7^(2 o>.    Let  the  thickness  at  Q  be 

-— ^,  where  k  is  a  constant     Then  the  potential  of  this  element  at 

P  is  2yakpDti      '     n/?'9  and  similarly  the  potential  at  P  due  to 

RG.Oy.PO*        PT.du 
the  element  at  T  is  2yg&pprr  ■;    and  the  sum  of  these 

KU  .  V±  .  rU 

_2yakpda>   PQ.0T+PT.0Q_  2yakpd<a       QT 
~RU.P0*'        OQ.OT        "  RU.PO'OQTdf 

(by  Ptolemy's  theorem  for  the  quadrilateral  OQPT,  which  is  inscribable 
in  a  circle).     But  the  triangles  OQT  and  OUR  are  similar, 

QT_RU  m 
A     OQ"  UO' 
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hence  the  above  sum  =  y '  J* J* ',  where  t%=OT.QU  =  square 
of  tangent.  t  .OP 

Now  the  whole  shell  is  exhausted  by  summing  da)  from  0  to  2tt, 
and  as  the  multiplier  of  d<a  is  constant,  we  have 

4-iryakp     1 

where  D  is  the  distance  of  0  from  the  centre.  Hence  the  remarkable 
result  that  the  potential  at  any  internal  point  varies  inversely  as  its 
distance  from  0. 

For  a  reason  to  be  given  hereafter,  we  shall  call  0  the  inducing  point. 

The  mass  of  the  shell  is  easily  found.  For  (p.  258)  the  area  of  the 
belt  generated  by  the  revolution  of  the  element  of  length  at  Q  about 

the  line  joining  0  to  the  centre  is  2vjzrdr,  where  r  =  QO.     Hence 

the  mass  of  this  =  — =r ^,  and  if  M  =  mass  of  shell 

since  the  limits  of  r  are  D  +  a, 

Hence  from  (1)  and  (2)  D  M 

which  shows  that  the  potential  at  any  internal  point  is  the  same  as 

if  a  mass  greater  than  that  of  the  shell  in  the  ratio  —  were  concentrated 
at  the  inducing  point.  a 

Of  course  it  follows  that  the  attraction  of  the  shell  on  a  particle  at 
P  acts  in  the  line  PO,  and  is  equal  to 

a 

per  unit  mass  at  P. 

The  inducing  point  being  still  external,  let  the  attracted  particle 
be  also  external  to  the  shell — at  P',  suppose. 

Take  the  inverse  point  P>  which  will  be  internal.     Then  since 

OP/  It 

-7^=-  is  constant,  =  —  >  where  R  is  the  distance  of  P/  from  the  centre, 
Qp  a  a 

it  follows  that  V  at  P/  s=  7  at  P  multiplied  by  -=■  % 

R'M 

But  instead  of  OP  we  can  put  -^  0"P,  where  (/  is  the  inverse  of  0, 
on  account  of  similar  triangles.     Hence  at  any  external  point 
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so  that  for  an  external  point  the  mass  of  the  shell  may  be  concentrated 

at  the  internal  point  which  is  the  inverse  of  fhs  inducing  point,  and 

the  attraction  is  directed  towards  this  inverse  point. 

Finally,  consider  the  case  in  which  the  inducing  point  is  inside. 

This  is  at  once  reducible  to  the  case  in  which  the  inducing  point 

is  outside,  by  taking  the  inverse  point.     Let  0  be  the  inducing  point, 

and  <y  its  inverse.     Let  the  attracted  particle,  P,  be  inside,  and  let 

k 
the  thickness  at  any  point,  Q,  of  the  shell  be  jrpz ;  thus  it  will  also 

kD*     1  ^^ 

be  — j-»  ^gj ,  where  D  is  the  distance  of  (/  from  the  centre ;  so  that 

the  values  of  V  and  M  are  given  by  (1)  and  (2)  in  which  we  replace 

h  by  — r ;  and  we  have  the  result  (3),  viz. 

r=y$rp'  (5) 

which  shows  that  the  attraction  is  directed  to  (/. 

Let  P  be  external,  while  0  is  internal.  Take  the  inverses  of  both, 
so  that  P/  is  internal  and  0*  external. 

If  F'  is  the  potential  at  P/f  we  have  by  (3), 

But  if  V  is  the  potential  at  P,  we  have  -=r=  — ,  where  E  is  the 

distance  of  P  from  the  centre ;  also,  as  we  are  finally  concerned  with 
P  and  not  with  Pf,  we  shall  substitute  OP  for  (XP/  by  the  equation 

<yp*     OP     _ 

—jr-=-p-     Hence  *£ 

v      s  v=r£p-  (6) 

Four  different  cases  may  therefore  arise,  viz.  inducing  and  attracted 
point  both  on  same  side  of  surface,  or  on  opposite  sides ;  and  sum- 
marising the  results,  we  may  say  that  the  effect  on  the  attracted 
particle  is  always  the  same  as  if  a  certain  mass  were  condensed  at 
a  point  on  the  opposite  side  of  the  surface ;  this  mass  is  always  equal 
to  that  of  the  shell  when  the  attracted  particle  is  outside,  and  always 
greater  than  that  of  the  shell  when  the  particle  is  inside.  The  point 
at  which  the  shell  may  be  condensed  ig  always  either  the  given 
inducing  point  or  its  inverse. 

The  solution  of  this  question  by  the  ordinary  application  of  the 
Integral  Calculus  would  be  very  much  more  difficult  than  the  simple 
and  elegant  solution  here  given,  which  is  due  to  Sir  William  Thomson. 
(See  his  Papers  on  Electrostatics  and  Magnetism,  pp.  60,  &c. ;  or 
Thomson  and  Tait's  Nat.  Phil.,  vol.  1,  part  II.) 
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Newton  also  made  use  of  the  relation  between  inverse  points 
in  discussing  the  attraction  of  a  sphere  (see  Book  I  of  the  Frincijria, 
Prop.  82). 

9.  To  find  the  attraction  of  a  thin  circular  plate  of  uniform  thick- 
ness and  density  on  a  particle  in  its  plane,  the  law  of  attraction  being 
that  of  the  inverse  cube  of  the  distance. 

Let  P  (Fig.  282)  be  the  position  of  the  attracted  particle,  whose 

maES  may  be  supposed  to  be  one  unit 
From  P  draw  two  very  close  radii 
vectores  intercepting  a  narrow  strip 
of  the  plate  between  them. 

Let  0  be  the  centre  of  the  plate, 
let  6  be  the  angle  OP  A  made  by  one 
of  the  radii  vectores,  and  let  6+d6 
be  the  angle  made  by  the  other,  with 
Fig.  282.  OP.    Let  Q  be  a  point  on  PA,  and 

PQ  =  r.  Then  the  mass  of  the  ele- 
ment at  Q  included  between  circles  of  radii  r  and  r+dr  described 
with  P  as  centre  is  kprdrdO, 

h  and  p  being  the  thickness  and  density  of  the  plate. 

The  attraction  of  this  element  on  P  resolved  along  PO  is 

kpdrdO        _ 
y— ^ — CO80; 


hence  the  resultant  attraction  is 

CdrdO 


*F 


.     COB0, 


the  integrations  in  r  being  performed  from  r  =  PA  to  f  =  PB>  and 

those  in  $  from  0  =  —  sin-1-  to  6  =  sin"1-,  where  a  is  the  radius  of 

e  c 

the  plate  and  c  =  OP,  the  extreme  values  of  0  corresponding  to  the 

two  tangents  that  can  be  drawn  from  P  to  the  circle. 

Now  denoting  PA  by  rx  and  PB  by  ra>  and  integrating  first  with 

respect  to  r,  the  attraction  is 


^K-h 


cob  Od  9. 


The  values  of  rx  and  r%  are  given  by  the  equation 
r8— 2crco80  +  c9— a*  =  0, 

1       1  _2Vaa-c*Bin*fl 
ri     *»  cr—a* 

Hence  the  attraction  is 

c(o»-aV_.  Va        M>       c(c»-a5)' 
where  ( is  pot  for  e  sin0. 
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In  this  case  we  might  have  found  the  attraction  from  the  potential. 
The  latter  is  easily  found  by  dividing  the  plate  into  ringB  with  0  as 
centre.     If  r  is  the  radius  of  one  of  these  rings,  we  have 

F_  yhpCC        rdOdr 
"~    ZjJ**— 2cr  cos  0+€? 
Integrating  first  from  $  =  0  to  0  =  tt,  and  doubling  the  result,  we  have 


V-vkpyf-^L., 


in  which  r  runs  from  0  to  a.     Hence 

But  V  may  also  be  easily  found  from  the  attraction,  thus : 
d  F_      irkpya* 
dc~~c(c*-a*Y 

Now,  since  F=^ /— ,  it  is  clear  that  at  infinity  7=0,  or  F  =  0 
when  c  =  oo.     This  gives  the  const.  =  0, 

10.  If  Vn  and  F,»_f  denote  the  potentials  of  an  attracting  mass  when 
the  law  of  attraction  is  the  71th  and  (w— 2)*h  power  of  the  distance, 
respectively,  prove  that  y2  jr 

//-         /7*         /78 

where  V*=  j"a  +  T~2  +T1»  tne  co-ordinates  of  the  attracted  particle 

(tX       OLy         U/Z 

bang  <»j  y>  «• 

We  have  F.  =  _-A_/r»+>im, 

where  A  is  a  constant.    Therefore 


dJ±=  -kf(x-af)t»-ldm, 


and  ^j5  =  -A/{r-1  +  (»-l)(a;-aOV-»}*». 


dx> 

d*V        d*V 
Adding  to  this  the  similar  values  of  -r-x  and  tt»  we  have 

ay2  a«8 

V1F.  =  (»-l)(n+2)F._r 
This  equation  enables  us,  generally,  to  find  the  potential  for  the 
(w— 2)*h  power  of  the  distance'  when  that  for  the  n*b  is  known  ;  but 
it  fails  in  two  most  important  cases,  namely,  when  n  =  1  and  when 
n  =  -2. 

VOL.  IL  X 
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If  the  attracting  mass  is  a  plate,  r*  =  (a>— »/)8  +  (y— /)*,  and  the 
result  is  easily  proved  to  be 

v«r,  =  (n«-i)r._,. 

In  the  last  example  we  find  the  Potential  of  a  circular  plate  for  the 
inverse  third  power ;  hence  we  have  at  once  the  Potentials,  and  there- 
fore the  attractions  for  the  inverse  fifth,  seventh,  &c,  powers  of  the 
distance. 

11.  Calculate  the  attraction  of  a  uniform  spherical  shell  of  small 
thickness  on  an  external  particle  when  the  attraction  varies  as  the  n^ 
power  of  the  distance. 

Using  the  expression  (A),  Art.  320,  for  the  element  of  surface,  and 
assuming  the  law  of  attraction  to  be  Ar*,  we  have 

where  D  is  the  distance  of  the  point  from  the  centre. 

If  we  wish  to  find  the  attraction  of  a  full  sphere  of  radius  r,  we 
observe  that  r  is  da}  and  we  integrate  this  expression  from  a  =  0  to 

In  each  case  the  attraction  towards  the  centre  is  —  3-=:  • 

12.  From  the  theorem  of  Gauss  (p.  287)  deduce  the  following 
result — the  mean  Potential  over  a  spherical  surface  due  to  matter 
entirely  outside  the  spftere  is  equal  to  the  Potential  of  this  matter  at  the 
centre  of  the  sphere.  (Gauss,  Papers  on  Forces  varying  inversely  as 
the  square  of  the  distance,  Taylor's  Scientific  Memoirs,  voL  iii.  part  x.) 

For,  let  mass  of  uniform  density  p  and  small  uniform  thickness,  r, 
be  supposed  to  be  distributed  on  the  sphere  ;  let  dS  be  an  element  of 
its  surface  at  any  point  P,  V  the  Potential  at  P  due  to  the  external 
attracting  mass,  and  a  the  radius  of  the  sphere.  Then,  since  the 
Potential  of  a  shell  at  an  external  point  whose  distance  from  the  centre 
is  r  ^  lirypra* 

r 
it  follows  that  if  dm  is  an  element  of  the  attracting  matter, 

pTfvdS=  4*ypTa*fy  =  4TrpTa*V0> 

if  V0  is  the  Potential  at  the  centre  of  the  sphere.     Hence 


4ira8  ~  V» 


which  proves  the  proposition,  since  /VdS  divided  by  the  whole  surface 
of  the  sphere  is  the  mean  value  of  the  Potential  over  its  surface. 
More  elementary  proof    Let  there  be  a  particle  of  mass  m  outside 
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a  spherical  surface  of  radius  a  at  a  distance  D  from  its  centre.     The 

mean  value  of  the  Potential  oyer  the  sphere  is  — — -Q  I  — ,  where 

IvarJ    r 

r  is  the  distance  from  m  of  the  element  dS  of  surface.  But  (p.  258) 
dS=2irjrrdr,  and  the  limits  of  r  are  D±a.  Hence  this  mean 
value  is  tOl 

i.e.  the  Potential  at  the  centre;  and  the  result  therefore  holds  for 
any  assemblage  of  external  particles. 

13.  Find  an  approximate  value  of  the  Potential  of  any  solid  mass 
at  a  very  distant  point. 

Let  G  be  the  centre  of  mass  of  the  solid  body,  P  the  distant  point, 
P*  any  point  in  the  mass  at  which  the  element  of  mass  is  dm.  Take 
G  as  origin  and  GP  as  axis  of  x ;  let  GP  =  r,  GP*  =  /,  and  let  the 
x  of  P/  be  x*. 

Then  -P=  f     ,_  =  =  -  /(1-2  — +-r)    dm 

neglecting  all  higher  powers  of  —  than  the  second. 

T 

Now  fx*dm  =  0,  and  if  we  denote  by  A  and  A'  the  radii  of  gyration 
of  the  solid  about  the  axes  of  y  and  z,  and  by  k  its  radius  of  gyration 
about  GPy  we  have 

where  M  =  mass  of  body. 

M,       Aa  +  A'2-2£\ 
Hence  7=  —  (1+ ^ )• 

But  if  A4,  &2,  £3  are  the  principal  radii  of  gyration  at  G9  we  have 
A*+A/a  +  #  =  V  +  *2a  +  V;  therefore 

yjf         fc'  +  V  +  y-S* 

By  differentiating  this  with  respect  to  x,  y,  and  «  separately,  we  find 
the  components  of  attraction  in  the  directions  of  the  principal  axes  at 

yM 

G  on  a  unit  mass  at  P.    For  very  distant  points  V  = to  a  high 

degree  of  accuracy. 

14.  If  F=/(a,  y,  z)  be  a  function  satisfying  Laplace's  equation, 

a   /•/^235     a8y   a93x 
V9  V  =  0,  show  that  the  function  -  jf  ( — j->  — a">  ~x)  will  also  satisfy 

it  (where  r*  =  a^+^'+s2). 

x  2 
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If  0  is  the  origin,  P  the  point  (x,  y,  z),  Q  a  point  on  OP  produced 

a9  cPx    CL2y    alz      T 

such  that  OQ  =  jyp  >  the  co-ordinates  of  Q  are  -3-,  — f-,  -5-.     Let 

0@  =  p9  let  (£  t;,  0  be  the  co-ordinates  of  #,  and  let 

a   ~.a*x    a*y     <*z^_Pflc       - 

Then  —  satisfies  the  equation 

But  p*  —  =  —  a9  -r-  i  therefore  this  equation  becomes 
r  dp  dr 

dr2       d0v        <J0'     sind  a<£a 
The  first  term  being  the  same  as  sin  0  —  (r*  -=-),  this  equation  is,  by 

Art.  329,  the  equivalent  of 

d%U     d*U     d*U  __ 

dx*        dy2       dz*    ~~ 

15.  A  homogeneous  fluid,  self-attracting  according  to  the  law  of 
nature,  completely  fills  the  space  between  two  spherical  non-concentric 
surfaces  one  of  which  entirely  surrounds  the  other ;  find  the  resultant 
attraction  at  any  point  of  the  fluid,  and  also  the  level  surfaces. 

Let  0  be  the  centre  of  the  larger  and  0'  the  centre  of  the  smaller 
sphere ;  P  any  point  in  the  fluid ;  0(/=  e ;  radius  of  smaller  sphere 
=  b  ;  0P  =  r,  &P  =  / ;  p  =  density  of  fluid. 

To  calculate  the  resultant  force  at  P}  imagine  that  the  place  of  the 
smaller  sphere  is  occupied  with  fluid  ;  then  the  larger  is  completely 
full,  and  there  is  a  force  £irypr  in  the  line  PO  towards  0.  Now  let 
the  effect  of  the  fluid  which  we  have  introduced  be  annulled  by  com- 
bining with  the  above  force  the  force  exercised  at  P  by  a  repulsive  fluid 
of  same  density  filling  the  smaller  sphere.     This  latter  force  would  be 

1^*1 .  and  this  would  act  in  the  line  C/P  from  <7. 

The  resultant  of  these  forces  is  the  resultant  force  at  P.  If  V 
is  the  Potential  at  P, 

Idr=-|»/m*r+^f*'  [p.  299]; 

.«.     —  =  -  -  irpT* ~t-  +  const. 

y  3    r  3/ 

This  value  is  otherwise  evident,  since  the  Potential  at  a  point  due 
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to  any  attracting  bodies  is  the  sum  of  their  separate  Potentials  at  the 
point.     If  a  is  the  radius  of  the  larger  sphere  (see  p.  282), 

The  level  surfaces  are  given  by  the  equation 

•     2h* 
r '+  —p  =  const. 

16.  If  two  different  masses  have  the  same  external  level  surfaces, 
the  values  of  their  Potentials  on  any  one  common  surface  of  level  are 
directly  proportional  to  the  quantities  of  the  two  masses. 

Let  M  and  M'  be  the  two  masses ;  let  F  be  the  Potential  of  the 
first  and  V  that  of  the  second  at  any  point  P  outside  both.     Then 

V9F=0,  V*F'=0.  (1) 

Now  since  when  V  is  constant,  F'  is  also  constant,  V*  must  be  some 
function  of  F.  Let  F'  =  4>(V).  Performing  the  operation  Va  on 
both  sides  of  this  equation,  we  have 

vr-^n.^F+^do^'+^'+tS)'}.    (2) 

which  (1)  reduces  to  <f>"  (F)  =0,  since  the  coefficient  of  <f>"  (F)  cannot 
vanish. 

Hence  <f>(V)  =  cV+cf,  .\  V'  =  cV+c';  but  since  at  infinity 
F  =  F'  =  0  (if  none  of  the  attracting  matter  is  at  infinity), 

</=0;    .-.     V'  =  cV. 

Again,  for  very  distant  points  (example  13), 

F=y— and  F'  =  y— . 

T  T 

V      V 
Hence,  finally,  Mf=zM* 

17.  If  XH  and  Xn_9  denote  the  component  attractions  of  a  given 
solid  at  a  given  point  along  a  given  line  when  the  law  of  attraction  is 
that  of  the  n*h  power,  and  that  of  the  (»—  2)^  power,  of  the  distance, 
respectively,  prove  that 

-*-(«- l)(w  +  2)' 

18.  Find  the  attraction  of  a  circular  plate  of  uniform  thickness  and 
density  on  an  external  particle  of  unit  mass  in  its  plane,  the  law  of 
attraction  being  that  of  the  inverse  distance. 

An8.  The  mass  of  the  plate  divided  by  the  distance  of  the  particle 
from  its  centre,  multiplied  by  a  constant. 

19.  Prove  that  if  a  material  lamina  attract  according  to  the  law  of 
the  inverse  distance  and  if  N  is  its  attraction  on  a  unit  mass  at  any 
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point  of  a  closed  carve!  measured  outwards  along  the  normal,  we  shall 
have  yy^  =  0>  or  _  _2irym,, 

according  as  there  is  no  mass  or  mass  mi  inside  the  closed  curve,  and 
hence  that  V*  V  =  0,  or  =  —  2  wyp. 

20.  Prove  that  the  values  of  V2  V  calculated  for  external  points 
and  for  internal  points  do  not  agree  for  points  on  the  surface  of  a 
solid  sphere. 

21.  Prove  that  neither  Laplace's  nor  Poisson's  equation  holds  for 
points  on  the  bounding  surface  of  an  attracting  solid. 

22.  If  a  number  of  uniform  bars  of  the  same  section  and  density 
form  any  closed  polygon  with  no  re-entrant  angle,  prove  that  they 
produce  the  same  Potential  (for  the  law  of  the  inverse  square)  at  any 
point  inside  the  polygon  as  a  polygon  of  bars  formed  by  joining  the 
feet  of  the  perpendiculars  from  the  given  point  on  the  sides  of  the 
given  polygon. 

Extend  this  proposition  to  any  curve. 
(See  equation  (a),  p.  295.) 

23.  If  a  self-attracting  sphere  of  uniform  density  and  radius  a 
changes  to  one  of  uniform  density  and  radius  of,  find  the  amount  of 
work  done  by  its  mutual  attractive  forces. 

An,.  !"*•£-;?>' 

where  M  is  the  mass  of  the  sphere,  and  y,  as  usual,  the  gravitation 
constant. 

24.  Two  equal  uniform  bars  of  given  sections  and  densities  are 
placed  parallel  to  each  other  and  at  right  angles  to  the  lines  joining 
their  extremities ;  find  the  amount  of  work  done  against  their  mutual 
attraction  in  drawing  them  a  given  distance  asunder. 

Arts.  If  y  is  the  distance  between  the  bars  in  any  position,  I  the 
length  of  each,  m  and  m'  are  their  masses,  the  work  done  in  changing 
the  distance  from  yx  to  y9  will  be  the  difference  of  the  values  of  the 

ymm  1       rr, — ?    71     *^P+ y2— '\ 
^-p-fo-v^+af-Hog y- — )> 

when  yx  and  y%  are  successively  put  for  y. 

25.  The  gravitation  Potential  of  an  attracting  mass  cannot  have  a 
maximum  or  minimum  value  in  empty  space. 

iLet  it  have  a  maximum  value  at  A.     Then  round  A,  and  in- 
nitely  near  it,  can  be  described  a  closed  surface,  at  every  point  of 
which  Fis  less  than  it  is  at  A.     Therefore  if  dn  is  an  elementary 

length  along  the   normal  (measured  outwards)  to  this   surface,  — - - 

dV  **n 

is  negative  all  over  the  surface ;   but  N  =  — ;  hence  equation  (2), 

(tn 
Art.  324,  is  contradicted.] 


expression 

¥_ 
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333.]  Earnshaw's  Theorem.  If  a  particle  is  in  equilibrium 
under  the  action  of  forces  varying  according  to  the  law  of  inverse 
square  of  distance,  its  equilibrium  is  unstable. 

If  its  equilibrium  were  stable  for  all  displacements,  positive 
work  would  have  to  be  done  against  the  attractive  forces,  i.e. 
these  forces  would  for  every  small  displacement  do  negative 
work,  or,  in  other  words,  V  must  decrease  in  all  directions  from 
the  point,  ^is  therefore  a  maximum  at  the  point — which,  by- 
last  example,  it  cannot  be.     Therefore,  etc. 

334.]  Method  of  Inversion.  Supposing  that  for  any  dis- 
tribution of  mass  forming  either  a  continuous  solid  body  M 
(Fig.  383),  or  a  thin  shell 
of  any  shape,  or  a  series 
of  isolated  particles,  we 
know  the  value  of  the 
Potential  at  any  point,  A, 
we  may  by  the  aid  of  an 
analytical  transformation 
deduce  another  analogous 
mass,  M\  whose  Potential 
at  any  point,  A!  may  be 
deduced  from  the  previous  Potential. 

Thus,  suppose  the  mass  M'  to  be  deduced  from  the  mass  M  in 
the  following  way. 

Take  any  fixed  point,  0 ;  join  it  to  P,  and  take  the  inverse 
point  P,  so  that  ^  _  ^  ^ 

where  r  =  OP,  /  =  OP.  Round  P  let  any  very  small  closed 
surface  be  described,  and  take  round  P'  all  the  points  cor- 
responding to  those  on  this  surface.  We  shall  thus  get  a  very 
small  closed  surface  at  P.  Denote  the  volumes  of  these  elements 
by  dQ.  and  d£L\  respectively.  Now  d£l  is  filled  with  a  quantity 
dm  of  matter  belonging  to  the  mass  M,  and  it  remains  with  us 
to  fill  dQ.'  with  matter  according  to  any  law  we  please.  Fill 
dQ!  with  a  quantity  dm'  bearing  to  dm  the  relation 

dm'      k  /  fQ\ 

-7—  =  - ,  or  =  -r  ,  (P) 

dm       r  k 

and  let  this  be  done  for  all  the  elements,  d£L'9  of  volume  in  the 
derived  body  M\  related  as  above  to  the  corresponding  elements 
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dQ,  of  3f.  Given  the  volume-density,  p,  at  each  point,  P,  of  M ; 
we  must  now  find  the  volume-density,  //,  at  each  derived  point  P\ 
Now  dm  =  pd£l  =  pr*smOdrd$d<t>  zrz—pr^drdfxd^m  the 
usual  notation  of  polar  formulae.  Similarly,  d/  being  taken 
positively  without  reference  to  dr, 

dm'=-P'/*dr'dpLd<l>] 
and  from  (a),  if  dr  and   dr*  are  taken  connectedly,  we  have 
rd/  +  /dr  =  0  ;  hence  (£)  gives 

P/=^/6'  (y) 

so  that  if  p  is  constant,  //  will  vary  inversely  as  the  fifth  power 
of  the  distance,  OP',  from  0. 

Let  -4  be  any  point,  at  which  the  Potential  t>f  M  is  V,  and 
take  the  inverse  point  A'.  It  is  required  to  find  V\  the  Poten- 
tial of  M  at  J'. 

If  d  V  is  the  Potential  at  -4  produced  by  the  element  dm  at  P, 

v        dm 

where  y  is  the  gravitation  constant.  Also  if  dV  is  the  Potential 
at  A'  due  to  rfa»'  at  P/, 


dV'      h    AP 
Hence  -ttf  =  ~'~j/p>'    But  the  triangles  P.40  and  A'P'O 

are  similar,  .\  if  0A  =  D,  -^=v  =  -7  5  hence  -7^  =  t  >  ^^^  this 

/r       r  dV       k 

constant  relation  holds  between  the  Potentials  of  all  correspond- 
ing elements,  and  therefore  between  the  whole  Potentials,  so  that 

In  this  transformation  the  angle  at  which  any  two  curves  in 
the  original  system  if  intersect  is  equal  to  that  at  which  the  two 
derived  curves  intersect.  For,  let  Q  and  n  be  any  two  very  close 
points  in  the  system  M,  and  let  Q'  and  ri  be  their  inverses. 
Then  the  quadrilateral  Qnn'  Q'  is  inscribable  in  a  circle,  so  that 
Qn  and  Q'n'  axe  ultimately  tangents  to  the  circle  and  therefore 
equally  inclined  to  OQ.  Similarly,  if  *  and  /  are  two  corre- 
sponding points  very  close  to  Q  and  Q\  tne  arcs  Q*  an^  Q'*' 
are  equally  inclined  to  OQ ;  therefore  the  angle  between  the  arcs 
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Qn  and  Qs  is  equal  to  that  between  Q'n'  and  QV.  Hence  if 
the  contour  M  is  the  outer  surface  of  a  shell  whose  thickness 
varies  in  any  manner,  being  Qn  at  the  point  Q,  the  inverse 
points  will  trace  out  the  contour  M'  of  another  shell,  and  if  ri  is 
the  inverse  of  »,  Qfn'  will  be  normal  to  the  new  shell,  and  will, 
of  course,  be  its  thickness  at  Q'. 

By  similar  triangles  ^7-7  =  -y4 ,  or  =  ^ ^L  since  Q'  and  nf 

are  nearly  coincident.  Hence  if  r  and  /  are  the  thicknesses  of 
the  shells  at  corresponding  points, 

/       / 

t        r  v  ' 

and  hence  by  (y) 

pV=pr.£>  (0 

so  that  if  pr  is  constant  all  over  the  shell  if,  p V  will  vary  in- 
versely as  the  cube  of  the  distance  from  0  at  every  point  on  the 
derived  shell. 

If  the  mass  M  forms  a  spherical  shell  of  uniform  thickness  and 
density,  its  Potential  at  A  is  at  once  known.  Hence  is  known 
also  the  potential  at  A'  (any  point)  due  to  a  spherical  shell  in 
which  the  product  pV  (which  is  the  mass  per  unit  area  of  its 
surface)  varies  inversely  as  the  cube  of  the  distance  from  a  fixed 
point,  0 — a  case  which  has  been  already  discussed  (p.  301). 
Supposing  M  to  be  a  spherical  surface  whose  centre  is  P,  the 
inverse  point,  P',  is  not  the  centre  of  the  sphere  M',  but  is  the 
inverse  of  0  with  respect  to  the  sphere  M\     For  if  /  and  J*  are 

JP  jy^ 

any  corresponding  points  on  the  contours,  ^z  =  -=yr ,  and  since 

if  is  a  sphere  with  centre  P,  the  left-hand  side  is  constant,  there- 
fore the  right  side  is  constant,  and  the  two  points  0  and  P'  are 
well  known  to  be  inverse  with  respect  to  the  spherical  locus  of  eT. 

Again,  (6)  gives,  since  M! '  =  k  I  — =  kjrp 

r=y^2*  (-») 

which  shows  that  the  level  surfaces  of  ffl  are  spheres  round  P' 
as  centre ;  and  the  result  (17)  holds  both  for  the  case  in  which  M 
is  a  uniform  spherical  shell,  and  therefore  M'  a  spherical  shell 
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in  which  the  surface-density,  pV,  varies  inversely  as  the  cube  of 

the  distance  from  0,  and  for  the  case  in  which  if  is  a  solid 

uniform  sphere,  and  therefore  M '  a  solid  sphere  in  which  the 

density  varies  inversely  as  the  fifth  power  of  the  distance  from  0. 

In  this  method  of  transformation  we  may  notice  that  the  mass 

of  the  derived  distribution,  M\  is  proportional  to  the  Potential  of 

the  given  mass  at   the  origin  of  inversion.     (It  is  equal  to  this 

k 
Potential  multiplied  by  -•) 

335.]  Continuity  of  the  Potential.  The  gravitation  Potential 
of  any  attracting  solid  mass  varies  in  a  continuous  manner  from 
point  to  point  in  space,  whether  the  points  chosen  be  inside  any 
portion  of  the  mass  or  outside  it. 

For,  if  r  be  the  distance  of  any  element  of  mass,  dm,  of  the 
attracting  body  from  P,  the  point  at  which  the  Potential  is 

required,  V  =  y  i Let  P  be  taken  as  origin,  and  let  the 

position  of  the  element  dm  be  defined  by  the  radius  vector,  r,  and 
two  angles,  0  and  <f>,  and  let  0  be  the  density  of  the  element. 
Then  dm  =  pr* sin0  drdOdfa  and 

F  =  yfffpr  ain0  drdOd<f>. 

This  form  of  V  shows  that  even  if  r  is  zero,  i.e.  if  P  is  inside 
the  mass,  the  value  of  the  Potential  is  finite,  no  infinite  term 
being  introduced  by  the  infinitely  close  proximity  of  P  to  some 
of  the  (infinitely  small)  elements  of  mass. 

Hence  the  Potential  varies  continuously  throughout  space,  and 
diminishes  from  the  vicinity  of  the  attracting  mass  towards  the 
space  very  remote  from  it  in  all  directions. 

The  field  of  attraction  of  any  matter,  according  to  the 
Newtonian  law,  may  therefore  be  compared  with  a  country  con- 
sisting of  hills  and  valleys  which  vary  gradually,  even  though 
they  may  rise  or  fall  rapidly  in  certain  places, — precipices  and 
chasms  being  wholly  absent ;  and  in  the  field  of  attraction  the 
Potential  at  each  point  is  the  gravitation  level  of  the  point,  and  is 
the  analogue  of  the  height  above  the  sea  (or  other  arbitrary)  level 
in  the  other. 

336.]  Continuity  of  the  First  Differential  Coefficients  of 
Potential.  In  a  field  of  attraction  in  which  every  attracting 
element  is  one  of  finite  volume-density,  there  is  likewise  a  complete 
continuity  of  the  first  differential  coefficients  of  V  from  points 
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within  to  points  without  the  attracting  masses.  For  these  first 
differential  coefficients,  -=-  >  -j-  y  -r- 1  are  simply  the  components 
of  force-intensity ;  and  if  in  (3),  (4),  (5)  of  Art.  325,  we  pnt 
(j)(r)  =  -g :  the  elements  under  the  sign  of  integration  never  at 

any  point  contain  r  in  the  denominator,  and  are  therefore  never 
infinite,  even  when  r  =  0,  i.e.  when  P  is  inside  the  mass. 
Evidently  the  case  would  be  different  for  a  law  of  attraction 
according  to  a  power  higher  than  that  of  the  inverse  square. 

And  the  case  is  different  again,  even  for  the  Newtonian  law, 
when  the  attracting  matter  forms  an  infinitely  thin  shell  with 
(necessarily)  infinitely  great  volume-density.  In  this  case  the 
force  components  in  some  directions  vary  abruptly  for  a  small 
change  of  position  of  the  attracted  particle  P,  although  in  other 
directions  they  vary  continuously.  Of  this  more  hereafter ;  but 
the  fact  is  already  sufficiently  clear  in  the  case  (Art.  322)  of  the 
normal  component  of  a  thin  shell. 

337.]  Discontinuity  of  its  Second  Differential  Coefficients. 

Since  F  =  y  /  —  ,  we  have  -y-j  =  y  j  ,  2  dm,  the  co-or- 
dinates of  the  point,  P,  at  which  the  Potential  is  V,  being  x,  y,  z. 

Now  if  {rf,jfy  /)  are  the  co-ordinates  of  dm,  and  {x,y,  z)  those 
of  P,  we  have        a2r  _  1      (x-aff 
dx*~~r  W ' 

,    .  1  dW      r(2  ,dr^      1  cPr)  , 

and8mCe  yl?=jk&  -+?+]** 

SM-*  kv-SPSPS1*         (2) 

y-d**=J\-^ T*\dm'  (3) 

If  in  these  expressions  we  substitute  for  a— of,  y—y',  s— /, 
and  dm,  as  in  last  Article,  we  have 

I  ^  -  f(3sin20cos2tf>- 1)  ^sm0drded<t> ; 
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hence,  when  r  =  0,  i.e.  when  J  is  inside  the  attracting  mass, 

the  expression  under  the  integral  sign  becomes  infinite,  and  the 

cPV  . 

value  of  -t-j  ceases  to  be  continuous  from  points  inside  to  points 

outside  the  mass. 

dV         cPV 
Fig.  284  represents  the  values  of  V,  — — ,  and  -=-r-,  when  the  attract- 

dx  oar 

ing  solid  is  that  contained  between  two  concentric  spherical  surfaces 

whose  radii  are  Oa'  and  Oa,  and  the 

A     B  point  P  occupies  positions  along  a 

]XC  fixed  diameter,  Ox,  varying  from  0  to 

X^  infinity.     The  distance  of  P  from  0  is 

p      ""-•» d  here  denoted  by  xt  and  the  values  of 

^  ^  ^\..  y  are  given  by  the  ordinates  (dis- 

"^----g — x       tances  from  Ox)  of  the  continuous 


^W' 


curve  ABCD,  of  which  the  portion 
AB  is  a  right  line  corresponding  to 
*  the    constant    potential    within   the 

inner  surface. 

The  values  of  -r-  are  given  by  the 

ordinates  of  the  continuous  curve  Oafbc,  of  which  Oa  corresponds  to 
the  constant  zero  value  within  the  inner  surface. 

d2V 
The  values  of  — -r-  are  given  by  the  ordinates  of  the  discontinuous 

oar 

curve  Oa'rvmpq. 

From  Ex.  5,  p.  299,  when  P  is  completely  outside  the  mass,  we 

have  jj-i  =     V        j^"a     9  and  when  P  is  inside  the  shell  between 
the  two  surfaces,        d*V 4iry/> .       2a". 

By  putting  D  =  a  in  the  first  of  these  values  we  have  the  value,  ap,  of 

d%V 

-jrkl  when  P  comes  to  the  outer  surface  from  the  outside ;  and  putting 

dD       .  .  &V     , 

D  =  a  in  the  second  we  have  the  (negative)  value,  am,  of  -™-  when 

P  comes  to  this  surface  from  the  inside. 

The  above  figure  is  copied  from  Thomson  and  Tait's  Nat.  Phil. 

838.]  Lines  and  Tubes  of  Force.  If  at  any  point,  /,  in  the 
field  of  attraction  an  elementary  length  is  drawn  in  the  direction 
of  the  resultant  attraction  at  P,  and  if  this  is  prolonged  at  each 
point  P',  /",...  so  as  to  be  in  the  direction  of  the  resultant 
attraction  at  all  points,  P',P", ...  along  it,  we  obtain  a  con- 
tinuous curve  which  is  called  a  line  of  force.    A  line  of  force, 


339-]   SURFACE-INTEGRAL  FOR  A  TUBE  OF  FORCE.    317 

then,  is  a  curve  such  that  its  tangent  at  every  point  coincides 
with  the  direction  of  resultant  attraction  at  that  point. 

If  the  field  is  mapped  out  by  a  series  of  equipotential  surfaces 
(Art.  328),  every  line  of  force  will  cut  every  equipotential  surface 
which  it  meets  at  right  angles,  since  (Art.  328)  at  every  point 
on  such  a  surface  the  resultant  force  acts  in  the  normal  to  the 
surface. 

Let  P  be  any  point  in  the  field ;  at  P  describe  any  very  small 
closed  curve  whatsoever ;  through  each  point  on  this  curve  draw 
the  line  of  force  and  prolong  it  indefinitely.  We  thus  get  what 
is  called  a  tube  of  force. 

These  terms  are  due  to  Faraday. 

339.]  Surface-integral  for  a  Tube  of  Force.  Let  PAQB 
represent  any  portion  of  a  tube  of  force,  P  and  Q  being  elements 
of  two  level  surfaces  intercepted  by  the  tube.  Then 
the  attraction  on  a  unit  mass  at  P  is  normal  to  the 
section  P,  and  the  attraction  on  a  unit  mass  at  Q  is 
normal  to  the  section  Q9  while  at  every  point,  A  or 
2?,  on  every  portion  of  the  lateral  surface  of  the  tube 
the  attraction  is  wholly  tangential  to  the  surface. 

Let  F  be  the  force  at  P,  F  that  at  Q,  and  a>  and  a/ 
the  areas  of  the  sections  P  and  Q.     Then,  supposing 
that  the  tube  contains  none  of  the  attracting  matter,  equation 
(2)  of  Art.  324  gives         ?*-&<»'=  o,  (1) 

since  the  only  portions  of  the  closed  surface  PJQB  which  con- 
tribute elements  to  the  surface-integral  of  normal  attraction  are 
the  sections  P  and  Q. 

Hence,  at  all  point*  in  empty  space  on  a  given  line  of  force  the 
resultant  attraction-intensities  are  inversely  proportional  to  the  normal 
sections  of  the  same  tube  of  force  at  these  points. 

This  simple  theorem  gives  the  law  of  attraction  very  readily 
in  certain  cases.  For  example,  let  the  attracting  body  be  a 
sphere  whose  density  is  the  same  at  the  same  distance  from  its 
centre.  Then  the  lines  of  force  are  obviously  right  lines  drawn 
from  its  centre ;  the  tubes  are  therefore  cones  whose  vertices  are 
the  centre,  and  since  the  normal  sections  of  these  cones  are 
directly  as  the  squares  of  their  distances  from  the  centre,  the 
attraction  of  the  sphere  at  any  external  point  is  inversely 
proportional  to  the  square  of  its  distances  from  the  centre. 
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Again,  let  the  attracting  body  be  an  infinite  cylinder  whose 
density  is  the  same  at  the  same  distance  from  its  axis.  Here 
the  lines  of  force  are  right  lines  emanating  from  the  axis  per- 
pendicularly, the  tubes  become  wedges,  and  the  areas  of  their 
normal  sections  are  directly  proportional  to  their  distances  from 
the  axis ;  hence  the  attraction  of  an  infinite  cylinder  at  an 
external  point  is  inversely  proportional  to  its  distance  from  the 
axis. 

Finally,  for  an  infinite  attracting  plate,  the  tubes  are  cylinders 
and  the  attraction  is  constant  at  all  points  in  empty  space. 

If  the  tube  of  force  contain  within  it  a  quantity  of  the 
attracting  matter  whose  mass  is  dq,  we  have  by  (2)  of  Art.  324 

F<a-l?m'=4*y*i'  (2) 

This  equation  can  in  like  manner  be  employed  to  find  the  re- 
sultant force  inside  a  sphere,  a  cylinder,  or  a  plate. 

In  the  case  of  a  sphere  of  uniform  density,  let  the  tube  be 
contained  between  the  spheres  of  radii  r  and  r  +  dr.  Then 
dq  =  putdr,  p  being  the  density  at  the  attracted  point,  and  (2) 
becomes  d(Fa)  =  4irypudr, 

or  -  d(Fr*)  =  litypr*dr, 

since  o>  is  proportional  to  r2.     Integrating  this  last  equation, 

J^  =  ?irypr8  +  C. 

Now  F  is  evidently  zero  at  the  centre,  therefore  C  =  0,  and 

4 
F=-irypr. 

For  a  point  inside  an  infinite  cylinder  at  a  distance  r  from  the 
axis  we  have,  since  o>  is  ultimately  a  rectangle  of  breadth  pro- 
portional to  r,  d  (Frj  =4nyprdr, 

•".     F=  2irypr. 
In  general,  if  the  tube  is  terminated  by  two  level  surfaces 
whose  distance  measured  along  the  lines  of  force  forming  the 
tube  is  ds,  we  have  dq  =  puds,  and  (2)  gives  for  the  determina- 
tion of  F  d(F»)  =  **yp*d9. 

340.]  Unit  Tube  of  Force.  If  at  any  point  P  we  draw  a 
tube  of  force  such  that  the  product  of  the  force-intensity  and  the 
area  of  the  normal  section  is  unity,  the  tube  is  called  a  unit  tube. 
Thus,  in  C.  G.  S.  measures,  if  the  product  of  the  force-intensity, 
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expressed  in  dynes  per  gramme  mass,  and  the  area  of  the  normal 
section,  expressed  in  square  centimetres,  is  numerically  unity,  the 
tube  is  a  unit  tube. 


Section  IIL 
The  Attraction  of  Ellipsoid*.     [Method  of  Chasles.] 

341.]  Shell  bounded  by  Similar  Surfaces.  Let  v/jf  and  rqp 
be  two  concentric,  similar,  and  similarly  situated  surfaces  whose 
normal     distance     from 

each    other    is    at    all  — ~&' 

points  very  small.     Sup-  *    ^::££ 

pose  the  space  between  ^ = 7£^  Xn 

these  surfaces  to  be  filled       ^^^^\„..v^r:^~.-.~-.i^..  £ 
by  attracting  matter  of    f        /'?""      ^s^o*^^ 
uniform  density,  and  let    V        *0ve^-*^^c  J) 

0  be  an  attracted  particle 
in  the  interior  of  the 
shell.    With  0  as  vertex  FiS- a86- 

let  any  slender  cone  be 

described,  intercepting  on  the  shell  two  frustums  whose  thick- 
nesses measured  along  the  generator  pr  of  the  cone  are  pp'  and 
r/.  Then,  since  by  the  property  of  similar,  similarly  situated, 
and  concentric  surfaces  of  the  second  degree,  the  intercepts  pp' 
and  r/  are  equal  whatever  be  the  direction  of  the  line  pr,  we 
see  by  Art.  318  that  the  attractions  of  these  frustums  on  0  are 
equal  and  opposite.  Hence  the  corresponding  frustums  of  all 
such  cones  exert  equal  and  opposite  attractions  on  0;  and  the 
resultant  attraction  of  the  shell  on  any  internal  particle  is  there- 
fore zero. 

Hence,  if  the  law  of  attraction  is  that  of  nature,  every  shell  of 
uniform  density  and  small  thickness,  bounded  by  similar,  similarly 
situated,  and  concentric  ellipsoidal  surfaces  produces  a  constant 
Potential  at  all  points  in  its  interior,  and  exerts,  therefore,  at  these 
points  no  attraction. 

The  same  is  true  for  a  solid  of  uniform  density  and  any  thick- 
ness bounded  by  two  similar,  similarly  situated,  and  concentric 
ellipsoidal  surfaces,  since  the  thicknesses  of  the  frustums  inter- 
cepted between  its  bounding  surfaces  will  still  be  equal. 
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842.]  Corresponding  Points  on  Confooal  Ellipsoids.     Let 

rpq  and  PQ  (Fig.  286)  be  two  confocal  ellipsoids,  let  the  axes 
of  the  first  be  a,  /3',  /,  and  those  of  the  second  a,  0,  y,  let  the 
co-ordinates  of  a  point  p  on  the  first  be  x\  jf,  /,  and  those  of 
a  point  P  on  the  second  to,  y,  z.     Then,  if 

«-?'    j~r    y~7' 

the  points  P  and  p  are  called  corresponding  points  on  the  ellip- 
soids. Also,  let  Q  and  q  be  two  other  corresponding  points. 
Then  it  is  very  easy  to  prove  that  the  distance  Pq  is  equal  to  the 
distance  Qp.    (Salmon's  Geometry  of  Three  Dimensions,  Art.  181.) 

343.]  External  Potential  of  an  Ellipsoidal  Shell.  Let  it  be 
required  to  find  the  Potential  at  an  external  point,  P,  of  a  shell 
bounded  by  the  similar,  similarly  situated,  and  concentric  ellip- 
soids v/p'  and  r qp.  Through  the  point  P  describe  an  ellipsoid, 
PQ,  confocal  with  rqp,  and  describe  also  an  ellipsoid,  msn,  con- 
focal  with  w/p'  and  similar  to  PQ.  This  latter  surface  is 
completely  determinate,  since  its  axes  must  be  jxa,  jm/3,  py,  and 
since  m2  (a2-/32)  must  be  equal  to  /^(a'2-/^2),  where  ii'a'^'p, 
fiy  are  the  (given)  axes  of  the  ellipsoid  v/p' ;  or  p  =  //,  since 
a2-j82  =  a'2-/3'2. 

Now  at  q  draw  the  normal  distance,  tin',  which  separates  the 
surfaces  rqp  and  vr'p',  and  about  q  describe  on  the  ellipsoid  rqp 
any  small  closed  curve  whose  area  is  dS.  Round  Q,  on  the 
surface  QP  describe  the  small  closed  curve,  of  area  dS,  which 
consists  of  points  corresponding  to  those  forming  (Iff;  and  let 
dn  be  the  normal  distance  between  the  surfaces  QP  and  msn. 
We  shall  now  prove  that  the  elements  of  volume  dn .  dS  and 
dn'.dS,  which  we  may  denote  by  d<*>  and  da/,  respectively,  are 
connected  by  the  equation 

d&  do/ 

^"^'  (l) 

Let  x',  if,  z'  be  the  co-ordinates  of  q  with  reference  to  the 
principal  axes  of  the  ellipsoids,  and  let  da/dtf  be  the  projection  of 
dS'  on  the  plane  xy.    Then,  since  the  cosine  of  the  angle  between 

the  normal  at  q  and  the  axis  of  z  is  ^—^,  where  jf  is  the  perpen- 
dicular from  C  on  the  tangent  plane  at  q,  we  have 

dsr=  £,<Md/. 

pz 
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Now  since  the  surfaces  rqp  and  v'r'p'  are  similar,  we  have 
dn'      , 

/.    &*'.dV={l-v)^Mfy.  (2) 


,2 


Similarly  dn .  dS  =  (1  -  /a)  ^  dxdy,  (3) 

z 

where  a?,  y,  z  are  the  co-ordinates  of  Q.    But  since 

dx  __  dof     dy  _  dy' 

these  equations  give  (l)  at  once  by  division.     Moreover  the 
Potential  at  P  due  to  the  element  of  mass  pdv  at  q  is  proportional 

to  ^-~— ,  while  the  Potential  at  p  due  to  the  element  pdt*  at  Q  is 

*  d<* 

proportional  to  ^—  ;  and  since  Pq  =  Qp% 

Potential  at  P  due  to  element  of  mass  at  q       _&<»' 
Potential  at  p  due  to  corresponding  element  at  Q       da> 

_  a'flV  _  mass  of  shell  rqp 
~~  afly  ~  mass  of  shell  PQ- 
Now  the  shell  rqp  can  be  broken  up  into  elements  of  mass 
formed  as  do/has  been  formed,  and  the  corresponding  elements, 
da>,  will  completely  exhaust  the  shell  PQ  ;  hence,  taking  all  the 
elements  of  the  inner  shell,  and  all  the  corresponding  elements 
of  the  outer,  and  thus  exhausting  both  shells,  we  see  that 

the  Potential  of  the  inner  shell  at  P      mass  of  inner  shell 

-  —  —  • 

the  Potential  of  the  outer  shell  at  p       mass  of  outer  shell 
Now  since  these  shells  are  bounded  each  by  similar  surfaces,  the 
Potential  of  the  outer  shell  is  constant  at  all  internal  points,  and 
(in  virtue  of  the  continuity  of  the  Potential)  this  Potential  is  the 
same  as  the  Potential  of  the  outer  shell  at  P. 

Hence  the  Potential  of  an  ellipsoidal  shell  bounded  by  similar 
surfaces  is  constant  at  all  points  on  the  surface  of  any  ellipsoid 
confocal  with  the  surface  of  the  shell — that  is,  the  level  surfaces 
of  an  ellipsoidal  shell  are  confocal  ellipsoids,  and  its  attraction  at 
any  point  is  therefore  normal  to  the  confocal  ellipsoid  through 
the  point. 

Let  V  and  V  be  the  Potentials  of  the  shells  PQ  and  rqp  at 

P>  then  ™     a'flV  „ 

r=^?-2-r.  (4) 

VOL.  II.  I 
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We  shall  show  in  the  next  section  (example  4)  that  these 
shells  produce  at  all  points  outside  both  Potentials  which  are 
proportional  simply  to  the  masses  of  the  shells,  i.e.,  related  as  in 
(4);  so  that  at  all  such  points  their  attraction-intensities  also 
bear  this  relation  to  each  other.  Hence  at  any  point  outside 
both  shells — even  though  it  is  just  on  the  outer  surface  of  PQ — 
we  have  dT_  _  q'flV  tfP 

dx   ~~  o/3y  *  dx  '  *  ' 

For  this  reason  the  calculation  of  the  attraction  of  an  ellipsoidal 
shell  at  an  external  point  is  reduced  to  that  of  a  shell  at  a  point 
on  its  surface. 

844.]  Attraction  of  an  Ellipsoid  at  an  External  Point. 
Let  ABB  (Fig  286)  be  a  solid  homogeneous  ellipsoid,  and  let  it 
be  required  to  find  its  attraction  on  a  unit  mass  condensed  at  P. 
Break  the  ellipsoid  up  into  an  infinite  number  of  thin  shells 
bounded  by  ellipsoids  similar  to  each  other  and  to  the  surface 
ABB ;  let  one  of  these  shells  be  that  between  the  surfaces  v/jf 
and  rqp.  Denote  this  shell  by  («) ;  and  describe  the  ellipsoids 
PQ  and  mm,  similar  to  each  other  and  confocal  with  the  surfaces 
of  (*),  as  in  the  preceding  Articles.     Denote  this  shell  by  (<r). 

Let  the  axes  of  ABB  be  a,  b,  c ;  let  those  of  rqp  he  ka,  kb,  kc9 
and  let  those  of  v/p'  be  (A + dk)  a,  (k  +  dk)  S,  (k  +  dk)  c.  Also,  let 
the  axes  of  the  ellipsoid  PQ  be  kVa?  +  k\  Av^TX«,  Av^+A2"; 
then,  by  Art.  343,  those  of  mm  will  be  (k  +  dk)  </a2  +  A2,  (k  +  dk) 
V^H?,  (A  +  rfy^VV+A2.  Now  (Art.  322),  the  attraction  of 
the  shell  (<r)  on  a  unit  mass  at  P  is 

47ryp.P»*, 
where  Pn  is  the  normal  thickness  of  the  shell  at  P.    This  at- 
traction acts  in  the  direction  of  the  normal  P»,  whose  direction 
cosines  are        px  py  pz 

#(a2  +  A2)'   A2(d2  +  A2)'   AV  +  A2)' 
p  being  the  length  of  the  perpendicular  from  C9  the  centre  of 
the  ellipsoid  on  the  tangent  plane  at  P,  and  x,  y,  z  the  co- 
ordinates of  P.     Hence  the  attraction  of  (<t)  on  P  parallel  to  the 
axis  of  x,  in  the  positive  direction,  is 

-  &$?+**)  () 

*  The  curious  compensation  of  errors  involved  in  the  usual  proof  of  this  is  well 
noticed  by  Collignon  {Dynamique,  p.  403). 
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Draw  the  line  CP  meeting  the  inner  surface  of  (a)  in  s, 

Tbm  ^=cpJthereforeP«=J?;.^.     But  ^  »  ^  rf pQ 

=  -^— ;  therefore  ^  =  -y ,  and  Pa  =  —  ^  • 

Substituting  this  value  in  (1),  we  find  the  attraction  of  (<r) 
parallel  to  the  axis  of  a?  to  be 

iirypjoPxdk 
*3(a2  +  A2)  ' 

Multiplying  this  by  the  ratio  of  the  mass  of  (*)  to  that  of  (<r), 
we  have  the  component  of  the  attraction  of  (*).  Denoting  this 
latter  by  dX9  we  have 

dX  = 4»yp«fej*fl  (2) 

Now,  by  the  equation  of  the  surface  PQ, 

a*  f  z*     _ 

^\2  +  J2  +  A2  +  c2  +  A2 

Differentiating  this,  regarding  k  and  A  as  variables,  we  have 

by  the  well-known  value  of  the  perpendicular  from  the  centre 
on  the  tangent  plane  of  an  ellipsoid. 

Substituting  this  value  of  dk  in  (2),  we  have 

,r  4-nypabcx\d\ 

=  ~(a2  +  A2)V(*a  +  **)(*2+^,' 
To  find  the  limits  of  A,  we  observe  that  when  the  shell  (*)  is 
taken  at  the  centre,  k  =  0  ;  but  the  axes  of  (<r)  must  be  finite  ; 
and  as  they  are  kVa2  +  \2,  &c.,  the  value  of  A  corresponding  to 
a  vanishing  shell  at  the  centre  is  oo.  Again,  if  k  =  1,  or  (*)  is 
a  shell  at  the  surface  ABB,  we  have  a2  +  A2  =  afy  where  a^  is 
the  semi-axis  of  the  ellipsoid  confocal  with  ABB,  and  passing 
through  P.  Denote  this  value  of  A  by  Ar  Then,  if  IT  be  the 
mass  of  the  solid  ellipsoid  ABJDf  we  have 

J  =  3y3f«P  ,  Xdk  ;  (3) 

T4 
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and  in  the  same  way  for  the  other  components,  Fand  Z, 

~3y    V-   ^♦A^H-A2)^*2**2)' 

Z—ZyMzi     — =====  . 
y      J.    •(fl«  +  A«)(«»  +  X«)(c»  +  A»)» 

If  L  =  /    —  — ,  we  have  evidently 

</«  •(a«  +  A»)(4»  +  A»X^  +  ^) 


(4) 


The  expressions  for  J,   F,  #  may  be  put  into  other  forms 
which  are  useful  in  practice,  by  putting 

A  = ' 


Then 


J=- 


3yMx 


T- 


u2du 


-/(i+«*w2)(H-«'«*2)'; 


(«) 


-     —  „  J2  — C8 

where  e2  =  — ^—  ,  and  /*  =?  — j—  ,  the  least  semi-axis  being  <?. 

If  the  attracted  particle  is  on  the  surface  ABB  of  the  attract- 
ing ellipsoid,  the  limits  of  u  are  0  and  1,  since  cx  =  c. 

If  the  attracted  point  is  inside  the  ellipsoid,  let  an  ellipsoid  be 
described  through  it  concentric  with  and  similar  to  the  surface 
ABD,  and  the  portion  between  these  two  surfaces  exerts  no 
attraction  at  the  point  (Art.  320). 

Equations  (5)  show  that  the  components  along  the  principal 
axes  of  the  attraction  of  a  homogeneous  ellipsoid  on  a  particle 
placed  anywhere  on  its  surface  or  inside  its  mass  are  of  the 
forms  ^     By,     Cz,  (6) 

where  A,  B,  C  are  constant  quantities. 

845.]  Potential  of  an  Ellipsoid.  Potential  of  a  homogeneous 
Ellipsoid  at  its  centre.  Let  ABB  (Fig.  286)  be  a  homogeneous 
Ellipsoid  of  density  />,  whose  semi-axes  are  a,  b,  c.  The  polar 
element  of  volume  being  r^BmOdrdOdfa  the  Potential  of  this 
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at  C  is  ypr  sin  6drdQd<p;  and  integrating  this  from  C  to  the 
bounding  surface,  we  get  \ypR2  ainddOd<p>  so  that 
r  _  ,       /•*  T* 8Jn6ddd<p 

a*  +         42         +     c2 

where  T0  is  the  Potential  at  C.    This,  again,  is  the  same  as 
V  —  a-  -I  ~  I  ~  amOd0d<f> 


frJb    JO  SI 


0  ~"     VPA   JQ  sin2  0  cos2 (f>      sin2  6  sin8  <ft      rasFtf 

+  i2         +  ~"?~ 

Integrating  with  respect  to  $,  we  have 

sinOdO 
//sin20       cos20\  /sin20      cos2^ 

Putting  tan  0  =  tf,  we  have 


0         Wy/7o         //8in20      cos20w8in20      cos2^'      (0 


r0=2Trypaic*f9  idt 


V(l+t?)(a*  +  cH*)(b*  +  <*t*) 
or,  finally,  putting  <?t%  =  A2,  we  have  the  symmetrical  form 

F0  =  2irypabc  I  •  (2) 

Jo     ^(a2+A2)(£2  +  A')(c2  +  A2)  V  ' 

Potential  of  Ellipsoid  at  any  internal  point.  Let  p  (Fig.  386) 
be  the  internal  point  the  Potential  at  which  we  desire  to  find. 
Drawing  the  ellipsoid  pqr,  which  is  similar  to  the  bounding 
surface  DBA,  the  values  of  X,  Y,  Z  at  p  are  due  entirely  to 
the  matter  within  pqr.  Hence  if  the  axes  of  pqr  are  ha,  kb,  ic, 
we  are  to  put  Xx  =  0  in  equations  (3),  (4),  p.  323,  and 

M  r=  $-nk?pabc. 
Thus  we  have 

X  =  lirypftabcal       , 
Putting  A2  =  *V, 

Z=  ivypabc.xl  M  **  (3) 

Similarly 

T=  JTtypabc.yf*   ,  M^  ,  (4) 

£  =  iirypabc.*r    .  M^  (5) 
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Denote  these  values  of  X,  T,  Z  by  Ax,  By,  Cz,  the  quantities 
A,  B,  C  being  obviously  the  same  for  all  internal  points.  Then 
if  V  is  the  Potential  of  the  whole  ellipsoid  atj», 

dV=Azdm+ Bydy + Czdz. 
Integrating, 

r=r0+i(Ax*  +  By*  +  Cz»).  .     (6) 

Substituting  the  values  of  V0,  A,  B,  C,  just  found,  we  have 

The  integrals  involved  in  these  several  coefficients  are  easily 
reduced  to  the  ordinary  forms  of  elliptic  integrals.  Thus,  as- 
suming that  the  axes  in  order  of  descending  magnitudes  are 
a,  b,  e,  assume  f  _  jatana4>-c*secV.  (8) 

Denoting  V(a2 + p*)  (b* + M2)(c« + p8)  by/(M),  we  have 
d/x  d<f> 

/(JO  "*  ^'-^-(^-^sinV 

-        1         d* 

in  the  ordinary  notation  of  elliptic  integrals.    Also 

If 


(9) 
(10) 


7T=^  . 

o 

Hence,  denoting  sin-1  <?  by  a>,  we  have 

y      2vy  pabc  ftd<b 

'•"  V*=?Jm   A*'  (U) 

x=(^il  "ant"**'  <12> 

(b*-c*)J7?=?l      a*     **'       (13) 

ivypabc         r»cot«0^ 
(**-<*)  V^C^X       A*      **  <l4> 

The  integral  in  (12)  is  reduced  to  elliptic  integrals  of  the  first 
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and  second  kinds  by  the  formula  (Hymen's  Integral  Calculut, 
P- 219)  r  dip       1  *»sin,fr  oos.fr 

J  A^  =  1F£(*'  *K    *'»A*       * 
while  that  in  (14)  is  reduced  thus : 

/cot2 <l>d<f> rdcot<f>  __  rd<p cot^^j  rd<f> 

#  being  the  complement  of  £,  Le.  iP+if*  as  1. 

Potential  of  an  Ellipsoidal  Shell  at  any  external  point  Let  it  be 
required  to  find  the  Potential  at  P  (Fig.  286)  due  to  the  homo- 
geneous shell  contained  between  pqr  and  j/  /  v.     By  Art.  343, 

this  Potential  =     ,  times  the  Potential 

•(af+Aa)(4*+A«j(«»  +  A«) 

produced  at  C  by  the  shell  PQms ;  and  since  the  axes  of  the 

outer  surface,  PQ,  are  iVat  +  A*,  &c,  it  is  easily  seen  that  this 

latter  Potential  is 

o      ml  f*  f*                    smOdOdi*  f     . 

-typkdkj^   jo    &m,0cO8t<p      S}Q^^ OT  '        (     } 

a2  +  A3      +      ^A2      +c2  +  A2 
But  we  have  shown  that  the  double  integral  in  this  expression 
is  equal  to 

*/(>)/"- »'» (16) 

where  /(A)  =  •/(a»+A8)(42+A2)(c*  +  A1!).     Hence  if  tff  is  the 
Potential  of  the  shell  j>qr  at  P, 

dr=-AityPabe.kdkr^4i\y  (17) 

where  x(m)  i»  ^e  denominator  under  the  integral  in  (16). 

We  may  pot  X2+ft*  =  iP,  so  that  /x  I    =  »     ,  and 

/      vdv 
dV  =  —4irypabc.kd&l      jr~\' 

But  (p.  S»)MI  =  -{^^  +  p£?ji  +  (?^]A^ 

Hence  integrating  from  A  =  ootoA  =  A1,soasto  include  the 
whole  given  ellipsoid, 
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This  is  easily  reduced  to  a  simpler  form  thus.     Let 

Cm  aP  tfl  2* 

[0(oo)-<^(\)]Xi\. 
Now  taking  the  term  in  x  only,  we  have 

r-_XrfA_r  o  #      ♦(ae)-»(X1) 

4  (?T^t*(oo)~*(X)-1"ir+^         2 

./-     ««    XrfX 
Va.    a«  +  XV(A)' 

Adding  the  terms  in  y  and  z,  we  have,  since  2       a  -f ...  =  1, 

*  +«i 

=  Ly^  (1 -?+]?-  *^  -STEP)/®*         <19> 


Examples 

1.  Find  the  attraction  of  a  homogeneous  ellipsoid  of  revolution 
round  the  minor  axis  (oblate  spheroid)  on  a  particle  placed  on  its 
surface. 

Here  a  =  6,  and  e  =  J  in  equations  (5),  p.  324 ;  therefore 

ZyMxp     v>du 
c8   Jo  (1 +«'**)"' 
The  integral  is  most  easily  found  by  putting  eu  =  tan  6.    We  then 


Z=-- 


X=  — r-r-r(tan"Je 


y=-^---TT7>' 


These  expressions  are  of  importance  in  the  theory  of  the  figure  of  the 
Earth. 

2.  A  homogeneous  fluid  mass,  self-attracting  according  to  the  law 
of  nature,  is  acted  upon  at  every  element  by  a  force  proportional  to 
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the  mass  of  the  element  and  its  distance  from  an  axis  passing  through 
the  centre  of  mass  of  the  fluid.  Prove  that  an  ellipsoid  of  revolution 
round  the  axis  is  a  possible  figure  of  equilibrium  of  the  fluid. 

Let  kr  be  the  force  emanating  from  the  axis  on  a  unit  mass  at 
distance  r  from  the  axis.  Take  the  axis  as  axis  of  z,  and  assume  the 
surface  of  the  fluid  to  be  an  ellipsoid  of  revolution  whose  axes  are 

c/l+a",  cVl  +  «9,  c 

Then  the  ^-component  of  force  on  a  unit  mass  on  the  surface  is 
(—A  +  k)xy  where  A  has  the  value  in  example  1.  Hence  if  V  is  the 
potential  at  the  surface 

dV=  (— A+k)xdx+(— A+k)ydy— Czdz, 

which  is  zero,  since  if  the  potential  is  not  constant  over  the  surface  of 
a  fluid,  there  will  be  a  force  in  the  tangent  plane  causing  a  flow  from 
one  point  to  another.  Also  by  differentiating  the  equation  of  the 
surface,  we  have  xdx+ydy 

Hence  we  must  have        —A  +  k  1 


C      ""     l+«» 


Substituting  the  values  of  A  and  C  from  last  example,  and  putting 

M  =  £7^(1  +«")p,  where  p  is  the  density  of  the  fluid,  this  equation 

gives  l-s 

^+3«  =  (3  +  «*)tan-,6. 

Put  *  =  $irp .  q ;  then  we  have 

2qe*  +  9e     ,       , 

which  determines  e,  the  eccentricity,  in  terms  of  q ;  and  e,  the  least 
axis,  is  known  from  M,  the  whole  mass  of  the  fluid. 

There  is  a  major  limit  to  the  value  of  q  in  order  that  equilibrium 
in  the  ellipsoidal  form  may  be  possible ;  but  into  the  discussion  of 
this,  which  is  somewhat  tedious,  we  do  not  enter.  [See  the  Mecanique 
Celeste,  or  Besant's  Hydromechanics.'] 

3.  If  from  a  solid  homogeneous  ellipsoid  there  be  removed  any 
complete  ellipsoid,  find  the  attraction  at  a  point — (a)  inside  the 
remaining  mass,  (b)  inside  the  ellipsoidal  cavity. 

The  attraction  is  to  be  found  by  considering  the  cavity  to  be  filled 
with  matter  of  the  same  density  as  that  of  the  rest,  and  then  sub- 
tracting the  results  due  to  the  matter  which  is  imagined  to  fill  the 
cavity. 

Let  the  axes  of  the  complete  ellipsoid  be  taken  as  those  of  reference, 
and  let  the  axes  of  the  cavity  make  angles  (a,,  ft,  yj,  (a.2,  0t,  y8), 
(as>  P*9  y»)  with  them.  Also  let  the  co-ordinates  of  the  attracted 
particle  with  reference  to  these  axes  be  (oj,  y,  z)  and  (af,  y',  tT), 
respectively,  and  let  the  components  of  attraction  along  these  sets  of 
axes  be  (X,  Y,  Z)  and  (X7,  T,  Z"). 
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^^  X=Axy     Y  =  By,    Z=Czy 

where  A,  B,  G  are  constants;  and 

X'=A'af,     r=BTt/,    #'=CV, 

where  if  the  attracted  particle  is  outside  the  cavity,  A\  ff,  C  are 
variables,  but  if  inside,  constants. 

The  whole  force  parallel  to  the  axis  of  a?  on  a  uuit  particle  is 
obviously  Z-(X/cosol+  Fcosa, +<2/cosas), 

with  similar  expressions  for  the  components  along  the  axes  of  y 
and  z. 

If  the  attracted  particle  is  inside  the  cavity,  the  level  surface 
passing  through  it  is  easily  found.  For,  the  virtual  work  of  the 
attraction  of  the  whole  ellipsoid  isX(£v+  Ydy  +  Zdz,  or  \d(Av?  +  Byt 
+  (7**) ;  and  that  of  the  attraction  of  the  small  ellipsoid  is  X'daf 
+  V d/ + Z'dz\  or  } d (A'x* + JFy"  +  Cz*).  Hence  the  level  surfaces 
inside  the  cavity  are  given  by  the  equation 

Avfi+Bif+Cf-AW-VfF-Cz*  =  const. 

They  are  therefore  quadrics. 

We  could  in  the  same  way  find  the  effect  due  to  an  ellipsoidal  mass 
which  contains  in  its  interior  another  ellipsoidal  mass  (or  nucleus)  of 
density  different  from  that  of  the  remainder.  If  p  and  //  are  the 
densities  of  the  two  portions  (//>/>)»  imagine  the  whole  to  consist  of 
a  homogeneous  mass  of  density  p,  and  add  the  effect  due  to  the 
nucleus,  supposed  of  density  //—/>. 

4.  Prove  that  an  oblate  spheroid  of  uniform  density  cannot  have 
its  own  surface  for  one  of  its  level  surfaces. 

[The  condition  that  its  own  surface  should  be  a  level  surface  is 

36 

tan"1*  =  - — 5,  which  cannot  be  satisfied  by  any  value  of  e,  except 

3  T  6 

zero.] 

5.  Prove  that  a  prolate  spheroid  of  uniform  density  cannot  have  its 
own  surface  for  a  level  surface. 

[By  putting  e  =  k</  —  1  in  the  last  result,  the  required  condition 
becomes  x+k       3j. 

which  gives  by  expansion 

1        9p 
(3-^(l  +  J*«+i**+...)  =  3,    or    J-5+^L  +  ...  =  0) 

which  is,  of  course,  quite  impossible.] 

6.  Prove  that  in  the  spheroid  considered  in  example  2  the  re- 
sultant attraction  at  any  point  on  the  surface  is  proportional  to  the 
length  of  the  normal  between  that  point  and  the  axis  of  revolution. 

7.  Express  gravity  on  the  surface  of  such  a  spheroid  in  terms  of 
the  latitude. 
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[The  latitude  of  a  point  on  the  surface  is  the  angle  made  with  the 
plane  of  the  equator  by  the  normal  at  the  point. 

If  E  denotes  the  value  of  gravity  at  the  equator,  G  the  value  in 
latitude  A,  and  e  the  eccentrioity  of  the  generating  ellipse, 

so  that  if  €  is  small,  the  increase  of  gravity  at  any  point  above  the 
equatorial  value  is  proportional  to  sin1  (latitude).] 

8.  The  components  of  attraction  of  a  homogeneous  ellipsoid  at  an 
internal  point  (»,  y,  z)  being  Ax,  By,  Cz  (as  in  p.  324),  prove  that 

4+£+C=  —  4vyp9 
where  p  is  the  density  at  the  point. 

9.  From  a  continuous  mass,  M,  a  portion  M'  is  removed  and 
reduced  to  a  state  of  infinite  diffusion;    show  that  the  work  thus 

done  is  fVdm'-\/rdm', 

the  integrals  being  extended  throughout  the  volume  of  Mr  {while 
it  forms  part  of  M)>  V  being  the  Potential  at  any  point  of  M'  due  to 
the  complete  mass,  V  the  Potential  due  to  if  alone,  and  dm'  an 
element  of  M'% 

10.  A  homogeneous  ellipsoid  of  density  p  and  semi-axes  a,  6,  c, 
contains  a  concentric  spherical  cavity  of  radius  r ;  prove  that  the 
work  done  in  filling  the  cavity  with  homogeneous  matter  of  density 
p,  brought  from  a  state  of  diffusion,  is 


n"''"'J,*r®-)1' 


where  /(A)  =  vV + *?)  (b\+  **)  («"  +  **)>  and  verify  this  result  for 
the  case  in  which  the  ellipsoid  is  a  sphere  (example  23,  p.  310). 
(Use  the  value  of  V  in  (6),  p.  326,  and  observe  that 
4  +  £+C=—  4wyp, 
and  also  that    JWdm'  =f%fdm'  ^zf&dm'  =  ^yirpr0.) 

11.  If  the  external  level  surfaces  of  any  attracting  system  are 
confocal  ellipsoids  defined  by  the  parameter  A  in  the  equation 

x*  v*  z* 

a'+A+y+A-lV+A      h 

shew  that  the  potential  is  given  by  the  equation 

dk 
V 


-xk 


V(a«  +  A)(6»+A)(c»  +  A)' 
where  M  is  the  mass  of  the  attracting  system. 

(Transform  the  equation  V2  V  =  0,  which  holds  for  all  points 
outside  the  mass,  into  a  differential  equation  in  which  A  is  the 
independent  variable.     Thus 
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But  if  p  is  the  central  perpendicular  on  the  tangent  plane  to  the 
ellipsoid  at  any  point,  we  easily  find  by  differentiating  the  equation 
connecting  A  with  x,  y,  z,  that 

dx      a'+A'  W^  p' 

while      VX  =  2y(^i:i+^I+7ix).     Therefore,  to.) 


Section  IV. — Green9 9  Equation  and  Spherical  Harmonies. 

846.]  Green's  Equation.     Let  U  and  V  be  any  finite  and 
continuous  functions  of  the  co-ordinates  of  a  point  in  space,  and 

let  Va  stand,  as  usual,  for  the  operation  j-^  +  -j-\  +  TV 

Take  any  closed  surface  (Fig.  287,  or 
Fig.  374,  p.  238);  let  d£l  represent  an  ele- 
ment of  volume  of  the  space  inside  this 
surface,  and  let  dS  represent  any  element 
of  area  of  the  surface.  Then  we  shall  have 
Fig.  267!  the  following  equation,  which  is  due  to 

Green: 

/VIM**,*     rTTdjrjo    rrfUdr   duar    dUdr..^,. 

dn  in  this  equation  being  an  element  of  the  normal  to  the  sur- 
face drawn  outwards,  as  in  Art.  329. 

For,  d£l  =  dxdydz,  so  that  the  left-hand  side  is 
\T,d*F      d*V      dW.J    .    . 

dW  .       r    €PF 

Consider  the  term  U  j-^  separately.    Taking  /  U  -t-j-  dx,  and 

integrating  between  the  extreme  values  of  w,  considering  y  and  z 
both  constant — i.e.  in  the  figure,  performing  a  summation  along 
the  line  px  p2  parallel  to  the  axis  of  a?— we  get 

in  which  the  suffixes  denote  the  values  of  the  quantities  in 
brackets  at  the  extreme  points  p%  and  px  of  the  integration. 
Fig.  287  represents  the  line  p2  pt  as  meeting  the  given  closed 


iff1 
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surface  in  only  two  points,  but  our  result  holds  whatever  be 
the  number  of  these  points — observing  that  it  must  be  an  even 
number,  since  the  surface  is  closed.  Fig.  374,  p.  238,  will  repre- 
sent the  more  general  case  if  we  imagine  the  line  OQ  to  be 
parallel  to  the  axis  of  x ;  and  with  this  figure  the  terms  outside 
the  sign  of  integration  in  (l)  would  be 

<*£).- (■'tV*  ("£).- <"&.-     (2> 

The  integration  along  px  p2  is  performed  in  reality  along  a 
very  slender  parallelopiped  whose  transverse  section  is  dy  dz,  and 
not  along  a  line.  Multiplying  the  different  terms  of  (1)  by 
dydzy  we  have  the  right-hand  side  equal  to 

(*£),+*-  (*£),♦*-**/££*    « 

Now  if  dS2  is  the  element  of  surface  cut  off  by  the  parallelo- 
piped at  p2  and  if  A2  is  the  angle  (represented  by  the  dotted 
line)  made  with  the  axis  of  x  by  the  outward-drawn  normal 
at  p%,  we  have  dyiz  _  cosXa .  d8% .  (4) 

and  if  dSx  is  the  element  of  area  cut  off  at  j>lt  while  Xt  is  the 
direction  angle  of  the  outward-drawn  normal  at  plf  measured 
in  the  same  sense  as  atp2>  we  have 

dydz  =  — cos  Aj .  dSx ;  (5) 

with  exactly  like  results  in  the  general  figure,  Fig.  374,  p.  238, 
the  cosines  being  negative  at  the  points  Plt  Pz,  and  positive 
at  ij,  ij.     Hence  (3)  becomes 

and  hence 

A  denoting  the  angle  made  by  the  normal  at  any  point  with  the 
axis  of  a?. 

In  the  same  way,  if  /u  and  v  are  the  angles  made  by  the 
normal  with  the  axes  of  y  and  z,  we  have 
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Adding  (7),  (8),  and  (9)  together,  we  obtain  the  equation  (a). 
Writing  down  the  value  of  fFV*Ud£l,  and  subtracting  the 
result  from  (a),  we  obtain 

/(uvr-rv*v)sa=f(v%-r%)d&       (0) 

If  U  is  taken  identical  with  Ty  we  have  the  result 

Green's  Equation  is  probably  the  most  remarkable  and  power- 
ful analytical  result  in  the  whole  range  of  Mathematical  Physics. 
It  is  put  by  Sir  W.  Thomson  into  the  following  somewhat 
generalised  form 


/•(■ 


d  *dr 


dx 


d'*-dJ  t  d-+-dT 

dz 


dy 


JdQ. 


^fu^dB^f^U^+U^+U^dO,  (») 


.  where  <f>  is  any  function  whatever  and 


dF 
dx' 


&c. 


This  is  at  once  deducible  as  before. 

Green's  equation  holds  also  for  the  space  included  between 

any  closed  surface  8  (Fig.  288) 
and  any  closed  surfaces,  lflf 
M2>  included  by  8,  In  this 
case  the  boundary  of  the  space 
considered  is  not  continuous — 
that  is,  starting  from  any  one 
point,  Pt,  on  the  boundary,  it 
is  not  possible  to  reach  every 
other  point  (such  as  PA)  on  the 


Fig.  288. 


boundary  by  travelling  merely  over  the  boundary  itself. 

The  figure  represents  a  line  iJ2B...iJ  parallel  to  the  axis  of 

U-j-&  dx  is  performed,  and  the 

lines  ijfrj,  PajK2»  ^8*3)  ••• ale  ^e  elements  of  the  normals  drawn 
outwards  from  the  space  considered,  i.e.  the  space  included 
between  the  contours  of  S,  MXi  and  M2. 
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The  functions  U  and  V  may  be  any  whatever—subject  to  the 
conditions  of  being  finite,  continuous,  and  (as  we  shall  assume 
for  the  present)  single-valued. 

Take  U=  C=  any  constant,  for  example,  and  the  equation 
(a)  becomes  p  -r 

j\*rda=f^ds.  (10) 

If  V  is  the  Potential  due  to  any  attracting  matter, 

V8F=-4vpy 

(p.  280),  and  we  have  at  once  the  equation 

-t-nyMt^/NdS,  (11) 

as  in  p.  264  ;  and  if  the  surface  8  has  all  the  attracting  matter 
outside  it,  we  have  in  the  same  way  /NdS  =  0  (p.  264) ;  for  in 
Fig.  288  let  the  contour  of  M2  represent  any  closed  surface, 
let  M1  represent  any  attracting  matter  outside  this  surface,  and 
let  8  be  any  surface  completely  surrounding  both.  Applying 
Green's  equation  (10)  to  the  space  included  between  the  surfaces 
8  and  M2  and  the  contours  of  these  surfaces,  we  have 

^TyJft  =SNd8+fN'd&, 

where  N  and  dS  refer  to  the  surface  8,  and  N'  and  d&  to  the 
surface  of  M2.  But,  ignoring  the  surface  of  M2  altogether, 
(11)  gives 

Hence  /AW=  0. 

The  quantity  —  V2Tis  called  by  Clerk  Maxwell  the  concentra- 
tion, of  V.  Hence  (10)  asserts  that  if  a  function  has  no  concen- 
tration at  any  point  inside  a  closed  surface,  the  surface-integral 
of  the  normal  variation  of  this  function  over  the  surface  is  zero. 

As  another  example,  take  U '  =  V>  and  let  V  be  the  Potential 
due  to  any  attracting  matter.    Then  the  equation  becomes 

*ityfrdm=-fr^ds+fii*da,  (*) 

where  R  is  the  resultant  force  intensity  at  any  point  inside  . 
the  closed  surface,  dm  =  /><?&  =  element  of  mass  at  any  point 
inside,  and  y,  as  usual,  the  gravitation  constant.  Now  (Art.  331) 
the  left-hand  side  of  (e)  is  8iry  times  the  Potential  Work  of 
the  attractive  forces  of  the  system,  or,  in  other  words,  8?ry  times 
the  amount  of  work  done  by  these  forces  in  bringing  the  system 
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from  a  state  of  infinite  diffusion  to  its  present  configuration. 

Hence  the  right-hand  side  is  another  expression  for  the  same 

thing.    A  simpler  expression  is  obtained  by  taking  the  closed 

surface  S  of  infinite  size,  i.a  every  point  of  it  at  infinity.     Now 

if  none  of  the  attracting  matter  is  infinitely  distant,  V  =  0  at 

every  point  of  this  infinitely  distant  surface ;   nevertheless  the 

rdV  .    ' 

integral  /  -j-dS  is  finite  and  =— 4iryif,  where  M  is  the 

**  r    dV 

quantity  of  the  given  matter.  Hence  /  P'-r-  dS  over  this  sur- 
face must  be  zero,  and  we  have 

4  iry/Fdm  =  f&dQ,,  (() 

the  integral  on  the  right-hand  side  being  taken  all  through 
the  attracting  matter  and  through  infinite  space  outside  the 
attracting  matter,  and  the  work  required  to  reduce  the  given 
self-attracting  system  to  a  state  of  infinite  diffusion  is 

the  integration  extending  through  all  space  outside  the  matter, 
and  through  the  matter  itself. 

Examples. 

1.  Take  the  case  of  a  homogeneous  solid  sphere  of  radius  a. 
Then  at  any  point  inside  F=  2iryp(a*— £r*),  r  being  the  distance 
of  the  point  from  the  centre.     We  may  take  dm  =  4ir/or*rfr,  and 

we  find  i  fVdm  =  $y  — ,  where  M  =  mass  of  sphere. 
a       yM 
At  any  external  point  R  =  --j- ;  therefore 

At  any  internal  point  i?=—  $  try /or,     .-.     /ff*<fl2  =  |wy2Jf*.-; 

and  the  sum  of  these  two  integrals  divided  by  8  Try  gives  the  same 
value  of  the  Potential  work  as  before.    (See  p.  310.) 

2.  Supposing  that  a  sphere  of  water  is  brought  together  by  mutual 
attractions  of  particles  from  a  state  of  infinite  diffusion,  find  its  radius 
if  the  amount  of  work  done  by  these  forces  is  sufficient  to  raise  its 
temperature  1°C. 

Let  a  centimetres  be  its  radius.    Then  the  number  of  ergs  done  by 

the  forces  is  \yM* .  -,  where  M  =  its  mass  in  grammes  =  £70*. 
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But  1  water-gramme-centigrade  degree  is  equivalent  to  42  x  10* 
ergs  (Joule's  Dynamical  Equivalent  of  heat).  Hence  the  heat,  in 
ergs,  required  to  raise  M  grammes  through  1°  is  42xlO°X^/. 
Therefore  t 

0  a  ' 

and  we  know  that  y  = dynes  (Art.  321) ; 

1543x10*    J        v  ' 

X  108  centimetres 


-  •-»  V2-^ 


integrals  / 


=  16  xlO6  (roughly). 
Now  the  Earth's  radius  =  637  x  10*  cms.;    therefore  the  diameter 

-  .,             .     ,                ,             Earth's  diameter 
ot  the  required  water  sphere  = — ,  roughly. 

3.  If  any  surface,  S,  enclosing  a  given  distribution  of  mass  is  a 
surface  of  zero  potential  for  this  mass,  the  potential  of  the  system  is 
constantly  zero  at  all  points  outside  S. 

Draw  an  infinitely  distant  sphere  enclosing  the  system,  and  apply 
Green's  equation,  taking  U  =  V,  to  the  space  between  this  sphere  and 
the  given  surface  S.  The  volume-integral  fVV2  V.dQ  taken  through 
this  space  is  zero,  since  V2Fis  evervwhere  zero.    Also  the  two  surface- 

V  -7—  dS,  one  taken  over  S  and  the  other  over  the  infinitely 
an 

distant  sphere,  both  vanish — the  former  evidently,  the  latter  because 

Fis  of  the  order  —  while  -r-  is  of  the  order  -^-,  and  dS  is  of  the 

r  an  r 

type  r*dfid<f>,  so  that  the  infinitely  great  value  of  r  reduces  to  zero 

dV 
each  term  V^-dS.     Hence  Green's  equation  reduces  to  fIPdQ.  =  Ot 
an 

where,  as  in  (*),  Art.  346,  R  is  the  resultant  force-intensity  at  any 
point  in  the  space  considered ;  .\  R  =  0  at  each  point,  i.e.  V  is  con- 
stant, and  equal  to  zero  everywhere. 

4.  If  for  each  of  two  different  material  systems,  M  and  i/',  a  cer- 
tain surface,  S,  which  encloses  both,  is  a  surface  of  constant  potential, 
all  the  external  level  surfaces  of  M  are  also  level  surfaces  of  M\ 

For,  let  A  be  the  constant  value  of  the  potential  of  M  on  S,  and  let 
A'  be  the  constant  value  for  IT  on  S.     Then,  if  we  increase  the 

density  at  every  point  of  M'  in  the  constant  ratio  -77,  we  obtain  a 
mass  system  occupying  the  position  of  if,  whose  total  quantity  is 
-p  M'  and  whose  potential  on  S  is  A .  Reverse  the  sign  .of  every 
element  of  this  new  mass,  and  take  this  reversed  system  conjointly 
with  M.  We  then  have  a  mass  system,  M—  -p  M'y  producing  con- 
stant zero  potential  over  the  surface  S,  and  therefore  at  every  point 
VOL.  11.  z 
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outside  S,  by  last  example.     Hence  every  level  surface  of  M  between 
S  and  infinity  is  also  a  level  surface  of  M\  and  the  ratio  of  the  poten- 
tials is,  on  all,  -7%  • 
A 

Thus  is  proved  the  equivalence  of  the  ellipsoidal  shell,  qp\  Fig.  286, 
with  the  shell  Qs  so  far  as  attraction  at  all  points  outside  both,  or  at  the 
outer  surface  of  the  latter,  is  concerned. 

5.  If  two  different  masses  of  equal  amounts  have  the  same  external 
level  surfaces,  prove  that  fffp  Udxdydz  is  the  same  for  both,  where 
U  is  any  function  satisfying  Laplace's  equation. 

By  example  16,  p.  309,  we  see  that  their  Potentials  must  be 
identical  at  all  external  points.  Let  V  be  the  Potential  on  any 
common  level  surface.  Then  applying  Green's  equation  (/3),  p.  334, 
to  the  volume  and  surface  of  this  level  surface,  we  have  for  one  of 
the  masses  r  C    dV  CdU 

Now  since  U  has  no  concentration  inside  the  surface  (p.  335)  we 

/•J  TT 
-7-  dS  =  0 ;  also  pdQ,  =  dm  =  the  element  of  mass;  therefore 

/V<frn  =  --J--  fu^dS. 
J  4wy  J       dn 

For  the  other  mass  -r-  is  the  same  as  for  the  first,   since  their 

dn  ' 

Potentials  are  equal  at  all  points.     Hence  for  it 

[Udm'=--L  [u^dS, 
J  47ryj       dm, 

which  gives  fTJ dm  =zJVdm',  as  required. 

If  the  two  masses  are  not  equal,  these  integrals  are  proportional  to 

their  amounts ;  or  y  Udm  ^  fu&m.' 

M      ~~     M 

6.  If  two  different  masses  have  the  same  external  level  surfaces, 
they  have  the  same  centre  of  mass  and  the  same  principal  axes  at 
this  point,  and  their  Ellipsoids  of  gyration  are  oonfocal. 

For,  let  U  =  *  in  (a),  and  we  have  x  =  x*.    Similarly  if  U  =  y,  and 
U=zy  we  obtain  y=y',  &c.    We  may  take  the  centre  of  mass  as  origin. 
Secondly,  let  U  =  xy  (which  satisfies  V2U  =  0);  then 

so  that  if  the  products  of  inertia  round  the  axes  of  co-ordinates 
vanish  for  the  first  mass,  they  also  vanish  for  the  second.  Take  the 
principal  axes  as  axes  of  co-ordinates. 

Thirdly,  let  U  =  y,+«8— 2a?a,  and  if  A,... A',...  are  the  principal 
moments  of  inertia,  we  have 

±(B+C-2A)=±(ir  +  C'-2A'). 


*—  («) 
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Two  similar  equations  also  follow.     Hence 

M  ~  M'+    '  M  ~  M'+    '  M~~  M'* 

7.  Prove  that  the  mean  value  of  any  continuous  function,  $,  taken 
over  a  sphere  of  radius  a  exceeds  the  value  which  the  function  has 
at  the  centre  of  the  sphere  by 


2- [<---)  Vf.dO, 
4irJ  V      a' 


this  integral  being  taken  through  the  volume  of  the  sphere,  and  r 
being  the  distance  of  any  point  from  the  centre. 

Round  the  centre  of  the  sphere  describe  a  circle  of  extremely  small 
radius,  ft,  and  apply  Green's  equation  to  the  space  between  the  two 
spheres.     This  space  has  for  boundary  the  surfaces  of  the  two  spheres. 

Let  T be  taken  as  U.     Then  from  (£),  Art.  346,  since  \7*U  =  0, 

J  V     a'  Jir       a'  dr  J2r      a'  dr 

d1-      „  <! 


-f+ik^fci;*8' 


the  integrals  with  suffix  1  referring  to  the  surface  of  the  outer  sphere 
(for  which  dn  =  dr),  and  those  with  suffix  2  to  the  surface  of  the 
inner  (for  which  dn  =  —  dr).  Now  the  first  integral  on  the  right- 
hand  side  is  zero,  v  r  =  a;  the  third  integral  =  — 9  /  <f>dS;  the 
fourth  =  —  —  /  <t>dS  =  —  47r^)0  (where  <f>0  is  the  value  of  <f>  at  the 

centre)  because  <f>  at  every  point  on  the  surface  of  the  Bmall  sphere 
is  very  nearly  constant,  and  fdS=  4tt68.     Also  the  second  integral 

is  zero,  because  -^  is  very  nearly  the  same  at  all  points  on  the  small 
dr 

sphere,  and  r  =  b  at  all  points,  so  that  this  integral 
which  is  infinitely  small  since  b  is  so.     Hence  we  have 

y\2_  2)  v**<m= j,  f<t>  ds-tvh, 

which  gives  the  desired  result. 

If  <J>  is  the  Potential  of  matter  wholly  external  to  the  sphere,  we 
have  the  result  in  example  12,  p.  306. 

If  there  is  matter  internal  as  well  as  external  to  the  sphere,  it  can 
be  shown  at  once  that  the  mean  value  of  the  Potential  on  the  surface 
is  equal  to  the  Potential  at  the  centre  due  to  the  external  mass,  plus 

z  % 
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the  Potential  which  would  be  produced  at  the  centre  by  distributing 
the  internal  mass  as  a  shell  over  the  surface ;  in  other  words, 

4  Tray  g        'a 

8.  If  <f>  is  any  function  of  the  co-ordinates  of  a  point,  P,  and  round 
P  as  centre  a  small  sphere,  of  radius  r,  be  described,  prove  that  if  <f> 
is  the  mean  value  of  <f>  (i.e.,  mean  volume-value)  for  all  points  within 
the  sphere,  ^ =  (f>+ ^  v^ 

347.]  Remarkable  Consequence  of  Green's  Equation.  The 
first  result  that  we  shall  deduce  from  Green's  Equation  is  the 
following,  which  is  of  fundamental  importance  in  the  theory  of 
Attraction — 

There  cannot  be  two  different  functions  which  both  satisfy  La- 
place's equation  at  every  point  of  a  closed  region  of  space  and  which 
have  both  the  same  value  at  every  point  of  the  surface  or  surfaces 
bounding  this  region. 

If  possible,  let  there  be  two  different  functions  Fand  U  such 
that  at  every  point  in  the  region  enclosed  by  the  surface  in 
Fig.  287,  p.  332,  or  at  every  point  in  the  region  included  between 
the  surfaces  of  S,  Mx,  and  31  2  in  Fig.  288,  we  have 

V2F=0  and  V2U  =  0, 
and  also  such  that  V  =  U  at  every  point  on  the  bounding  surface 
in  Fig.  287,  and  at  every  point  on  the  surface  S,  every  point  on  the 
surface  of  Ml9  and  every  point  on  the  surface  of  M2  in  Fig.  288, 

Then  our  theorem  is  that  V  and  U  must  be  identical. 

For,  by  Green's  equation,  if  <f>  is  any  function, 

f**m -/♦  &*-/&£)" ♦  0' *  <£)"]««.  (■) 

in  which  dQ.  is  any  element  of  volume  of  the  space  considered 
and  dS  an  element  of  area  of  the  boundary. 

Let  <f>  =  F—  U.  Then  by  hypothesis  V2<£  =  0  at  every  point 
in  the  volume,  and  <f>  =  0  at  every  point  on  the  boundary ;  hence 

,',b™"/tO*(5'),+  (|)']»=«. 

Now  this  asserts  that  a  summation  of  a  sum  of  squares  is 
zero,  which  cannot  be  unless  every  term  in  the  summation  =  0. 
Hence  at  every  point  in  the  volume  considered  we  must  have 

dV      dU        dF      dJJ       dY      dJJ 

— —  —  — —  •     — _  — —  ___  •     — ___  —  _____  • 

dx  ~~  dx  '      dy   ~~  dy  '      dz        dz  ' 
and  these  require  V  =  U  at  every  point  of  the  included  space. 
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The  application  of  this  result  to  the  theory  of  Potential  is 
obvious.  Mx ,  M2  may  be  any  distributions  of  attracting  matter 
and  S  an  infinitely  distant  surface.  If  no  portion  of  the  attract- 
ing matter  is  contemplated  as  at  infinity,  the  Potential  has  a 
zero  value  at  every  point  on  S.  Then  the  Theorem  just  proved, 
when  applied  to  the  region  included  between  the  infinitely  distant 
surface  and  the  contours  of  Mx  and  M2 — i.e.  to  the  whole  of  the 
space  external  to  the  masses  Mx  and  M2 — comes  to  this :  if  we 
know  any  function,  F,  of  the  co-ordinates  (#,  y,  z)  which  vanishes 
for  all  points  at  infinity,  which  at  every  point  on  the  contours  of 
Ml  and  M2  has  the  value  of  the  Potential  of  these  masses  at  the 
point,  and  which  at  every  point  outside  these  masses  satisfies 
Laplace's  equation  V2  V  =  0  ;  then  V  is  the  Potential  produced 
by  the  masses  at  any  point  (x,y,  z)  of  the  space  external  to  them. 

For,  the  Potential  satisfies  all  these  conditions,  and  as  there  is 
only  one  function  which  can  do  so,  the  given  function,  V,  must 
be  the  Potential. 

348.]  Central  Solid  of  Revolution.  Theorem  of  Legendre. 
For  the  case  in  which  the  attracting  matter  forms  any  central 
solid  of  revolution  we  shall  now  prove  the  following  remarkable 
result  which  was  first  proved  by  Legendre :  If  in  the  case  of  any 
body  which  is  symmetrical,  both  as  to  shape  and  to  density,  about  an 
axis,  we  know  a  Potential  function  {of  x>  y,  z  or  any  other  co- 
ordinates which  determine  the  position  of  a  point)  which  for  all  points 
on  the  axis  outside  the  body  is  the  Potential  of  the  body  at  these 
points,  this  function  is  the  Potential  at  every  point  outside  the  body. 

[The  expression  c  Potential  function '  is  here  used  for  brevity 
to  signify  one  satisfying  Laplace's  equation,  V2^  =  0.] 

Legendre's  proof  of  this  theorem  (which  is  that  commonly 
employed)  will  be  subsequently  given.  The  following  seems  to 
be  more  simple  and  elementary. 

The  Potential  for  this  case  must  be  simply  a  function  of  the 
two  cylindrical  co-ordinates  z,  £  (Art.  329).  Hence  if  Tis  the 
Potential  at  any  point, 

d*V      d*V       \dV      „  /lX 

^  +  ^  +  c^  =  0-  (1) 

Let  U  be  the  function  which  we  know,  and  which  satisfies  the 
conditions  above  enunciated.  Then  U  also  satisfies  (1).  Let 
<t>  =  F—  U ;  then  <f>  also  satisfies  the  equation  (1),  or 

C^  +d?)+^c-°-  (2) 
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Now  all  along  the  axis  of  z  we  have  <£  =  0,  and  therefore 
d$  d2<f>  _  <*3<f>_ 

With  these  conditions,  and  with  the  condition  that  (2)  holds  for 
all  values  of  z  and  £  we  wish  to  show  that  all  the  differential 

coefficients  of  <f>,  such  as  ,  m  ,  r% ,  vanish   at  all  points  on  the 

axis  of  z. 

Firstly,  at  all  points  on  the  axis  of  z  (since  f  =  0)  we  have 

Again,  differentiating  (2)  with  respect  to  (  and  putting  (=  0, 
we  have  ^u 

Differentiating  (2)  n  times  with  respect  to   f,  we  have  by 
Leibnitz's  Theorem 

so  that  at  all  points  on  the  axis  of  z 

Hence  if  at  all  points  on  the  axis  -      _x  =  0,  we  shall  have 

,»m,,  =  0.  But  ~j  and  -j-~  have  both  been  proved  to  vanish 
d(n+1  d£         d£* 

at  all  points  on  the  axis,  and  therefore  all  the  differential  co- 
efficients of  <f>  with  respect  to  (  vanish  on  the  axis  ;  and  hence 
also,  on  account  of  the  independence  of  the  order  of  differentiation, 

dm+nd> 
all  of  the  form  .  ^    Jn  also  vanish  on  the  axis. 

Now,  by  Maelaurin's  Theorem,  if  <f>  =/(s,  C)»  we  ^ave 

+<'($-)J+- 

where0o,  (-—-),...  mean  the  values  of  <£  and  its  differential 
coefficients  when  (0, 0)  are  put  for  (z,  {).     Hence,  by  what  has 
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just  been  proved,  <f>  is  zero  everywhere — that  is,  V  is  identical 
with  U. 

The  same  proof  shows  that  if  we  know  a  Potential  function,  U, 
which  at  every  point  inside  the  attracting  mass  satisfies  the 
equation  V2  J7  =  —  47ryp,  and  if  U  for  all  points  on  the  axis  of 
symmetry  is  the  Potential,  it  is  the  Potential  for  all  points  in  the 
mass.  For,  putting  <f>  =  F—  U9  we  have  still  the  equation  (2), 
with  all  its  consequences,  for  <f> ;  and,  as  before,  we  prove  $  =  0 
for  all  points. 

349.]  Laplacians.  Let  0  be  any  fixed  origin,  P  a  point 
whose  polar  co-ordinates  are  (r,  0,  <f>)  and  P/  a  point  whose 
co-ordinates  are  (/,  #,  ^>').  Then,  denoting,  as  previously, 
cos  6  by  ix  and  cos  tf  by  //,  the  reciprocal  of  the  distance  between 
P  and  F  is 

,  1  (a) 

Vr2-2r/{MM/+V/l-fx2  V/l-M,2cos(</>-^)}+'/a 
Now  since  the  reciprocal  of  the  distance  between  P  and  any 

other  point  is  the  type  of  a  Potential  function  ( pp>  is>  in  fact, 

the  Potential  at  P  due  to  a  mass  m  condensed  at  P/)i  it  follows 

that  the   expression  (a)   satisfies   the   equation  V2  ( pp>)  =  0 

d2        d2       d2  .  . 

where  V2  =  -i-j  +  -r-g  +  J~2  >   or  its  equivalent   operation    in 

(r,/m,  <f>),  or  in  (*,£$);   and  again  that  V'2  (pp>)  =  0,  where 

V'2  signifies  the  same  operations  with  reference  to  the  co-ordinates 

of/*. 

Again,  the  expression  (a)  may  be  developed  in  an  infinite 

/ 
series  proceeding  by  powers  of  the  ratio  — ,  or  *of  the  ratio 

T  ... 

-7,  the  coefficients  of  these  successive  powers  being  functions  of 
p,  //,  <£,  <£'.  Moreover,  any  one  coefficient — as,  for  instance,  that 
of.(— ) — is  a   rational  integral  function   of  /ur,    \/l—  jx2  cos<£, 


Vl  —y?  sin<£,  and  is  the  very  same  function  of  /*',  Vl  -  /a'2  cos<f>', 
-/l  —  pi^sin  ^/.  It  is,  again,  obviously  the  same  whether  ^ 
is  developed  in  powers  of  -7  or  of  —  • 
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Let  this  development  be 

11C  /  /2  t/i         ) 

The  coefficients  of  this  development  possess  very  remarkable 
properties,  and  we  *  shall  call  them  Laplacian*,  after  Laplace,  to 
whom  their  employment  is  due. 

Thus  L4  is  the  Laplacian  of  the  ith  degree.  We  may  speak  of 
it  as  the  Laplacian  of  the  tth  degree  for  the  two  points  P,  P*, 
whose  angular  co-ordinates  are  involved  in  it. 

If,  regarding  /,  //,  <£'  as  constant,  we  perform  the  operation 
V2  on  the  right-hand  side  of  (£),  since  the  result  is  zero  for  all 
values  of  r  and  /,  the  coefficients  of  the  several  powers  must  all 
separately  vanish.     Thus  we  must  have 

^  A  =  0.  w 

Similarly,  if,  regarding  r,  p,  <£  as  constant,  we  perform  the 
operation  V'2,  we  must  have  V/2(rfiLi)  =  0,  and  therefore  of 
course,  by  symmetry,        V2^,)  =  0.  (5) 

Substituting —  for  Tin  (b),  p.  281,  we  have  the  differential 
equation      d  r  dLj  x     d2L 

d(1"^W  +  r^^+,(,+1)1**0'  (€) 

and   the   substitution   of  r*Z<  for  V  gives  exactly  the   same 
equation. 

The  value  of  L{  can,  of  course,  be  found  by  simple  binomial 
expansion  of  (a) ;  but  such  a  method  is  very  tedious,  and  we 
shall  adopt  a  different  one. 

Let  X  be  put  for  #jf/+  </l-p2  Vl-//2  cos  (<£-<*>'),  and  let 

(l_2A>4  +  yi2)*=l-^.  (1) 

This  gives  v  .  .a?2— 1 

from  which  we  can  expand  x  in  ascending  powers  of  h  by  La- 
grange's Theorem  (Williamson's  Biff,  Cal.,  chap.  VII.). 
Thus 

fl?  =  x+T-2-+T72  5-A(-2-)+- 


349*]  LAPLACIANS.  345 

Now  from  (l)  we  have  -7-  =  (1  —  2KA  +  Aa)""4,  which,  by  hypo- 
thesis, when  expanded  in  powers  of  A  is 

Z0  +  £1A  +  Z2£a  +  ...+Zi#  +  .... 
Differentiating   (2)  with   respect   to  A,  and  identifying  the 

coefficients  of/**  in  the  two  values  of  -7-  ,  we  have 

2'\L    dK* 

By  actually  expanding  (Xs—  1)'  and  differentiating,  we  have 
Li=  ^j[2»(2.-l)...(»+l)A'-fce.]. 

which  shows  that  L{  is  a  rational  integral  function  of  the  ith 
degree  of  p,  -/l  —  y?  cos  <p,  V\  —  y?  sin  <f>, 
and  the  very  same  function  of  p',  yr 

</l—l/2C0B<t>',  \/l -V*  sin  <*>'. 
In  the  figure  (Fig.  289)  let  the  spherical 
triangle  be  that  in  which   a  sphere   is 
intersected  by  the  axis  of  z  (from  which  0     - 
and  ^  are  measured),  and  the  lines  OP 
and  CJP';  these  lines  meeting  the  surface  in  0,jd,jd',  respectively. 
The  point  0  being  the  pole  from  which  angles  are  measured,  the 

function  jjp?  satisfies  the  differential  equation 

but  if  p'  is  taken  as  pole,  the  expression  for  PP*  involves  only 
OP,  OP*}  and  cos^  (or  A),  without  any  term  in  longitude. 
Hence  we  have 

and  putting  here  for  -^757  the  development  (£),  and  equating  to 
zero  the  coefficients  of  the  several  powers  of  r,  we  have 
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L{  being  given  by  (C),  and  satisfying  (17),  we  conclude  generally 
that  any  function,  X,  of  the  form 


(3) 


where  a  does  not  involve  a?,  will  satisfy  the  equation 

The  value  of  L{  as  given  by  (()  is  not  of  much  practical  use. 
To  make  it  useful,  it  must  be  exhibited  as  a  series  of  cosines  of 
multiples  of  <f>  -  4/  (which  we  may  denote  by  o>)  thus : 

L{  ==  Jfo  +  lfjcosw  +  i/jcos  2u+...  +Micosi(ai  (5) 

the  series  ending  with  coseo>,  because  the  highest  power  of 
cos  o>  in  L{  is  the  tth,  and  we  know  by  elementary  Trigonometry 
that 

2'"1cos*o>  =  cos*«+icos(i  —  2)a>-f  -^ — — 'cos(»  —  4)«+  .... 

Laplace  deduces  L{  in  the  desired  form  (5)  by  elementary 
algebraic  processes;  but  as  we  prefer  to  present  it  in  a  more 
succinct  form  than  that  given  by  Laplace,  we  shall  turn  in  the 
next  Article  to  the  consideration  of  functions,  generally,  which 
satisfy  the  equation  V2P  =  0. 

It  is  to  be  observed  that  if  jut  =  f/  and  <f>  =  <f>\  the  points 
p  and  j/  (Fig.  289)  coincide,  and  PP'ss  r— /,  so  that  every 
Laplacian  becomes  equal  to  unity — as  is  verified  by  putting 
A  =  1  in  (f ). 

In  general,  any  Laplacian  for  two  points,  p  and  p\  has 
reference  to  a  certain  fixed  point  or  pole,  0,  and  is  a  function  of 
the  position-angles  (0,  <f>9  tf,  <f>')  of  these  points  with  regard  to 
the  pole.  If  either  point,  as  py  is  taken  as  pole,  the  Laplacian 
(being  always  simply  a  function  of  cos  \j/)  will  reduce  to  a  function 
of  \£  alone,  and  its  value  is  then  obtained  by  taking  jx  =  1  and 
<£  —  <f>'=  0  in  its  general  expression.  In  this  case — i.e.  when  one 
of  the  two  related  points  in  the  Laplacian  is  the  pole — the 
Laplacian  is  called  a  Legendre'%  coefficient,  which  therefore  ex- 
presses exactly  the  same  thing  as  the  Laplacian,  but  by  a 
transformation  of  co-ordinates.  In  this  special  form  these 
functions  were  employed  by  Legendre  before  Laplace  used  them 
in  the  general  form. 
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350.]  Spherical  Harmonics.  To  determine  a  homogeneous 
function  of  x,  y,  z,  of  the  most  general  formt  which  satisfies  the 
equation  V2  V  =  0. 

Firstly,  such  a  function  involves  2  i  + 1  arbitrary  constants, 
because  it  contains  |(i+l)(i  +  2)  terms;  and  V2F,  being  a 
rational  integral  function  of  degree  i—  2,  will  contain  ^i (£ —  1) 
separate  terms.  The  condition  that  V2V  should  vanish  for  all 
values  of  xty,  z  is  that  the  coefficient  of  each  of  these  \i(i—  l)  is 
zero  ;  so  that  we  have  \i(i—l)  equations  between  the  \(i+\) 
(i  +  2)  coefficients.     This  leaves  2  i  4- 1  of  them  independent. 

Changing  from  Cartesian  to  polar  co-ordinates,  such  a  function 
will  be  of  the  form  r'J^,  where  Yi  is,  of  course,  a  rational,  in- 
tegral, and  homogeneous  function  of  /x,  \/l—  /m2cos<£,  and 
\/l—  y?  sin^>,  and  T{  will  satisfy  the  equation  («),  p.  344,  or 

We  can  now  show  that  a  value  of  Ti  which  is  the  product  of 
a  function  of  fx  only  and  a  function  of  </>  only  can  be  found  to 
satisfy  this  equation  *.  Let  Yi  =  M <J>,  where  If  is  a  function  of 
H  only  and  <f>  a  function  of  <f>  only.     Then  we  have 

d  („       ^dM)     .,.     ,X1-        M      ld*<t>       ^  /nv 

^{(1-^^h^+1)3/+r=7^^'  =  0-      (2) 
Afisume  0^=^2'  (3) 

where  n  is  a  constant.     Then 

<J>  =  -4cos»<£  +  -Bsin«<f>.  (4) 

Equation  (2)  for  if  now  becomes,  putting  k  for  %  (*  +  1), 

.        9.<PM    „    dM      /y        »2   \,,      .  /irX 

(1-^)^-2^  +  (*-r=y)Jf=0-        <5> 

rf*fu2— lV 
Now  if  i-  =     *  ,  j — -  >  we  have  shown  (last  Art.)  that 

and  we  proceed  to  show  that  x  <&&  ^  determined  so  that  the 
value  Jf  =  x  j-^i  ^^  satisfy  the  equation  (5). 

*  This  method  is  found  in  Ferrera's  Spherical  Harmonic* ',  p.  78,  a  work  which 
ought  to  be  studied  by  the  student  who  desires  to  pursue  this  subject  further. 
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For  brevity  denote  j~  by  vn,  ^^by  vn+li  J*  by  X',  &c 
Then  (5)  becomes 

(l-M2)x».+  2+2{(l-MV-MX}tVn 

+  {(l-MS)x,,-2Mx'+(*-I^r2)x}".=  0.   (7) 

Differentiate  (6)  n  times,  employing  the  theorem  of  Leibnitz. 
Then 

(l-H2)vn+2-2(l+n)fivn+l  +  {i-n(n+l)}vn=  0.        (8) 
Now  identifying  (7)  and  (8),  if  possible,  we  have 

(1-V)x'  +  «MX  =  0,  (9) 

(l-M2)x/,-2MX'4.»^+l-T^|X=0;  (10) 

and  since  (10)  is  deducible  from  (9)  by  differentiation,  the  iden- 
tification of  (7)  and  (8)  is  possible.     From  (9)  we  have 

x  =  «(i-mT, 

where  a  is  any  constant.     Hence 

M=a(l-f)        gV+m     >,  (a) 

and  the  function 

where  «  may  obviously  be  any  integer  from  0  to  i,  satisfies  the 
equation  (l) ;  and  this  function  when  multiplied  by  1*  is  the 
type  of  rational  integral  functions  of  x,  y,  z  satisfying  Laplace's 
equation  V2V  =  0. 

All  such  functions  are  called  Spherical  Harmonic*. 

The  coefficients  of  the  various  powers  of  —  in  the  expansion 

°f  pp"  which  we  have  spoken  of  as  Laplaciane,  are,  of  course, 
Spherical  Harmonics  particularised. 

The  function  iiYi  (which  is  a  homogeneous  function  of  a?, 
y,  z)  is  called  a  Solid  Spherical  Harmonic,  or  simply  a  Solid 
Harmonic,  of  the  Ith  degree  ;  while  the  portion  Yiy  which  is 
a  function  of  ft  and  <£,  is  called  a  Surface  Harmonic. 

Again  (see  Art.    329)  corresponding  to  a   Solid   Spherical 

Harmonic  riYi  of  positive  degree,  i,  there  is  a  Solid  Spherical 

y 
Harmonic,  -^ ,  of  negative  degree,  —  (i  + 1). 
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Any  expression  of  the  form  (£)  is  called  a  Tesseral  Surface 
Harmonic  of  degree  i  and  order  n. 

When  n  =  0,  the  Tesseral  Harmonic  becomes 

multiplied  by  a  factor  independent  of  /*,  and  this  is  called  a 
Zonal  Harmonic  of  the  ith  degree.  The  Zonal  Harmonic  of  the 
ith  degree  becomes  identical  in  form  with  the  Laplacian  when  j/ 
is  taken  as  pole  (Fig.  289),  and  in  order  that  it  may  assume 
the  value  unity  when  /*  =  1,  we  take 

\i_        dfJ 

(p.  346)  where  we  use  riJ  to  denote  the  Zonal  Harmonicof  the 
*tb  degree. 

It  is  evident  that  the  sum  of  all  such  terms  as  (0),  each  mul- 
tiplied by  an  arbitrary  constant,  n  receiving  all  values  from 
0  to  i  both  inclusive,  will  satisfy  (1);  and  that  this  sum  of 
terms  gives  us  a  function,  Tiy  involving  2*  +  l  arbitrary  con- 
stants.    It  is,  therefore,  the  function  sought. 

It  is  thus  seen  that  the  Zonal  Harmonic  P{  is  the  base  or 
source  of  the  general  Spherical  Harmonic  of  the  ith  degree. 
Thus,  for  example,  the  Spherical  Harmonic  of  the  3rd  degree  is 
derived  from  the  source        j*  /„2  _  j  \3 

djf       ' 
i.e.  from  1 20  pi8  — 72  j*,  or,  neglecting  a  numerical  factor,  from 
5/Lt3 —  3/ui ;   and  this  Harmonic   will  be  the  sum  of  the  terms 
obtained  by  giving  n  the  values  0, 1,  2,  3  in  the  expression 

n     d% 

(1  -V)*  —  (5M3-  3^) .  (A  cos»<£  +  Bsmn<l>). 

It  is  therefore  of  the  general  form 

J0(5^-3fx)  +  (l-fx2)*(5fx2-l)(J1cos(/)  +  5lBin^)) 

+  (l-^)fi(A2cos2(f>  +  B2Biii2(f}) 
+  (l-H?)*(A3coa34>  +  Bzrin3<l>), 

the  coefficients  A0,Al9 ...  being  all  arbitrary  constants. 

The  corresponding  Solid  Harmonic  is  obtained  by  multiplying 
this  by  r8. 

The  homogeneity  of  the  expression  for  T{  as  a  function  of  ft, 
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\/l—  /x2cos<£,  V\—  jx2sin</>  may  not  be  at  once  apparent.  For 
example,  the  term  ^0(5ft8—  3/i)  comes  from  the  function 

A0{5z*-3z(a*+y*  +  z2)},  or  4,  (2  *2- 3  a?2 -3/)*, 
from  which  the   term  in   <f>  disappears  in  consequence  of  the 
relation  sin2  <f>  +  cos2  <f>  =  1 . 

We  are  now  in  a  position  to  express  the  Laplacian  Lr  Since 
it  is  a  spherical  surface  harmonic  of  the  iih  degree  both  in  the 
co-ordinates  (fx,</>)  and  in  the  co-ordinates  (/,</>')  and  involves 
both  in  identically  the  same  way,  its  general  term  must  be 

A(l-^(l-M'2)?^^co8»(^-n  « 

where  An  is  a  factor  i  dependent  of  jut,  f/}  <£>,</>';  and  2/{  is  the 
sum  of  all  such  terms  obtained  by  giving  n  values  from  0  to  i, 
inclusive. 

For  the  purpose  of  actual  calculation,  it  will  be  better  to 
write  the  coefficient  of  cos  n  (tf>-r<£/)  in  the  form 

Since  the  determination  of  C%  is  merely  the  analytical  pro- 
cess of  identifying  the  expression  (t)  with  the  coefficient  of 
cos  »(^>— <£')  in  the  value  of  L{  given  in  (C),  Art.  349,  we  may 
obviously  suppose  m  =  //.     In  this  case  (t)  becomes 

and  the  highest  term  in  /x  in  this  expression  is 

C.(-l)u(2i.2i-l...i— #+l)V<.  (12) 

Now  using  Q>  for  </>—<£',  in  this  case 

A  =r  /i2  +  (1  —  ja2)  cos  » ; 

.-.   A»-l=(2Sin^)8(M«-l)(^8in*|+C0B«|) 

if  we  put  m*  —  1  =6 

Again,  -3-  =  — — —  •  -rv      Hence  the  value  of  L,  becomes 
2sin«- 
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We  shall  derminine  Cn  by  equating  the  coefficient  of  the 
highest  power  of  /x  (or  of  £)  in  the  coefficient  of  cos  na>  in  (13) 
to  the  expression  (12).     Now  obviously  the  highest  term  in  £ 

in(13)is                 2i.2t-l...i+l  .  „•    „ 
j7 sm   2'^ 

so  that  the  highest  term  in  /x  is 

2i.2i-l...i+l   .  2<a>     2.  ,v 

and  the  coefficient  of  cos  na>  in  this  must  be  identical  with  (12). 
But,  by  elementary  Trigonometry, 
(-1)* .  22'  sin2'  6  =  2  cos  2i0  +  ... 

+  (-lY22i'2i~~1:"2i~I)+1cos(2i-2p)6+....   (15) 

Hence  if  p  =  i— n9  we  have 
(-  1)*.  22<sin2<|  =  2  cosi«  +  ... 

w  .^2*.2*— l...»  +  »+l 
+  (_iy-"2 : cos»a>+...; 

v       '  |i—n 

therefore  by  (14), 

Crn(2i.2i-l...»-»+l)2 

1        2t.2»-l...t+l    2i.2i-l. ..*  +  «+! 


or  0.  =  /=rrr«rr7^-  W 


2     !»'-» 

(2'|i)2|i  +  » 

As  before  said,  »  is  to  receive  all  values  from  0  to  »,  and  when 
n  =  t,  the  expression  It  —  *  is  to  be  taken  as  unity. 

When  *  =  0,  the  value  of  C  given  by  (rj)  must  be  halved, 
because  there  is  a  middle  term  in  (15),  which  is  independent  of 
a>,  and  it  is  not  multiplied  by  the  2  which  affects  all  the  other 
terms. 

Hence  for  the  Laplacian  of  the  ith  order,  we  have 

T  2       T^l     m^I-u'*)1^^ 

^<+.         COB  »  (0-0),...      («) 

in  which  the  first  term  (corresponding  to  »  =  0)  must  be  halved. 
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351.]  Fundamental  Property  of  Spherical  Harmonics.  If 
1]  and  Z/9  are  any  two  Spherical  Harmonics  of  degrees  *  and  *', 

£J*'riZ,dlxd<t>  =  0,  (a) 

or,  in  other  words,  fYiZid8  extended  over  a  sphere  of  unit 
radius  is  zero — that  is,  the  spherical  surface-integral  of  the  product 
of  any  two  Spherical  Harmonics  of  different  degrees  is  zero. 

For,  V2  (r*  Y{)  =  0,  which  gives  (1)  Art.  350  ;  and  (Art.  329) 

Similarly  V2Zj  =  —  i'(i'  +  l)-~ .      Now  in  Green's  Equation, 

(£),  Art  346,  let  V  =  Yit  U=  Z^  and  let  the  integrations  be 
extended  through  the  volume  and  over  the  surface  of  a  sphere  of 
radius  a.     Then,  the  centre  of  this  sphere  being  the  origin  of  the 

co-ordinates  (r,  /*,  </>),  it  is  clear  that  ~  =  0  =  ~-  •     Hence  we 

have  r       jo 

But  dQ.  =  r*drdpdfa  and  Y^Zf  does  not  involve  r;  there- 
fore we  have 

[i(i+ l)-*'(*'  +  l)]  affYi  Z<d»d$  =  0, 
which  gives  the  result  (a)  except  when  i  =  i\ 

We  postpone  for  a  moment  the  investigation  of  the  value  of 
the  double  integral  when  i  and  i'  are  the  same. 

352.]  Spherical  Harmonic  Expansion  of  a  Function  of  /* 
and  <p.  Let  P  (Fig.  277,  p.  257),  be  any  point  outside  a  spherical 
surface  of  radius  a,  at  a  distance  R  from  the  centre,  and  let  r 
be  the  distance,  PQ,  between  P  and  any  point  on  the  surface. 
Then  if  dS  is  an  element  of  surface  at  Q,  we  have 

fdS  _      2ita      f         1  1         j 

7  r5" ""  (n-2)R  \(R-a)«-*  "~ (5+7p2) ' 
as  is  easily  found  by  using  for  dS  the  expression  (A),  p.  258. 

Hence  wherever  P  is,  we  have 

(B*-ar-'f^=j^~i  \(R  +  ar*-(R-a)-*}.     («) 

If  P  is  at  A,  i.e.  on  the  surface,  its  distance  from  one  of  the 
surface  elements  becomes  zero,  and  R  =  a  ;  so  that  the  left-hand 
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side  of  (a)  assumes  an  apparently  indeterminate  form.    (See,  how- 
ever, the  remarks,  p.  254.)     But  it  is  really  finite  and,  as  the 

AM— 1  _ 

right-hand  side  shows,  equal  to  - 


»-2 

Of  course,  of  the  whole  surface  of  the  sphere  it  is  only  an  in- 
finitely small  element  of  the  tangent  plane  at  A  that  contributes 

JO 

to  the  integral,  each  element,  (.B2— a8)— ,  of  the  integral  being 

zero  when  r  is  appreciable,  R  being  equal  to  a. 
Hence         r  rjg1  2n-xv 

[(*-«'r'/£],..=  kf  «■-'•         w 

Again,  if  U  is  any  function  of  the  co-ordinates  of  a  point, 

/JTJQ 
— j-  when  P  is  at 

A  is  obviously  UA  X    (22*— a*)n~2  I  —         ,  assuming  that  when 

r  is  anything  different  from  zero,  U  is  never  =  oc ;  because  in 
this  case  it  is  only  an  infinitely  small  element  of  the  tangent 
plane  at  A  that  contributes  to  the  integral.  In  other  words,  if 
for  no  point,  Q,  on  the  sphere  Uis  oc,  we  have 

[<*-->"/^..=  S^.       w 

where  UA  denotes  the  value  of  U  at  A. 

We  may  assume  U  to  be,  definitely,  a  function  of  p  and  <f>, 
which  does  not  become  infinite  at  any  point.  Take  the  case 
n  =  3.  Then  denoting  by  dashes  the  values  of  functions  at 
variable  points  on  the  sphere,  such  as  p'  (Fig.  289,  p.  345),  the 
functions  without  dashes  belonging  to  a  fixed  point,  p,  on  the 
sphere,  we  have 

Now  taking  r2  =  22*— 2a.RA  +  aa,  with  the  same  meaning  of 


dl- 

r 


Art  349, 

we  have 

dr 
dR~ 

B—aX 

r 

B* 

-a»+ 
2  Br 

r* 

1 
r8 

dr 
dR~ 

B*-a* 
2Br* 

B*-a* 

t*      ~ 

1 
2.Rr' 

-2B 

therefore 
dB~~r' 

and 


dB 
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N°W         ;  =  %(L*  +  ^i  +  ^&+-"+Lii  +  "-)' 
therefore  (1)  becomes 

2P— a8       1  r  a  a8  a*         1 

— ^j— =  5[i0+3ii;s  +  52;25i  +  ...  +  (2i+l)i^+...J.  (2) 

Multiplying  both  sides  of  this  equation  by  U'dS,  that  is  by 
U'aPdix'diff,  we  have,  whatever  be  the  value  of  B9 

+(2i+i)^ffz{u'di/d<i>'+...y,  («) 

the  limits  of  /a  being  1  and  —  1,  and  those  of  <f>  being  0  and  2  ir. 

Now  put  B  =  a  in  this  equation,  and  we  have,  by  (5), 

f/Z0U'dp'd<l>'  +  3//L1U'dp'd<t>'+... 

+  (2i+l)//liU'di/d<t>'+...  =  ivU.    (C) 

As  a  particular  case  let  U  =  T{  =  any  Spherical  Harmonic  of 
the  Ith  degree.  Then,  since  L{  is  also  a  Spherical  Harmonic  of 
the  same  degree,  every  term  except  one  in  (()  vanishes  by  last 
Article,  and  we  have 

which  expresses  a  most  remarkable  property  of  a  Laplacian, 
namely — If  over  a  sphere  there  be  taken  the  surface-integral  of  the 
product  of  any  Spherical  Harmonic  and  the  Laplacian  of  the  tame 
degree,  t,  with  reference  to  any  fixed  point  on  the  sphere,  the  result 
is  the  value  of  the  given  Spherical  Harmonic  at  this  fined  pointy 

multiplied  by  —-. — -  • 

This  result  enables  us  to  express  any  function  of  fi  and  <f> 
which  does  not  become  infinite  for  any  values  of  p  and  <f>  in  the 
form  of  a  series  of  Spherical  Harmonics. 

Thus,  let  U  be  the  given  function,  which  belongs  to  the  fixed 
point  p,  Fig.  289,  p.  345,  and  let 

tf=r0+r1+r2+...  +  r<+...,  (3) 

the  quantities  YQ,  Tlt  ...  to  be  determined. 

To  determine  Y0  substitute  running  co-ordinates  //,  <£'  (those 
of  p')  in  both  sides  of  (3),  multiply  by  Li9  where  L{  is  the  La- 
placian of  the  iih  degree  for  p  and  //,  and  integrate. 
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Then  by  (rj)  and  last  Article,  we  have 

,'-^r£^Ji,r*"*f•  <4) 

and  by  giving  i  all  values  from  0  upwards,  we  find  the  series 
of  7<s. 

The  above  method  is  due  to  Ivory  (see  Todhunter's  History  of 
the  Theories  of  Attraction,  &c.,  Vol.  II,  p.  261). 

It  is  scarcely  necessary  to  observe  that  a  given  function  of  fx 
and  <f>  can  be  expanded  in  only  one  way  in  a  series  of  Spherical 
Harmonics ;  for  every  Harmonic  of  the  series  is  perfectly  and 
uniquely  determined  by  (4). 

There  is,  however,  another  method  by  which  a  function  of  p 
and  <p  can  be  expanded  in  a  series  of  surface  Harmonics  without 
integration  and  the  employment  of  Laplacians.  To  explain  this 
method,  suppose  F(x,  y,  z)  to  be  any  rational,  integral,  and 
homogeneous  function  of  0,  y,  z  of  the  nth  degree.  Then  this 
function  can  be  expressed  in  the  form 

F(x,y,z)=  Sn+t*Sn_2  +  t*Sn_€  +  ...,  (5) 

where  8n9  #H_2,„.  are  solid  Harmonics  of  degrees  »,»—  2,...,  the 
last  term  being  r*S0  if  n  is  even,  and  r*"1  S±  if  n  is  odd. 

Terms  involving  odd  powers  of  r  cannot  appear  in  (5) ;  for  we 
can  easily  prove  that 

V^#»*f=j(p  +  2y+l)  #*-■*,,  (6) 

8q  being  a  solid  Harmonic  of  degree  q.  Now  if  a  term  rSn_l 
occurred  in  (5)  and  we  performed   the  operation  V2  on  both 

sides,  this  term  would  give  rise  to  the  only  term  in  -  in  the 

equation.  Hence  this  term  must  be  absent.  Similarly  a 
term  f8^,^  could  not  occur;  for,  after  performing  V2  twice  on 
each  side  of  (5),  we  should  have  the  same  result  as  before. 
Successive  performances  of  the  operation  V2  on  (5)  will  give  the 
required  Harmonics  S0,  8it  tf4, ...  if  n  is  even,  or  8l9  83,  86>... 
if  ft  is  odd,  in  this  order. 

For  example,  to  express  xyz8  in  the  form  (5).     Let 

xyz*  =  S6  +  T*S3  +  r*8l9  (7) 

/.     6ay*  =  18^-f  28^, 
0  =  ^, 
by  performing  V2  twice.     Hence  8Z  =  £  xyz}  and  (7)  gives 
S6  =  ixyz(2z*-z*-y*). 
Aa  2 
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Now  this  enables  as  to  exhibit  sin20  cos80  sin  <f>  cos  <p  as  a  series 
of  surface  Harmonics ;  for  when  this  is  multiplied  by  r5,  it 
becomes  xyz?,  and  we  have 

r5sin20coss0sin0cos<f>  =  $xyz(2z2—  a2—  ]/*)  + 1  ***&*> 
so  that  the  given  expression  in  0  and  $  is  of  the  form  Z6+  TZt 

where      76  =  j^xyz{2z*-&— y2),  and   Yz  =  —Zxyzy 

.\     T6  =  ix (1  -^a) (m2— i) sin i>  cos  <fc 
and  Tz  =  i  n  (l  —  /x2)  sin  ^  cos  <f>. 

853.]  Value  of  f  I  '  Y&dpdQ.  The  spherical  surface- 
integral  of  the  product  of  two  Spherical  Harmonics  of  the  same 
degree  is  found  by  Laplace  very  simply  from  the  results  of  last 
Article. 

Denoting  by  Mn  the  factor  in  jn  in  (/3),  p.  348,  we  may  write 

Ti  =  A0M0-\-M1  {Ax  cos<f>  +  Bx  sin  <f>)  + ... 

+  Mn  (An  cos  n  <t>  +  B%  sin  n  <f>)  + . . . ,     ( 1 ) 

Zi  =  ao3fo  +  Jf1(<21cos^  +  *1sin0)  +  ... 

+  Mn(ancoa*<f>  +  Smsin*<£)+... ;  (2) 
the  two  functions  differing  simply  in  their  constants  A%  IPs, 
acs,  fl's. 

Now  since  in  the  integration  <f>  runs  from  0  to  2  it,  it  is 
obvious  that  the  integrals  of  all  products  will  vanish  except  those 
of  the  type 

MJ(An<mn<l>  +  Bnfan4>)(anc(>an<l>  +  bnsmn<l>)f 
and  the  integral  of  this  is 

»(4,^+A«u)-«P-".  («) 

but  for  the  first  term  the  integral  will  be 

2«A0a0M0*.  (a7) 

We  have  therefore  to  find  /    Mfdfa  which  Laplace  finds  as 

follows.     With  the  notation  of  Art.  350,  write 

i4=  CoJfoifo,+  C71if1Jf/cos(0-«,)  +  ... 

CnMnMn'coan(<l>— <!>')+....     (3) 

Put  running  co-ordinates  into  (1),  multiply  by  (3)  and  take 
the  surface-integral  over  a  sphere.  Then  we  have  simply  a  sum 
of  terms  of  the  type 

CnMuJ    J      Mu'2  (Am  cos  *  4>' + Bm  sin  n  <f>')  cos  n  (<j>  -  tf)  dy!d<^\ 
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Performing  the  integration  in  <f>'9  this  becomes 

irCnMn(AnooBtt(f>^£najin<l>).J    Mu'2dn.  ($) 

The  sum  of  all  terms  of  the  type  (0)  is  therefore  the  value  of 
//LJ;  dp'  d<f>'.  But  (last  Article)  this  =  -4^-  Ti ;  therefore 
by  identification  of  coefficients  of  like  terms, 

CUT  M'*di/=-X-. 
V-i  *      2i+l 

Putting  for  Cn  its  value  given  in  (ij),  p.  351, 

Ti  2  (2*  It)2    \i  +  n 

which  holds,  without  change,  for  the  case  n  =  0,  notwithstanding 
that  the  value  of  Cn  (Art.  350)  must  be  halved  when  n  =  0 ; 
because  in  the  product  of  (l)  and  (3)  the  term  independent  of  $>' 
is  C0A0M0M0'2,  which  in  the  integration  will  give 


2*C0A0M,p_M{W- 


Hence  we  have 


£f 


the  first  term  (that  corresponding  to  n  =  0)  being  doubled,  by  (a'). 
Putting  an  =  Anfbn  =  Bmi  we  obtain  the  value  of 


J    J   " Yfdixdfr 


354.]  Table  of  Laplaoians.  For  convenience  of  reference  the 
following  table  of  the  Laplacians  as  far  as  2/4  is  given ;  but,  to 
save  space,  we  give  in  the  coefficients  of 

cos (<£—</>')»  cos  2  (</>—<£'),... 
only  the  portion  which  depends  on  /u.  This  portion  is  to  be 
multiplied  by  exactly  the  same  function  of  //.  Thus,  for  example, 
in  Zz  the  coefficient  of  cos  2  (*— f)  is  2»  /x  (1  -/z2) . / (1  -V2), 
of  which  only  the  part  H  p  (1  —  p2)  is  given  in  the  column  under 
cos  2  (0—  <j>') ;  in  J4  the  term  involving  cos  3  (<j>  —  <ff)  is 
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Value* 
of*. 

Term  in  ft  only. 

Coefficient  of  00s  (+  -  +*) 

Cotfflcfcntof 

CiMffldantof 

Coefficient  oi 

0 
1 
2 
3 
4 

1 
M 

4(8^-1) 

4(6^-8/1) 
wV(35/**-S0/*»  +  8) 

8/1(1-^* 
1(1-^(5^-1) 

1(1-/) 

A(l-*)(7^-l) 

I(1-aO* 

84(1-^' 

The  column  of  terms  in  jz  only  gives  the  values  of  the  first 
five  Legendre's  Coefficients,  with  the  numerical  coefficient  squared; 

thus,  P0  =  1, 

P2  =  i(3M'-l), 

P4=l(35M*-30M*  +  3). 

The  Solid  Zonal  Harmonics  play  exactly  the  same  part  with 
regard  to  the  Potential  of  a  body  symmetrical  about  an  axis 
(see  example  2  following)  as  the  variables  x,  y>  z  do  with  respect 
to  the  equation  of  a  plane  surface,  the  equation  of  such  a  sur- 
face consisting  of  the  sum  of  these  co-ordinates  each  multiplied 
by  a  constant,  and  these  constants  depending  on  the  position  of 
the  plane.  Similarly,  the  Potential  of  a  symmetrical  body  at 
any  point  consists  of  the  sum  of  a  number  of  these  Harmonics 
each  multiplied  by  a  coefficient  which  depends  on  the  shape  and 
law  of  density  of  the  body  and  not  on  the  position  of  the  attracted 
particle.  In  fact,  Zonal  Harmonics  may  be  considered  as  the 
running  co-ordinate*  of  the  Potential  of  such  a  body. 

Of  the  Zonal  Surface  Harmonics  Pl9  Ps,  P6, ...  are  all  of  the 
form  ft*/(fA2)i  a^d  P29  Pi9  P^ ...  are  all  of  the  form/(fia).  For, 
in  the  identity 

(l-2tx*  +  x*)-*  =  P0  +  Plx  +  P2a*+...+Pi*+...  (a) 

change  p  to  — /z,  and  we  get 

(\+2iJLX  +  **)-*  =  P0  +  P1'x  +  Pi'x*  +  ...+I?a?...9         (0) 

where  P^9  P2', ...  denote  the  values  of  the  Harmonics  when  /x  is 
changed  to  — /m.    Again,  changing  only  the  sign  of  x9 

(l+2/xa?  +  ^)-*  =  ^-P1«  +  P2«2-^  +  ....  (y) 

Identifying  the  results  (0)  and  (y),  we  see  that  P19  P8, ...  all 
change  sign  with  p  ;  while  P8,  P4, ...  do  not.     Therefore,  &c. 
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EXAMPULB. 

1.  Tiii&f1  f^LSdp'dp. 

Let  P  be  any  point  outside  a  sphere  of  radius  a,  at  a  distance 
R  from  the  centre,  and  Q  any  point  on  the  surface ;  find  /—  over 
the  surface,  where  r  =  PQ. 

Now  I=^(Z0+A-l  +  ...+Zt-g  +  ...), 

and  -j will  involve  such  terms  as  LmLt  which  will  vanish  (Art.  851) 
in  the  integration.    Hence,  obviously,  since  dS  =  —(fdf/dtf,  we 

But  dS±=  2  ir-„rdr  (seep.  258);   therefore  the  left-hand  side  is 

2  tt-^-  log  -^ — -.    Develope  this  in  a  series  ascending  by  powers  of  — , 
R        R—a  0  «<+!  R 

and  equate  the  coefficients  of  (-??)       on  both  sides  (since  the  develop- 
ment holds  for  all  values  of  R)3  and  we  have 

The  result  is  therefore  quite  independent  of  the  pole  o  (Fig.  289, 
p.  345)  from  which  n  and  //  are  measured,  and  is  the  same  as  if  the 
line  OP  (or  Op)  is  the  axis  of  0,  or  p  the  pole  of  the  Laplacian. 

2.  Prove  the  theorem  of  Legendre  (Art  348)  by  Spherical  Har- 
monics. 

Taking  the  centre  of  the  solid  as  origin,  and  axis  of  revolution  as 
that  from  which  6  is  measured,  let  (R,  /u,  <f>)  be  the  co-ordinates  of 
the  attracted  particle,  P,  (/,  //,  <f/)  those  of  any  point,  Pfi  inside  the 
solid,  p  the  density  of  the  solid  at  Jr,  and  y  the  constant  of  gravitation. 
Then  F,  the  Potential  at  P}  is  given  by  the  equation 

rpi»d/di/d4r 


Hir- 


PPf 
Now,  assuming  the  distance  of  P  from  the  centre  to  be  greater 

than  that  of  every  point  Pf  in  the  solid,  «>  may  be  developed  in  the 

convergent  series  (/3),  p.  344.     Hence 

But  by  hypothesis  p  is  a  function  of  /  and  [if  only ;  and  if  when 
/  is  produced  out  to  meet  the  surface  of  the  solid  its  value  is  Rf, 
this  latter  will  be  simply  a  function  of  //,  and  will  not  involve  <p'. 
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i: 


Take  the  general  term  of  the  series  (1),  and  first  perform  the  integra- 
tion in  /  from  0  to  IP,  taking  the  term 

f  0 

where  the  form  of  X  i>  unknown  if  the  shape  of  the  surface  and  the 
law  of  density  are  not  given.    Then  we  have 

r=  "skf-i  £'  ^X(/)<W+  -  •  (2) 

Now  perform  the  integration  in  <//.     We  shall  have  simply 


r 


H 
which,  of  course,  reduces  to  the  first  term  of  Lit  and  is  therefore 

(Art  350)  ^     \(   >       \,t       .     Hence 

F="(2^7       V       W-i       V      X^^+""  <3> 

Let  v  be  the  Potential  at  a  point  on  the  axis  distant  *  from  the 
centre.     Then  (3)  gives 

But  supposing,  as  we  do,  that  v  is  known  for  all  points  on  the  axis, 
let  it  be  expanded  from  the  given  form  in  a  series,  so  that 

—?+&+...+ *+....  (5) 


z 


?T-Trf* 


Then  identifying  (4)  and  (5),  we  have 

(2'Ll)»  V-i    v     xv '        a'li ' 

so  that  the  unknown  coefficient  in  (3)  is  thus  known.     Hence 

v_m        *  jy-iy   1    .  ,„ 

the  first  term  being  easily  seen  to  be^-5-  >  where  M  is  the  mass  of  the 

solid.  If  P0,PV...  denote,  as  before,  the  several  Zonal  Harmonics,  or 
Legendre's  coefficients,  for  the  attracted  point  with  reference  to  the  axis 
of  the  solid,  we  may  write,  by  (y),  p.  349, 

The  components  of  attraction  at  P  are  of  course  known  from  this 
value  of  P. 

Thus,  then,  the  Potential  of  a  solid  symmetrical  about  an  axis,  both 
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as  regards  shape  and  density,  is  in  all  cases  given  by  a  series  of  Solid 
Zonal  Harmonics  (of  either  positive  or  negative  degrees,  according  as 
the  point  considered  is  internal  or  external),  in  which  series  the  only 
things  unknown  are  the  coefficients  c^,  a,, ...  and  the  values  of  these 
depend  on  the  nature  of  the  particular  attracting  body. 

3.  Application  of  this  method  to  the  case  of  a  uniform  circular 
ring. 

The  Potential  at  a  point  distant  z  from  the  centre  on  the  axis 
of  the  ring  (that  is,  the  line  through  its  centre  perpendicular  to  its 

plane)  is  given  by  the  equation  v=2irypka  where  p,  k,  a 

VV+a1 
are  the  density,  area  of  transverse  section,  and  radius  of  the  ring. 
If  M  is  the  mass  of  the  ring,  M  =  2irpka ;  and  if  the  point  is  at  a 
distance  >  a  from  the  centre,  we  have 

¥       z\       2a»+2.4«*     "+K       >      2.4.6...2»     *'+,"J 

Hence,  by  last  example,  if  the  attracted  particle  is  anywhere  off  the 
axis,  at  a  distance  r  from  the  centre  (r>a), 

ir     MS,     in«'  ./     ,X<1.3...2*-1  _  a*  ,      ) 

r=7i1-*p';j^--K-1>,  2.4...2.   p«?r+-\' 

If  *  is  <  a,  the  radical  (s?  +  a*)~~*  must  be  expanded  in  direct 
powers  of  s,  and  for  a  point  anywhere  at  a  distance  <a, 

If  the  point  is  at  the  distance  a  from  the  centre,  it  is  easy  to  prove 

that  Fsr  — - — 7=-  /  ,  0  being  the  angle  between 

2irav2Ja     vl- sin0cos<f> 
the  axis  of  the  ring  and  the  line  joining  the  point  to  the  centre. 
This  is  equivalent  to  the  convergent  series 

Mi       1.3  .   ...  ,   1.3.5.7  1.3  .  iat 

1.3.5...4n-ll    3.5 ...2^1^.  \ 

Of  course  in  this  and  in  all  similar  example's,  the  value  of  V  for  a 
general  position  of  the  attracted  particle,  P,  can  be  written  down  in 
virtue  of  Legmdree  Theorem  solely  (Art.  348)  by  first  calculating  v, 

Jq        kP_ 
and  in  its  expression  replacing  any  such  term  as  —  by     ^  *,  because 

this  latter  satisfies  the  equation  V*U  =  0,  and  it  coincides  with  the 
former  when  P  is  on  the  axis,  since  jx  =  1,  Px  =  P*  =  •••  =  •*}  =  !• 
The  expression  thus  obtained  (somewhat  tentatively)  can,  by  Le- 
gendre's  Theorem,  be  none  other  than  the  Potential  sought. 
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4.  Application  to  a  uniform  circular  plate. 

The  position  of  the  attracted  particle  being  at  a  distance  z  from 


the  centre  on  the  ask  of  the  plate,  v  =  2y  -y(vV+a*-*).    When 


*>a,  we  have 

yaa(2s      2,*|2_*8+*" 

y.tl    1.3.5...2t-3  a"  1 

Hence 

ya*l2r      2«[2_  r»    +  '" 

When  z<a,  we  easily  find 

F=2y^ja-P1r+iP1^+... 

11.3...2J-3        r"  1 

5.  To  find  the  conical  angle  subtended  at  any  point,  P,  by  a  given 
circle. 

Draw  the  axis  of  the  circle,  i.e.  a  perpendicular  to  its  plane  through 
its  centre,  0.  Let  OP  =  r,a=  radius  of  circle.  Now  if  P  were  on 
the  axis  at  a  distance  z  from  0,  we  should  have 

o)0  being  the  conical  angle  subtended  at  the  point ;  and  since  conical 
angles  satisfy  all  the  equations  of  Potential  functions,  the  theorem  of 
Legendre  applies  to  them. 

Developing  (1)  in  powers  of  -  or  -,  according  as  z  is  >  or  <  a, 

z       a 
we  have 

0     f.  a»       1.3  a4  ,      _1.3...2t-la"  )       /AV 

o     5,      *  .  1^  /     ,w1.3...2t-l*l<+1  ) 

Hence  when  P  is  off  the  axis  we  have  in  these  two  cases,  respectively, 


354-]  EXAMPLES.  363 

6.  Find  the  conical  angle  subtended  at  a  point  10  feet  distant  from 
the  centre  of  a  circle  1  foot  in  radius,  the  colatitade  of  the  point  with 

reference  to  the  axis  of  the  circle  being  -  • 

o 
Ans.  ir  x  0050328,  nearly. 

7.  If  P{  is  the  Zonal  Surface  Harmonic  of  the  Ith  degree  (Legendre's 
coefficient),  show  that        jp  jp 

We  have  by  definition 

1  =  P0  +  P1x+...+Pi„1x*-*+Pix*+....  (1) 


v^l-2/xaj  +  a?8 

Denote  the  radical  by  T,  and  differentiate  both  sides  with  regard 
to  a?.     Then  _ 

^-  =  P1  +  ...+tP<^+....  (2) 

Differentiate  (1)  with  respect  to  /a;  then 

T>--X        dfi    +a  dfx  +—  (3) 

Multiplying  (2)  by  x  and  (3)  by  p  —  x,  we  obtain  two  series  which 
must  be  identical;  and  equating  the  coefficients  of  x*  in  them,  we 
have  at  once  the  result  (a). 

This  result  enables  us  to  write  down  the  values  of  the  successive 
Zonal  Harmonics  when  the  first  is  known.  For  treating  (a)  as  a 
linear  differential  equation  for  Pv  we  have 

Then,  as  P0  =  1,  this  gives  Px  =  Cpt  and  each  P  is  to  be  unity  when 
ix  =  1 ;  therefore  (7=1.     Similarly  F%  is  deduced  from  i> ;  &c. 

The  expression  (y),  p.  349,  gives,  however,  the  values  of  the  Har- 
monics directly,  and  is  the  most  convenient  form  for  actual  calcu- 
lation. 

8.  Prove  that  (t  +  l)P*+1-(2i+  l)fiP<+tiJ_1  =  0. 
Divide  (1)  by  (2)  and  equate  coefficients  of  like  powers. 

9.  Prove  that        (1  -ja*)  ^p  +  t>P,  =  i  P,.r  (a) 
We  have  from  (a),  Example  7, 

p-i>xv^^-iri><dM=^t-(i+i)Xli5d't; 

•••     3-,  =  /*W+l)^W  (!) 
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But  from  the  fundamental  equation  for  Pv 

we  have  by  integration 

t(i+l)£p<<*M  =  (l-M,)§- 

Substituting  in  (1),  we  have  the  result  (a). 

10.  For  an  attracting  body  or  system  symmetrical  about  an  axis, 
in  shape  and  density,  prove  that  if  the  Potential  (external)  is  arranged 
in  the  series        a  P         P  ? 

of  Zonal  Harmonics,  the  lines  of  force  trace  out  surfaces  given  by 
the  equation 

in  which  different  constant  values  are  assigned  to  C. 

Let  0  be  the  origin,  and  P  any  point  external  to  the  body,  OP 
being  r ;  let  S  be  the  radial  attraction  intensity  at  P  (acting  in  the 
direction  PO\  and  T  the  attraction  intensity  perpendicular  to  OP  in 
the  sense  in  which  6  increases. 

Then,  the  resultant  of  S  and  T  acting  along  the  tangent  to  the 
line  of  force  at  P,  we  have  as  the  differential  equation  of  this  line 

7dd-  T  (1) 

But    ^=-^=^(«.  +  2^P1+...+(«  +  l)Jp<+...),  (2) 

Observing  that  -j-r  =  —  Vl—  /**  -j- ,  we  get,  by  substituting  from 
(2)  and  (3)  in  (1),  the  equation 
v*M+«l|2iUM+!=£*jl<|r|+... 

+  <%{(,+  l)§rf|H.>^^*{+....    (4) 
Now,  by  example  9,  the  coefficient  of  c^  in  this  equation  is 
(i+l)$dp+  £i*/Vm}  ,  that  is,  -(<+ 1)0 {^-/"iS <*!•}, 

where  2>  stands  for  the  total  differential  of  the  quantity  in  brackets 
(with  respect  to  fi  and  r).  Hence,  integrating  (4),  we  have  the 
equation  which  was  to  be  proved. 
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In  particular,  if  the  series  for  the  Potential  stops  with  JF8,  the 
equation  of  a  line  of  force  is 

OoM-Z^yW-S  Jjni(3Mf-t)dM=  C, 

or        a6  cobB l  sina0—  -  -±  cos  6  sin1 0  =  C. 

0  r  2  r* 

11.  If  the  density  at  any  point  of  a  solid  sphere  is  proportional  to 
the  distance  from  a  given  central  plane,  find  the  Potential  at  any 
external  point,  P. 

Ana.  If  a  =  radius  of  sphere,  R  =  distance  of  P  from  centre, 
and  p  =  \af  where  sf  is  the  perpendicular  from  any  point  on  the 

pUne'  v  4XW«» 

[Here  V  =  V*ffff*l*  (^  +  A  ^  +  •  •  W  <***'  <**'•   Integrate 

first  from  r,=  0  to  /=  a,  and  since  /»'  is  a  Harmonic  of  the  first 
degree,  the  only  term  not  vanishing  is  that  in  L1 ;  therefore 

12.  In  the  same  way  exactly  prove  that  if  the  density  at  any  point 
in  a  solid  sphere  of  radius  a  is  proportional  to  any  solid  Harmonic,  Sif 
of  positive  degree  in  the  co-ordinates  of  the  point,  the  Potential  of  the 
sphere  at  any  external  point  whoBe  distance  from  the  centre  is  R  is 

(2i+l)(2i+3)Rii+l' 

the  co-ordinates  (xf  y,  z)  involved  in  S{  being  those  of  the  given  ex- 
ternal point,  and  A  being  the  constant  involved  in  the  density. 
Deduce  the  result  also  for  a  spherical  shell  and  any  internal  point. 

13.  If  the  origin  of  co-ordinates  is  transferred  from  0  to  a  point 
ty  along  the  axis  of  z  (from  which  6  is  measured),  calculate  the  solid 
Zonal  Harmonic  of  degree  t*  with  reference  to  (/  as  origin  in  terms 
of  the  solid  Zonal  Harmonics  with  reference  to  0. 

Let  Zt  be  the  solid  Harmonic  of  degree  t  with  reference  to  0,  and 
Z'it  that  with  reference  to  (X.     Then,  with  the  notation  of  Art.  329, 

*i=/frO;"*K  00*=  *■*«'=/(•+*>  0; 

'•   *«-*«+*  &+"T2"d?"+-  (1) 

J  [Here  (*,  f )  are  the  cylindrical  co-ordinates  of  a  point  P  with 
erence  to  0,  and  («  +  A,  0  **e  the  co-ordinates  of  the  same  point, 
P,  with  reference  to  O'.] 
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Now  Zi  =  t*Pi}  where  14  is  the  surface  Zonal  Harmonic,  and 

d     1-jm8  d         d      „ 
->= — -r+|ir    Hence 
dz        r     dp.       cur 

=  iri~1.Pt_l    (by  example  9) 
Hence,  again,  -3-^  =  t(t—  l)£i_„  Ac,  and  therefore 

Let  as  find  in  the  same  way  the  value  of  the  Solid  Harmonic  of 
negative  degree,  —  (t'+l).    Let  this  Harmonic,  with  reference  to  0 

be  Oil  «w  ^. 

"^{^-i-C2^  WJ    (^  example  9) 

«-(*'+ 1)^    (by  example  (8) 

=  -(*'+ l)^r 
Hence  ff/  =  Ui-(i+l)hUw  +  {i±-^l)h*UM-ad  infin. 

.  A,  co8*0     sin^flcoB1^    sin'tfcos'd* 

14.  Arrange   the  expression  — =—  H — -H n — T  gg 

c  <r  0 

a  series  of  Spherical  Harmonics. 

1 5.  Express  the  central  radius  vector  of  a  nearly  spherical  ellipsoid 
by  Spherical  Harmonics. 

An*.  Tf    =  k,  =  V,  we  have 

c  c 

r=  c  {1 +K*+*')-M*  +  *')(3At,-l)-i(*'-*)(l-M,)coB2*}, 
which  is  of  the  form  r  =  c  (F0+  T2\ 
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16.  If  the  expression  (1  —  2/bue+B2)  8  be  developed  in  a  series 
in  the  form  Q^+Q^+Qt »*+...  +  #,*'+  ..,  prove  that,  in  analogy 
with  the  Legendrian  coefficients, 

Differentiate  the  given  identity  (a)  with  regard  to  xy  and  we  obtain 
an  identity  (J3);  differentiate  (a)  with  regard  to  ja,  and  we  obtain 
an  identity  (y) ;  from  ()9)  and  (y)  we  have,  by  equating  the  coefficients 

Multiply  (a)  by  (2w+l)(fi— x)  and  (£)  by  1  —  2ii»+aa,  and  we 
^  (t  +  l)C,+1-(2m+2t  +  l)/i(?<  +  (2m+t)C1  =  0.  (c) 

Differentiating  (c)  with  regard  to  fx  and  eliminating  Qimml  by  (6), 

d-|r-'1f-(2wi+t"+1)0'=0-  (0 

Replace  t  by  t  + 1  in  (6),  combine  with  (£),  and  we  have 

(•>l)«w  =  -(l-M,)^l+(2«i+t>l)M«i.  W 

Differentiate  (17)  with  respect  to  jx,  and  subtract  the  result  from  (0 
multiplied  by  (»+ 1),  and  we  have  the  required  equation. 

17.  In  this  development  how  far  is  it  true  that 


£ 


i  and  t'  being  different  integers  1 

It  is  always  true  if  one  of  the  numbers  t,  t'  is  even  and  the  other 
odd.  In  Green's  equation,  applied  through  the  interior  and  over  the 
surface  of  a  sphere,  let  U—Qiy  V=  Q/,  and  observe  that 

18.  Exhibit  co8*06in*08in4>cos4>  as  a  series  of  Surface  Harmonics. 

The  simplest  method  is,  of  course,  that  at  the  end  of  Art.  352, 
which  deduces  the  result  by  expressing  ays2  in  the  form  S4+r2Sr 
Performing  V*,  we  get  St  =  \xy,  and  ,\  S4  =  xy(zl— |r2).  Now 
S4  =  r4  Y4  and  St  =  ra  F2 ;  whence  T4  and  F8  are  at  once  found. 
Nevertheless  it  may  be  useful  to  show  how  to  deduce  the  result  by 
Laplacians  and  integration. 

The  given  function  is  £ju8(l  —  /**)  sin  20,  and  since  the  term  of 
highest  degree  in  the  quantities  ja,  Vl  —  ja*  sin  <f>9  and  Vl—  ftacos<£ 
is  obviously  of  the  fourth  degree  in  these  quantities,  it  follows  that 
the  given  function  must  be  of  the  form  F,+  F,+  Fs-f-  F4,  the  term 
in  F0  being  obviously  non-existent. 
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Now  7X  is  obtained  by  taking  $^"(1—  //■Jsin  2(ff,  multiplying  it 

II  12  V 

by   L19    and    integrating   u'      >    tf>'|     ;  bat  as  X,  is  of  the  form 

1-1         lo 

A  +  Bcqb(4>— (f/),  and   as/    sin2<f/cos(<f>— <f/)d<f/ =  09  we  see  at 

once  that  Ft  =  0. 

It  is  clear  that  in  Lt9  L$t  X4,  it  is  only  the  terms  involving 
cos2(<f>— (ff)  that  will  give  any  result  when  multiplied  by  sin  2  4/ 
and  integrated.     In  L%  occurs  the  term  (see  table,  p.  358) 
f  (1  -/a1)  (1  -//»)  cos2  (<t>-4>') ;  hence  (Art.  353) 

But  /     8in2<f/cos2(tf>— ^dtf  =  irBui24>;  and 


X 


V-d-^^^, 


•'•     r,=  A(l-M/,)sin2*. 
Again,  in  Z,  the  only  possible  term  is 

iVO  -(*>'(!  -^008  2^-^ ; 
but  the  integration  in  ft'  destroys  this,  since  it  gives 

which  obviously  vanishes*     Hence  F8  =  0. 
Finally,  in  X4  the  only  term  to  be  taken  is 

AU -/**)  ( V- 1)  •  (1 -^  )  (7^-1). 
Hence 

xr*sin2*,cos2(*-*,)^,=  ^  F*; 
•"•     r4=Tir(l-Ma)(V-l)Bin2*; 
and  therefore 

cos^sin^sin^cos^rr^l--  p*)  sin  2^+^(1  —  Mf)(7fi*—  l)sin2<fc 
which  is  of  the  form  Yt+  Yv 

19.  Exhibit  cos0  sin'tfcos1^  sin  <f>  as  a  series  of  Harmonics. 
Ana.  {7M^f^8in*}  +  {-YVV^I^(V--3/i)8in^ 

which  is  of  the  form  7,+  7V 

J  The  given  expression  is  Jft(l  —  /if)*(sin<f>+8in3<f>) ;  hence  the 
y  terms  to  attend  to  in  the  Z's  are  those  in  cos(</>— <J/)  and 
cos3(<£— <f/).  The  term  in  Lx  is  destroyed  by  the  integration  in 
/a',  which  also  destroys  both  the  terms  in  Zr]  Deduce  the  result  also 
from  afy*. 
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20.  Why  cannot  sin  0,  sin80,  or  any  odd  power  of  sin  0  be  expanded 
in  a  finite  series  of  Harmonics  ? 

2n+l 

Because  they  are  of  the  form  (1  — /x2)  2  ,  which  can  be  developed 
in  an  infinite  series  ascending  by  powers  of  /m,  and  every  term,  such 
as  f*m,  can  be  developed  in  a  finite  series  of  Zonals,  P19  P8,  .  .  .  .  Also 
a  function  can  be  expanded  in  only  one  way. 

355.]  Case  of  Spheroids.  Any  solid  body  differing  little  in 
shape  from  a  sphere  is  called  a  Spheroid.  Supposing  the  body  to 
be  homogeneous,  the  radius  vector  from  its  centre  of  mass  to  any 
point  on  its  surface  will  be  nearly  of  constant  length.  Thus 
(following  the  notation  of  Laplace),  if  a  denote  a  small  numerical 
quantity,  and  IS  any  radius  vector  from  the  centre  of  mass  to 
the  surface,  we  shall  have 

#=«  +  ««/(/,  ^  (1) 

where  a  is  a  constant  length  and/(/u',  <£')  some  function  of  the 
angular  co-ordinates  depending  on  the  precise  shape  of  the 
bounding  surface.  Laplace  uses^  for  the  function/^',  <£'),  and 
he  assumes  that  jf  is  expanded  in  a  series  of  Spherical  Har- 
monics; thus, 

K=a  +  aa(Y0+ri'+Y2'+...  +  Yi'+...).  (2) 

If  the  series  stops  with  1^',  the  bounding  surface  will  be  that 
of  an  ellipsoid. 

'External  Point.  To  calculate  the  Potential  at  an  external 
point,  P,  produced  by  a  homogeneous  spheroid,  the  distance  of 
P  from  the  origin  0  being  greater  than  the  greatest  radius 
vector  from  0  to  the  surface,  let  OP  =  J?,  p  =  density  of  the 
body,  and  (/,  ft',  <j>')  the  co-ordinates  of  any  point  Pf  in  the  body 
of  the  spheroid.  Then,  y  being,  as  usual,  the  gravitation  constant, 
Wp/Wdi/dttf 
/o  */-i«/o 


r  =  y/    !     L   /"  y»»*  (3) 


+  ... 


+  2^+...)P/V/<V<**'    (4) 


Now  from  (2),  neglecting  higher  powers  than  the  first  of  a, 

j2"+»  =  fl«+»{i+(i+3)«(70,+  r1/+...  +  r/+...)}, 

VOL.  U.  Bb 
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and  by  substitution  in  the  last  value  of  P",  since  it  is  (Art.  351) 
only  the  term  ffLJ^l  dy! dtf  which  does  not  vanish,  we  have 

4«pg»(l  +  8JJ 
_y  ZR 

Now  the  volume  of  the  Spheroid  is  $ttc?  (1  +  SY0),  and  if  we 
choose  a  so  that  ^Tia3  shall  be  the  volume,  TQ  will.be  zero. 
Thus,  attending  to  the  result  (rj),  Art.  352,  we  have 

where  M  is  the  mass  of  the  Spheroid. 

It  is  very  easy  to  see  that,  with  the  origin  at  the  centre  of 
mass  of  the  Spheroid,  the  term  Yx  is  zero. 

For  if,  in  general,  (#,  js  z)  are  the  co-ordinates  of  the  centre  of 
mass,  we  have 

Mx  =  p////3  (1  -fi'2)*  cos  tfdr'dp'dtf 

=  i  P//#4(1  -V2)*  cos  *' V*'.  («) 

and  since  (1  —  j/2)*  cos<£'  is  a  Spherical  Harmonic  of  the  first 
degree,  in  the  expansion  of  JB'4 — viz.  aA  { 1  +  4  a  (7/  +  72')  +  . . . } 
— the  only  term  that  will  not  identically  vanish  in  (6)  is 

apat/JTS  (1  ~//2)*  cos  4>'di/d<l>'. 
But  this  is  zero  because  *  =  0.     Hence 

//T/(l  -M'2)*  cos  W*<*>'  =  0.  (7) 

Similarly,  since  y  =  0,  we  must  have 

//7/(l  -V2)*  sin  W*4>'  =  0 ;  (8) 

and  since  z  =  0,  ffY{y!  dp' d$  =  0.  (9) 

But  7/  is  (Art.  350)  of  the  form 

J/  +  (l-/^(5cos^+Csin^ 
where  -4,  -B,  C  are  constants,  and  the  results  (7),  (8),  (9)  make 
^  =  Z?=C=0,  asis  easily  seen  either  by  direct  integration,  or 
by  multiplying  the  left-hand  sides  of  these  equations  by  Ay  Ji,  C 
and  adding.  We  thus  get  ffY{%d\kd<\>  =  0,  which  requires 
7/  to  vanish  identically. 

For  example,  take  the  case  .of  a  nearly  spherical  ellipsoid  of 
revolution  round  the  smaller  axis,  c. 
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In  this  case  (see  example  15,  p.  366)  k  =  Vy  and  we  have 

But  the  a  in  (5)  is  determined  from  the  equation 

&  =  #{l+2k)\  .\     a  =  c(l+i&), 

and  since  Bf  =  a  (1  -f  aY^\  we  have  a  =  —J  h.     Hence  (5)  gives 

r=y^-l^ifg(3M«-l), 

in  which  a  or  c  may  be  used  indifferently  in  the  small  term. 

If  the  Spheroid  is  not  homogeneous,  but  consists  of  strata  of 
different  densities,  each  stratum  differing  but  little  from  a  sphere, 
the  Potential  can  still  be  very  easily  expressed.  Thus,  let 
/=a/(l+«y)  be  the  equation  of  any  stratum,  J  being  the 
radius  of  a  sphere  whose  volume  is  equal  to  that  of  the  stratum, 

so  that  /=r1/+;ra/+...  +  i7+..., 

where  the  J''s  involve  cl  as  well  as  //  and  <f>\  unless  the  strata 
are  all  similar. 

Now  if  the  Spheroid  were  homogeneous  and  of  density  p  as  far 
as  the  stratum  cly  the  Potential  of  this  portion  would  be  given 
by  the  equation 

-+(27TT)^^v,+8+-i 

Let  a'  +  da'  be  the  constant  of  the  next  stratum  outside,  and 
let  the  value  of  V  due  to  the  whole  portion  of  the  Spheroid,  sup- 
posed homogeneous  and  still  of  density  p,  up  to  and  including 
this  stratum,  be  written  down.  Subtract  the  first  result  from 
the  second  and  we  obtain  the  Potential  due  to  the  shell  of 
density  p  included  between  the  strata  c[  and  at  +  da\ 

The  Potential  of  the  homogeneous  solid  a'+da'  being  F+dFy 
we  have  by  subtracting  that  due  to  the  homogeneous  solid  a\ 


•••+pmJ»'^,n+™j' 

the  independent  variable  in  the  differentiations  being  a\  the 
parameter  which  determines  any  one  stratum  of  constant  density. 

B  b  2 
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Now  if  the  value  of  a'  for  the  bounding  surface  of  the  Spheroid 
is  a,  we  have  by  integrating  the  above 

Internal  Point.  If  the  point,  P,  at  which  the  value  of  the 
Potential  is  desired  is  inside  the  Spheroid,  we  may  treat  the 
spheroid  as  consisting  of  a  sphere  and  a  superficial  layer  which  is 
everywhere  of  comparatively  small  thickness. 

The  Potential  of  a  solid  homogeneous  sphere  at  an  internal 
point  has  been  already  found.  We  must  therefore  find  the 
Potential  at  P  due  to  the  shell  at  the  surface  of  this  sphere — 
observing  that,  according  to  the  shape  of  the  spheroid,  the 
thickness  of  this  shell  measured  outwards  from  the  surface  of  the 
sphere  may  be  positive  or  negative.  If  the  equation  of  the 
surface  is  r  =  a(l+ay)t  the  thickness  of  the  shell  at  any  point 
is  (nearly)  aay ;  or  the  value  of  /  ranges  from  /  =  «  to 
/=  a  (l  +ay).  If  v  is  the  Potential  at  P  (internal)  due  to  the 
shell, 

Performing  the  integration  in  /  first,  we  have 

which,  by  Art  352,  is 

in  which  the  Ps  belong  to  the  attracted  point  P.  To  this 
must  be  added  2irpa2—  lirpR*,  which  is  due  to  the  sphere  of 
radius  a,  so  that 

^»2»p^-|»p^  +  4«,/,««j...+^7|^?7<+...}.     (12) 
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As  has  been  already  proved,  the  terms  T0  and  Tx  may  be  dis- 
pensed with. 

The  case  of  a  heterogeneous  spheroid  is  treated  exactly  as 
before.  The  point  P  being  internal,  let  b  be  the  parameter  of 
the  stratum  of  constant  density  passing  through  P,  and  take  for 
V  the  sum  of  the  Potentials  due  to  the  spheroid  as  far  as  this 
stratum  and  to  the  portion  between  this  stratum  and  the  bound- 
ing surface  (of  parameter  a).  The  point  P  is  external  to  the 
first,  and  the  corresponding  part  of  Fis  given  by  (10)  in  which 
we  have  simply  to  change  the  limit  a  to  b  in  the  integrations. 
The  Potential  due  to  any  stratum  (af,  p)  surrounding  P  can  be 
obtained  by  subtracting  the  Potential  due  to  a  solid  homogeneous 
spheroid,  (af,  p)  from  that  due  to  a  solid  homogeneous  spheroid 
(a'  +  A/Jp).  Thus  by  (12)  the  Potential  due  to  the  stratum 
\a\  p)  is 

2ir^(o+*a»^{^ir;+|^r/+...+^^fe}. 

Integrating  this  between  d  =  b  and  a!  =  a,  we  have  by 
addition  to  the  first  portion, 

For  the  discussion  of  the  figure  and  law  of  density  of  the 
strata  of  the  earth  the  reader  will,  of  course,  consult  the  MScanique 
Celeste.  A  valuable  epitome  of  Laplace's  and  other  results  will 
be  found  in  Pratt's  Treatise  on  Attractions,  Laplace's  Functions, 
and  tie  Figure  of  tie  Earth. 


Miscellaneous  Examples. 

1.  Find  the  work  required  to  scatter  the  particles  of  a  uniform 

circular  plate  to  infinite  distances  from  each  other  (for  the  law  of 

nature). 

Ans.  Let  if  be  the  mass  of  the  plate  in  grammes,  a  its  radius 

in  centimetres,  and  y  the  G.  G.  S.  constant  of  gravitation ;  then  the 

workia  jp 

-r ergs. 

3ira      6 
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At  any  distance,  g,  from  the  centre,  inside  the  plate 

V  =  4  Yprj *  Va*-3?Bm*ddOt 

where  r  =  thickness  of  plate.     Hence 

\fVdm  =  4wy^r,rf  f* Vc?-tf*m%0.xdaid6. 
Jo  Jo 
Perform  the  integration  in  x  first ;  &c. 

2.  Considering  the  attraction-intensity  of  an  infinite  plate  at  a 
point  near  its  surface,  show  that  it  is  greater  for  the  law  of  inverse 

square  than  for  the  law  —  when  n<  2,  and  less  for  the  law  of  inverse 

square  than  for  the  law  -y  when  n  >  2. 

The  attracted  particle  having  any  position  on  the  axis  of  the  plate 

(assumed  circular),  the  attraction-intensity  for  the  law  -j- *■ 

( 1  —  cos"  a)  tan*~"a 

2irypT- • 

'  n— 1 

If  the  particle  is  near  the  plate,  cos  a  =  x,  where  x  is  very  small, 
tan  a  =  -  5  and  the  most  important  part  of  this  expression  becomes 

# ;  from  which  the  result  follows. 

(n—  l)xn~* 

3.  At  a  point  in  the  plane  of  a  uniform  circular  plate  outside  its 
circumference,  the  Potential  is 

where  x  is  the  distance  of  the  point  from  the  centre,  and  K  and  E 
are  the  complete  elliptic  integrals  of  the  first  and  second  kinds  with 

modulus  -• 
x 

[Let  P  be  the  point,  0  the  centre,  Q  any  point  on  the  circum- 
ference, LOPQ  =  0 ;  then  

V=4ypr      </a*-x*Bm*6d6, 
Jo 

where  a  =  sin_1-.     Let  x  sin  0  =  a  sin  <f>,  where  <f>  is  the  angle 
x 

between  QP  and  QO ;  Ac] 

4.  Find  a  function,  <f>,  of  r  only  which  satisfies  the  equation 

(V»+a«)<f>  =  0, 
where  a  is  independent  of  r. 

~ar  £-«r 

Ana.  4>  =  A—+B—. 
r  r 

The  equation  (y),  p.  281,  becomes      *      +a*.r<ft  =  0- 


355-]  EXAMPLES.  375 

5.  Fig.  228,  p.  1,  represents  a  homogeneous  solid  rectangular  block 
whose  density  is  p  grammes  per  cub.  cm. ;  the  sides  are  AD  =  2a  cm., 
BD  =  b  cm.,  DC/  =  h  cm. ;  find  the  attraction-intensity  at  a  point, 
P,  which  is  on  the  perpendicular  to  AD  at  its  middle  point  and  lies 
in  the  plane  of  the  face  AOBD. 

An*.  If  p  is  the  distance  (in  centimetres)  of  P  from  the  side 
AD,  and  if  X,  Z  are  the  components  of  the  force-intensity  in  and 
perpendicular  to  the  plane  AOBD, 

rp+b     _  ah 

X  =  2yPJP       B^"V(a^T^)W+^),<fa;     (^l^g™*-) 


Z  =  2yp  I       logj  \  — & •  dx.     (dynes  per  gramme.) 

Jp  x(a+Vh2+a*+x*) 

6.  Apply  the  preceding  to  calculate  the  deviation  of  the  plumb- 
line  caused  by  a  large  rectangular  table-land  in  the  following 
instance. 

'A  table-land  1610  feet  high,  commencing  at  a  distance  of  20  miles 
from  Takal  K'hera  near  the  great  arc  of  meridian  in  India,  runs 
80  miles  north,  and  60  miles  to  the  east  and  60  to  the  west.'  (Pratt's 
Attractions,  Laplace's  Functions,  and  the  Figwre  of  the  Earth,  p.  48.) 

Observe  that  h  is  here  very  small  compared  with  the  other  linear 
dimensions. 

Assume  p  to  be  2 .  8,  i.e.  about  half  the  mean  density  of  the  Earth, 
or  the  density  of  statuary  marble  ;  also  assume  160933  centimetres 
in  1  mile.     Then,  since  a  gramme  mass  weighs  at  the  surface  of  the 

X 

Earth  about  980  dynes,  the  circular  measure  of  the  deviation  is  - — ; 

and  the  deviation  is  found  to  be  about  4".  8— so  considerable  a  dis- 
turbance that  (it  is  stated)  the  place  in  question  was  abandoned  as 
a  principal  station  of  the  survey.  We  have  neglected  Z  in  this  result, 
as  is,  of  course,  allowable. 

7.  When  by  the  method  of  Inversion  (Art.  334)  a  system  of  points 
{rf>  }f>  *0  >8  deduced  from  a  given  system  (a>,  y,  2),  show  that  if  the 

d  d  d  d         ,    d%       d2       d* 

operations  aJ-+y_+,-,  or  ,-,  and   ff  +  ^  +  ff   are, 

respectively,  denoted  by  b  and  V*,  we  have 

v      *» v    e 
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356.]  Definitions  of  Strain  and  Stress.  When  a  natural 
solid  (such  as  iron,  wood,  &c),  or  any  material  medium,  is  not 
acted  upon  by  any  external  forces,  its  particles  assume  certain 
determinate  distances  from  each  other,  and  the  body  is  then  said 
to  be  in  its  natural  state.  But  when  forces  act  on  it  either  at  its 
surface  or  throughout  its  mass,  or  when  any  disturbance  is  pro- 
pagated through  its  interior,  these  natural  distances  between 
tts  particles  suffer  alteration,  and  the  body  is  said  to  be  in  a  state 
of  strain.  Thus  a  fluid  exerting  pressure,  a  medium  propagating 
sound,  and  the  luminiferous  ether  when  it  is  propagating  light 
are  instances  of  a  body  in  a  state  of  strain. 

The  change  of  the  natural  distances  between  the  particles  is 
always  attended  by  the  production  of  internal  forces,  or,  as  they 
are  called,  internal  stresses^  or  simply  stresses ;  and  these  stresses 
will  depend,  as  we  shall  see,  both  on  the  nature  of  the  body  and 
on  the  nature  of  the  strain  in  any  case. 


Section  I. 

Analysis  of  Small  Strains. 

357.]  Displacements  of  a  Rigid  Body.  It  has  been  already 
pointed  out  (Chap.  XV)  that  the  general  motion  of  a  rigid  body 
consists  of  a  moticfti  of  translation  which  is  the  same  for  all  its 
particles,  together  with  a  rotation  round  an  axis  through  an 
angle  which  is  the  same  for  all  its  particles.     These  displace- 
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ments  do  not  alter  the  distance  between  any  two  particles  of  the 
body,  and  they  are  therefore  unaccompanied  by  the  development 
of  stress  in  its  interior.  Stress  results  only  from  the  alteration 
of  distances  between  pairs  of  particles,  and  hence  in  treating  of 
strains  and  stresses  all  displacements,  whether  of  translation  or 
of  rotation,  which  are  impressed,  with  common  magnitude,  upon 
all  particles  of  the  body,  may  be  discarded ;  and  again  any  such 
common  displacement  may  be  freely  introduced  if  it  is  found 
convenient  for  analysis. 

358.]  Changes  in  Eelative  Co-ordinates.  Let  a  system  of 
rectangular  axes,  Ox,  Oyy  Oz,  (Kg.  290)  be  fixed  in  space; 
through  any  point,  P,  in  the  natural  solid  under  consideration 
let  Px,  Py,  Pz  be 
drawn  parallel  to 
the  fixed  axes.  Let 
the  particle  at  P  be 
displaced  to  P*,  and 
suppose  that  the  co- 
ordinates (#,y,  z)  of 
P  referred  to  the 
axes  through  0  are 
increased  by  small 
quantities,  u%  vy  w, 
respectively.  The 
co-ordinates  of  Pf 
are  therefore  x •+■ # ,  y  +  v,  z + to.  Now  these  displacements  u9  v,  to 
depend  on  the  position  of  the  point  P,  i.e.  they  are  functions  of 
its  co-ordinates  depending  on  the  law  according  to  which  the 
strain  is  produced.  We  have  then,  when  the  kind  of  strain  is 
specified,  some  such  equations  as 

«=/i(*i**)i   *=M*>9>*)*  "=/*(**&*)> 
where /^,/2,/g  are  symbols  of  functionality. 

Let  Q  be  a  particle  very  near  P,  and  let  its  co-ordinates  with 
reference  to  the  axes  drawn  through  P  be  (£,  17,  C).  Then  the 
displacements  of  Q  parallel  to  the  axes  are  obviously 

/ifa  +  £  y  +  v>  *+C)> 
that  is,  by  Taylor's  Theorem, 


Fig.  290. 


378  ANALYSIS   OP   STRAINS  AND   STRESSES.  [358. 

Mdu        du       „du  *dv         dv       Mdv 

Adw        dw      Mdw 

Suppose  Q  to  come  to  Q'  by  displacement.  Then  in  consider- 
ing the  nature  of  the  strain  in  the  neighbourhood  of  P,  we  may, 
by  last  Article,  impress  on  every  particle  of  the.  body  a  motion  of 
translation  represented  in  magnitude  and  sense  by  P'P,  so  that 
Pf  will  be  brought  back  to  P  without  in  any  way  interfering 
with  the  strain  of  the  solid.  By  drawing  QfQf'  equal  and 
parallel  to  P/P,  the  particle  which  was  originally  at  Q  may  now 
be  considered  to  be  at  Q" ;  and  a  similar  process  is  to  be  repeated 
for  all  other  particles.  The  part  of  the  strain,  therefore,  due  to 
the  alteration  of  the  distance  between  P  and  Q  will  depend  on 
the  co-ordinates  of  Q"  with  reference  to  Px,  Py>  Pz.  These  co- 
ordinates are,  of  course,  the  excesses  of  those  of  Q'  over  those  of 
Pf ;  and  therefore  the  relative  co-ordinates  of  Q"  are 

.•        duK         du       „du       *dv         ,        dvy.       ^dv 

*(1+s)+'y+fs»  «s+'(l  +  ^)  +  far 

+dw        dw       >/-       dwy, 

in  other  words,  the  changes,  A£  A??,  A£  in  £,  tj,  f,  are 

A>       *du         du       Mdu        A  dv         dv       *dv 

Cob.  1.  All  particles  near  P  which  in  the  natural  state  lie  in 
one  plane  will  after  strain  also  lie  in  one  plane.  For  if  the  co- 
ordinates of  Q"  are  denoted  by  £',  ??',  f,  we  have 

>/      ^/,       du\        du      .du      ,  „ 

which  equations,  being  linear,  give  £,  77,  ( linearly  in  terms  of 

£'>  t\\  ('-     Remembering  that  -r->  j-,...  aw  all  small,  these 

du 
equations  give  £  =  £'+  small  quantities  of  the  order  of  —  >  &c. ; 

*  dx 

so  that  in  any  terms  multiplied  by  -7-, ...  £'  may  be  put  for  £, 
1/'  for  tj,  and  f  for  f 
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Hence  we  have,  to  the  order  of  accuracy  adopted, 


c-t'(i     dw\    r.'du    fdu 


(1) 


dx'        dy        dz 

*-        ffdVJ.r/(\        dV\       f'dV 

"  =  -*  S+'C1-^)-'  Tz 

Therefore  if  all  the  points  (£ ,  »y,  Q  lie  in  the  plane 
^f  +  ^  +  tfC+i^O, 

all  the  points  (£ ',  rf9  (0  wiU  &lso  lie  in  a  plane.  That  is,  every 
plane  curve  is  strained  into  a  plane  curve  in  a  different  plane. 

Cob.  2.  All  particles  near  P  which  in  the  natural  state  lie  in 
one  right  line  will  after  strain  also  lie  in  one  right  line.  For  if 
we  have 

A£+£r,  +  CC+D  =  0  and  J'f+.BSj  +  CC+D'  =  0, 

we  shall  have  f ,  rf,  f,  also  satisfying  two  linear  equations. 

Cos.  3.  Two  parallel  right  lilies  in  the  natural  stale  are  changed 
into  two  parallel  right  lines  (with  a  different  direction)  in  the 
strained  state. 

For,  one  of  the  two  lines  being  given  by  the  equations 

the  other  will  be  given  by  two  equations  in  which  the  terms  D 
and  If  alone  are  altered.  Substitute  for  f,  rj}  £  their  values  in 
terms  of  £ ',  iy',  ( ',  and  observe  that  the  values  of  D  and  If  do  not 
influence  the  direction  cosines  of  the  line  into  which  any  one  is 
converted  by  strain. 

359.]  Elongation  in  any  Direction.  Supposing  P  and  Q 
to  be,  as  before,  two  particles  in  the  natural  state  of  the  body, 
the  elongation  in  the  direction  PQ  is  defined  as  the  ratio  of  the 
change  produced  by  strain  in  the  distance  between  these  same 
particles  to  the  original  distance  between  them.     Hence  the 

elongation  in  the  direction  PQ  is        p/1 — ,  or  — ,  if  p  denotes 

PQ9  and  Ap  the  change  in  p. 

NOW  ^  =  £2  +  ^  +  ^ 

.-.     pAp  =  £A£+riAr,  +  CAC'> 
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or  if  we  substitute  for  Af,  A17,  and  Af  their  values  from  last 
Article, 

+*du      «dv     >*>dw     >    /dn     dv\       >/dv     dw\ 

Let  the  cosines  of  the  angles  made  by  PQ  with  Px9  Pyy  Pz  be 
/,  m,  »,  respectively,  let 

du  _      dv  _  .    dw  _ 
dx~~    9  dy~   *  dz  ™"   ' 

dt.     dv  dv     dw  _  dw     du  __ 

Ty*Tx-**^Tz  +  ty-2*v  Tx+Tz-2**> 

and  denote  the  elongation  by  c ;  then  the  last  equation  gives 

c  =  aP  +  im2  +  cn2  +  2  lms3  +  2  **#t  +  2  »&2 .  ( 1 ) 

The  elongation  in  any  direction  may  be  graphically  represented 
as  follows : 

Construct  at  P  the  quadric  surface  whose  equation  referred  to 
the  spatially  fixed  axes  Px,  Py9  Pz  is 

a£*  +  *i|»  +  *P  +  2#I£ir+2#1iC+2iitt  =  #  (2) 

where  k  is  any  constant  linear  magnitude.  If  r  is  the  length  of 
the  line  PQ  intercepted  by  this  surface,  we  have 

t*(aP  +  bm2  +  cn2  +  2  lm*z  +  2mnsx  +  2nls2)  =  £* ; 

P 

.-•     *  =  ji>  (») 

or  the  elongation  in  any  direction  varies  inversely  as  tie  square  of 
the  radius  vector  of  the  Elongation  Quadric  in  this  direction,  if  we 
agree  to  call  the  above  surface  the  Elongation  Quadric. 

It  is  possible,  however,  that  equation  (2)  may  fail  to  represent 
the  elongation  in  all  directions.  For  there  may  be  contraction 
(negative  elongation)  in  some  directions,  and  then  (2)  will  repre- 
sent a  hyperbolic  surface,  the  radii  of  which  will  give  as  in  (3) 
the  elongations,  while  the  contractions  must  be  given  by  con- 
structing the  surface 

a(*  +  l>rJ2  +  c(2  +  2sz£r,  +  2slrlC+2s2C£=  -P9  (4) 
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which  is  the  hyperboloid  conjugate  to  that  which  gives  the 
elongations. 

Unless,  then,  all 
lines  are  contracted  or 
all  lines  elongated, 
there  will  really  be 
two  quadrics  required, 
one  to  represent  elon- 
gations and  the  other 
to    represent    contrac-  Fig.  391. 

tions. 

For  example,  consider  the  simple  case  in  which  the  strain  is 
made  by  drawing  out  all  lines  perpendicular  to  the  plane  yz  in 
the  same  proportion,  and  contracting  all  lines  perpendicular  to 
the  plane  xz  in  the  same  proportion ;  so  that 

u  —  ax,   v  =  —  by,   w  =  0. 

Then  the  elongation  is  given  by  the  equation  e  =  al2—bm2. 
Now  this  expression  is  negative  when  bm2>al2,  and  if  we  con- 
struct a  surface  whose  equation  is  af 2  —  brj2  =  0,  i.e.  two  planes 
through  the  axis  of  z,  this  surface  will  form  the  boundary  between 
lines  which  are  elongated  and  lines  which  are  contracted.  The 
elongations  are  given  by  the  radii  of  the  surface  flf2— brj2  =  £*, 
a  hyperbolic  cylinder,  the  section  of  which  by  the  plane  xy  is 
represented  in  Fig.  291  by  the  curve  {BAG,  1/A'C') ;  and  the 
contractions  by  the  conjugate  surface  brf— a£ 2  =  P,  which  is 
represented  by  (DfiC,  I/lfC) ;  the  planes  of  no  elongation  or 
contraction  being  the  asymptotic  planes,  DI/9  CC\  of  these 
surfaces. 

All  lines  through  P  along  which  the  elongation  is  the  same 
lie  on  a  cone  whose  equation  is  easily  found  from  (1).  For, 
putting  €(P  +  m2  +  n?)  for  e,  we  have 

(a  —  «) P  +  (£  —  c)  m2  +  (<?—€)  n2  +  2s^lm  +  2^ mn  +  2 s2nl  =  0  ; 

and  if  £,  rj,  (  are  the  co-ordinates  of  any  point  on  the  line 
(I,  m,  »),  we  have  l:m:n  =  £:rj:£;  therefore  this  equation  gives 

(a-c)P  +  (*-c)if  +  (<!-c)  ^  +  2*3^  +  2*,  T,C+2*2Cf=0, 

which,  if  €  is  constant,  denotes  a  cone  whose  vertex  is  P.  This 
is  called  the  cone  of  equal  elongation.  If  €  is  taken  =  0,  we  get 
a  cone  of  no  elongation,  and  it  is  evidently  (when  real)  the 
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asymptotic  cone  both  of  the  Elongation  Quadric  and  of  the 

Compression  Quadric. 

Cor.  1.     The  elongation*  in  the  directum*  of  the  axe*  of  x,yyz 

,.    r         ,  du   dv  dto 

are,  respectively,  a,  b,  c,  or  ^,  ^,  -^ . 

Cor.  2.  The  elongation  is  the  same  along  all  parallel  lines  in 
the  neighbourhood  of  P.  For  if  R  is  any  point  very  near  P, 
the  value  of  c  along  a  direction  (I,  my  n)  at  R  is  got  by  using  the  • 
values  of  a,  b,  c,  s19  *2,  *s  at  R  in  equation  (1).  But  these  values 
at  R  differ  from  the  values  at  P  by  infinitesimals  of  the  second 
order.     Therefore,  &c. 

Cor.  3.  Any  small  parallelogram  or  parallelepiped  in  the  natural 
state  in  the  neighbourhood  of  P  i*  changed  into  another  parallelo- 
gram or  parallelopiped  by  the  strain. 

For  (Cor.  3,  Art.  358)  any  two  parallel  lines  are  strained  into 
two  parallel  lines,  and  (Cor.  2,  Art.  359)  they  are  equally  elon- 
gated.    Therefore,  &c. 

Cor.  4.  A  small  circle  very  near  P  in  any  plane  i*  strained  into 
an  ellipse  in  a  different  plane. 

For,  let  AQB  (Fig.  292)  be  a  circle  in  the  natural  state ;  let 
OA  and  OB  be  any  two  rectangular  diameters,  Q  any  point  on 
the  circle,  and  QM  and  QN  perpendiculars  on  OA  and  OB.  Let 
the  lines  OA  and  OB  become  oa  and  ob  (in  a  different  plane)  by 

the  strain,  and  let  Q  become 

q.    The  circle  will  become  a 

curve  in  the  plane  of  oa  and  ob 

by  Cor.  1,  Art.  358.     Also  if 

qm  and  qn  are  drawn  parallel 

to  ob  and  oa,  the  lines  QM 

Fig.  293.  and  QN  will  become  qm  and 

qn ;  for  M  must  become  some 

point  on  oa  (Cor.  2,  Art.  358),  and  OB  and  QM  must  become 

parallel  lines  (Cor.  3,  Art.  358). 

Again,  if  *  is  the  elongation  along  OA, 

oa  =  (1  +  «)  OA  and  om  =  (1  +  e)  OM; 
OM  _  Om 
•*'     OA~  Oa' 

.    .,    ,  ON      on 

similarly  OB  =  l*% 


OM* 
OA* 

+ 

ON* 
OB* 

=  ] 

oma 
oa* 

+ 

on2 

1, 
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But 

therefore 

which  shows  that  the  curve  on  which  q  lies  is  an  ellipse  having 
the  lines  oa  and  ob  for  conjugate  semi-diameters. 

Hence  every  pair  of  rectangular  radii  of  a  circle  is  strained 
into  a  pair  of  semi-conjugate  diameters  of  an  ellipse ;  and  since 
among  these  latter  there  is  one  rectangular  pair  (the  axes  of  the 
ellipse),  it  follows  that  some  two  rectangular  diameters  of  the  circle 
are  strained  into  two  rectangular  lines.  Hence  in  every  plane  near 
P  can  always  be  found  two  rectangular  lines  which  are  strained 
into  two  rectangular  lines. 

Cob.  5.  Any  two  small  cqplanar  areas  in  tie  natural  state  are 
strained  into  two  cqplanar  areas  having  the  same  ratio  to  each  other 
as  the  unstrained  areas. 

For  let  CAB  and  (fA'Bf  be  any  two  elementary  rectangles  in 
the  same  plane  near  P  such  that  AB  is  parallel  to  A'B?  and  AC 
parallel  to  A'C  Then  by  Cor.  3  these  will  be  strained  into  two 
parallelograms,  cab  and  <fa'b\  such  that  ab  is  parallel  to  a'br  and 
ac  to  aV. 

„  areacad    _     acyab 

±len°*  areacV^  "  a'c'xa!V ' 

Let  €  be  the  elongation  in  the  direction  AB  and  «'  that  in  the 
direction  AC ;  then 

ab  =  (l+<)AB,  a'V  =  {\  +  *)A'V\ 

ac  =  (l+*')AC,  a'S^il+^A'C; 

.       -  areacai    _    ACxAB    __  area£4jB 

therel0re       area<?V$'  ""  A'(?  x  A!B?  "  area  VA'V ' 

Now,  whatever  be  the  two  areas,  they  can  each  be  broken  up 
into  an  infinitely  great  number  of  small  parallel  rectangular 
strips,  and  the  ratios  of  the  strained  areas  of  these  strips  being 
the  same  as  those  of  the  unstrained,  the  whole  strained  areas 
are  to  each  other  as  the  unstrained  ones. 

Cor.  6.  Every  small  sphere  in  the  natural  state  is  strained  into 
a  small  ellipsoid.  This  is  evident  from  Cor.  4,  since  the  sphere, 
being  a  surface  every  section  of  which  is  a  circle,  must  alter  into 
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a  surface  every  section  of  which  is  an  ellipse.     Nevertheless  for 
clearness  we  may  repeat  the  proof  of  that  Cor.     Let  OA,  OB,  OC 

be  any  three  rect- 
angular semi  -  dia- 
meters of  the  sphere, 
Q  any  point  on  the 
sphere,  QR  a  line 
parallel  to  OC  ter- 
minated by  the  plane 
OAB,  and  RM,  RN 
Fjg  a93  parallels  to  OB  and 

OA.  Let  the  lines 
OA,  OB,  OC  be  strained  into  oa,  6b,  oc,  and  Q  to  q.  Then  by 
Cor.  3,  Art.  359,  QR,  RM,  and  RN  will  be  strained  into  qr,  rm, 
and  rn  which  are  parallels  to  oc,  ob,  and  oa  terminated  by  the 
planes  oab,  oac,  and  obc.    Also  by  Cor.  2, 

oa         om      .      om      OM 
OA 


similarly 


But 


therefore 


OM'  1#e'  oa  ~0A9 
ON     q^_QR 
OB'    oc"OC 
ON9 


on 

7b 
OM2      ON*      QR*  _ 
OA2  +  OB2  +  OC2  "    ' 


om* 


on 


!*. 


/v»*   +  /»/,2  +  ^H—   lj 


which  shows  that  the  surface  on  which  q  lies  is  an  ellipsoid 
having  oa,  ob,  oc  for  a  system  of  conjugate  semi-diameters. 

Hence  every  rectangular  set  of  radii  cf  a  sphere  in  the  natural 
state  is  strained  into  a  system  of  conjugate  semi-diameters  of  the 
ellipsoid  into  which  the  sphere  is  changed ;  and  it  follows  that 
there  is  one  rectangular  set  which  is  strained  into  a  rectangular 
set  and  altered  in  directions,  the  latter  being  the  axes  of  the 
ellipsoid  into  which  the  sphere  is  strained. 

Cob.  7.  Any  two  small  volumes  in  the  natural  state  are  strained 
into  two  small  volumes  which  bear  the  same  ratio  to  each  other  as 
the  unstrained  volumes.  The  proof  of  this  proceeds  exactly  as  in 
Cor.  5. 

860.]  Lines  of  no  Rotation.  Let  us  enquire  whether,  with 
the  given  strain,  it  is  possible  to  find  a  particle  Q,  in  the  natural 
state  of  the  body,  such  that  its  displaced  position,  Q",  shall  be 
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on  the  line  PQ.  If  this  is  so,  all  particles  (near  P)  on  the  line 
PQ  will  retain  the  same  direction  with  respect  to  P;  Le,  the 
line  PQ  will  not  suffer  rotation  by  the  strain. 

>/-     du\       du     j&u 

t(1+fo'  +  rid;  +  Cfa 

The  direction  cosines  of  PQ"  are ■ pn„    -  » ... , 

"Q 
Hence  if  these  are  the  same, 


and  those  of  PQ  are 


PQ'" 

du\ 


>/,     du\       du     Au 

*(,+s)+'5+f;& 


PQ" 


PQ' 


with  two  similar  equations.     Now  PQ"  =  (!+«)  PQ ;  hence 


/du      N  A    i 


rfy  fife 

with  two  similar  equations ;  or  if  I,  m,  n  b^  the  direction  cosines 
of  PQ,  a  line  of  no  rotation, 

,/du      x         du       du 


fy 


-*<*F  =  0^ 


,dv         s(lv       x        dv 


Wy 


./7«p         rf«7         ,dw       \ 


By  eliminating 
cubic  equation  for  e 


da?        d[y 


0) 


m,  n  from  these  equations,  we  obtain  the 


du 
dx 
dv 


—  «! 


rfy'    dz 
dv  dv 


dx9    dy      '    fife 


=  0, 


(2) 


dw    dw 
dx*   dy*   dz 

which  gives  necessarily  one  real  value  of  e  and  may  give  three 
real  values. 

Hence  in  the  small  general  strain  of  an  elastic  solid  there  is  at 
every  point  at  least  one  line  of  no  rotation. 

361.]  Change  of  inclination  of  two  lines.  In  the  unstrained 
state  let  there  be  two  points,  Qx  and  Q2  very  near  P,  and  let  <f> 
be  the  angle  between  the  lines  PQX  and  PQr  We  propose  to 
find  the  angle  between  the  lines  into  which  these  are  strained. 
Jjet  (£2  ?h  Ci)  and  (fa  ^  £2)  be  the  co-ordinates  of  Qx  and  Q2  with 
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reference  to  Px>  Py,  Pz  (Fig.  290);  and  supposing  that  the 
strained  positions  of  Qx  and  Q2  are  Qx"  and  Q2",  whose  co- 
ordinates are  (£/ 17/  C\)  and  (£/  17/  f2'),  we  have,  by  Art.  357, 

£/-(i+«)*i+ik^+6a.  *'-f»s+(i+»)%+Ci5» 

^  /      /*       \  >         du     M  du        ,      +  dv     ,^  m  TX     m  *  dv 

h,  .*.*•  *.  »d  |HMi  of  *  >,...,£ w. 

have  £i€t'+nii»+CiC*  =  &&+%%+&& 

+M+%0(J  +  J)+(fi&+«i)(£  +  £)- 

If  <f/  is  the  angle  between  PQX"  and  PQ,", 

so  that  if  €j  and  c2  are  the  elongations  in  the  directions  PQX  and 
PQ2,  and  (^0*i«i),  (hm2n%)  the  direction  cosines  of  the  lines 
PQX  and  PQ2»  the  above  equation  gives 

(1  +  €t)(l  +  €2)  cos  <p'  =  cos  <f>+  2  {alxl2  +  *%*»2  +  c*if4) 

+  2*8(/1>»2  +  /2*»1)  +  2*1(*»1»2  +  «vi1)  +  2*2(«1/a  +V0; 
or  dividing  out  by  (l  -f  €2)  (1  +  e  ), 
cos  <£'=  cos  <£  (1  —  cx  —  f2)  +  2  (fl^/j  +  im1m2  +  wt^j) 

+  2*3(^1^  +  ^1)  +  2*1(w1«2+w2«1)  +  2*2(»1?2  +  ii2?1),     (1) 

the  products  of  the  elongations  and  the  small  quantities  «,*,... 
*3,...  being  rejected.    The  change  in  the  cosine  of  the  angle 

between  any  two  rectangular  lines  is  got  by  putting  <j>  =  -  • 
Denoting  this  change  by  2*,  we  have 
s  z=z  aljl2  +  bm^ m2  +  cn^n2 

+  *s(/1«i2  +  /2w1)  +  *1(w1«a  +  «2«1)  +  *2(»1^  +  »2^).    (2) 
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Coe.  1.  The  quantities  2*8,  2*19  2s2  are,  respectively  the  cosines 
of  the  angles  between  the  strained  positions  cf  the  axes  of  (#,  y), 

(y,  z\  (*>  «)• 

Hence  the  lines  through  P  which  in  the  unstrained  state  of 
the  body  were  parallel  to  the  axes  of  reference  are  changed  by 
strain  into  slightly  oblique  pairs  of  lines  containing,  respect- 
ively, angles  equal  to 

w  w  F 

2         *9     2         ly     2         a* 

Cob.  2.  The  result  at  the  end  of  Cor.  6,  Art.  359,  easily  follows 

IT  IT 

from  the  value  of  cos  4>'  ia  (*)•     For  if  <f>  =  -  and  also  ^'=  - > 

2  2 

the  directions  of  the  lines  PQt  and  PQ2  are  connected  by  the 

equation 

alxl2  +  bm1m2  +  cnxn2  +  *8  (/^  +  l2m^j  +  *2  (w^  +  m2nj 

+  *a(V2+Vi)  =  °» 
or    (a/l  +  *8««1  +  ^1);2  +  (*3/1  +  &w1+*1»1)w2  + 

(s2lx  +  *2%  +  04)  »2  =  °> 
which  shows  that  PQX  and  PQ2  are  conjugate  diameters  of  the 
quadric      a?  +  brf  +  c(*  +  2sz(rl  +  2s1riC+2s2C£=P, 

A  being  any  constant. 

Coe.  3.  2K*  quantities  b  +  c,  c  +  a,  a  +  b  are,  respectively,  the 
areal  dilatations,  that  is,  the  ratios  of  increase  of  small  areas  to 
their  original  values  in  the  planes  ofyz,  zx>  ay. 

For,  since  all  small  areas  near  P  in  the  plane  yz  are  altered  in 
the  same  ratio,  to  determine  this  ratio  we  may  take  a  small 
rectangle  with  lengths  m  and  n  along  Py  and  Pz.  The  sides  of 
this  become  (Cor.  1,  Art.  359)  (1+4)  m  and  (1  +c)  n,  and,  the 
cosine  of  the  angle  between  them  becoming  sl9  the  sine  of  this 
angle  is  1  to  the  order  of  accuracy  adopted.     Hence  the  new 

area  is  (i  +  b)(l+c)mn,    or    mn  +  (b  +  c)mn; 

or  if  A  and  A'  are  the  unstrained  and  strained  areas 

A'-A 


A 


=  b  +  c  =  areal  dilatation. 


Similarly  for  dilatations  in  the  other  planes. 

cc  2 
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Cob.  4.  The  quantity  a  +  b  +  c  is  the  cubical  dilatation,  that  is, 
the  ratio  of  the  increase  of  any  small  volume  at  P  to  the  unstrained 
magnitude  of  this  volume. 

For,  since  all  small  volumes  near  P  are  increased  in  the  same 
ratio,  to  determine  this  ratio  we  may  take  a  small  and  rect- 
angular parallelopiped  with  edges  m,  n,p  along  the  axes  Px,  Py,  Pz. 
These  edges  become  (l+a)  *»,  (l+#)  »>  (!+*)  Pi  respectively, 
and  the  sines  of  the  angles  between  them  are  each  1,  to  the  order 
adopted.     Hence  the  strained  volume  is 

(1  +a)(l  +b)(l+c)mnp,    or     mnp  +  (a  +  b  +  c)mnp; 
so  that  if  V  and  V  are  the  unstrained  and  strained  volumes, 

P-F 

— —  =a  +  b  +  c. 

Cor.  5.  We  conclude  at  once  that,  whatever  system  of  rect' 
angular  lines  is  drawn  through  P,  the  sum,  a  +  b  +  c,ofthe  elonga- 
tions along  them  is  constant. 

For,  the  ratio  in  which  any  volume  is  increased  cannot  depend 
on  any  particular  set  of  axes  of  reference.  This  also  follows  from 
the  value  of  c  given  in  Art.  359. 

862.]  Transformation  of  Strain.  Given  the  components  of  a 
strain  with  reference  to  one  set  of  rectangular  axes,  to  find,  the  com- 
ponents of  the  same  strain  with  reference  to  any  other  set  of 
rectangular  axes. 

The  components  with  reference  to  a  set  of  axes,  Px,  Py,  Pz, 

,    .  ,  /     du         du     dv       \ 

being  a,  b,  c,  2sz,  2sx>  2*2  (or  ^,  •••>^r  +  ^, .-)»  we  wish  to 

find  them  with  reference  to  a  set,  Paf,  Ptf,  P/,  whose  direction 
cosines  are  (I,  m,  n),  (^,  m\  n*),  {$',  m",  »"),  respectively. 

The  value  of  -j-,  is  simply  the  elongation  in   the  direction 

(/,  m,  n).     Hence 

a'  =  aP  +  bm2  +  en2  +  2  szlm  +  2  sx  mn  +  2s2nl, 
with  exactly  similar  values  of  V  and  <f. 

Again,  -,-/  +  T~>  **  simply  the  cosine  of  the  angle  between  the 

strained  positionsof  the  two  lines  Paf,Pif\  hence,  by  (2)of  last  Art., 
*3'  =  all'  +  bmm'  +  cnn'  +  s3(lm'  +  l'm)  +  s1(mn'  +  m'n) 

+  *2  (»/'  +  «'/), 
with  exactly  similar  values  of  */  and  *2'. 
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Two  strains  having  reference  to  two  distinct  sets  of  axes 
are  equivalent  when  each  produces  the  other ;  and  either  may  be 
substituted  for  the  other. 

In  particular,  given  the  strain  components,  e19  e29  es,  referred 
to  the  principal  axes  of  the  strain,  we  have  for  the  components 
with  reference  to  any  system  of  rectangular  axes  the  values 

a  =  e1l*  +  e2m2  +  ezn2\  sx  =  e1l'l"  +  e2m'm"  +  ezn'h", 

b  —  e1  V2  i^f  *3»'a  ;  s2  =  e±  11"  +  e2mm"  +  esnn", 

c  =  e1F'*  +  e2m"2  +  e3n"2  ;  *3  =  e1lP  +  e2mm'+e3m'. 
863.]  The  Strain  Ellipsoid.  It  has  been  already  proved 
(Cor.  6,  Art.  359)  that  a  small  sphere  in  the  unstrained  state  of 
the  body  is  converted  by  the  strain  into  an  ellipsoid.  This 
latter  surface  is  called  the  Strain  Ellipsoid  of  the  given  strain. 
We  here  exhibit  its  deduction  analytically. 

Let  the  point  Q  (Fig.  290)  be  any  point  on  a  sphere  of  radius  r 
and  centre  P.     Then,  Px,  Py,  Pz  being  axes  of  co-ordinates, 
?  +  #  +  (*  =  +. 

It  is  required  to  find  the  surface  traced  out  by  Q",  the  strained 
position  of  Q,  as  the  latter  varies  on  the  surface  of  the  sphere. 
The  co-ordinates  of  Q"  being,  as  in  Art.  358,  f ',  nf}  f,  we  have 
by  squaring  and  adding 

f.+^+?.(i-.*)r+(i-.J)v+(i-iJ)f- 

or     (i-a)r  +  a-*K2  +  (W)r-2*8£y-2MY 

-2*2CT~=0,      (1) 

which  is  a  quadric,  and  necessarily  an  ellipsoid  since  a  sphere 
must  be  strained  into  a  closed  surface.  As  we  have  been  using 
£,  1?,  C  to  denote  running  co-ordinates,  we  may  without  confusion 
write  the  equation  of  the  strain  ellipsoid 

-1/^  =  0.    (2) 

364.]  Principal  Axes  and  Principal  Elongation  of  a  Strain. 
The  principal  axes  of  a  strain  at  any  point  P  are  those  three  recU 
angular  lines  (Cor.  6,  Art.  359)  which  become  by  the  strain  the  axes 
of  the  strain  ellipsoid ;  and  since  in  general  the  direction  of  a 
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line  is  altered  by  the  strain,  the  principal  axes  of  the  strain  are, 
in  general,  rotated  by  the  strain  about  the  point  P. 

The  principal  elongations  of  a  strain  at  any  point  P  are  the 
elongations  along  the  principal  axes.    We  shall  denote  these  by 

^l>  ^2>  *3* 

Cor.  If  the  axes  of  co-ordinates  at  P  are  taken  in  the  direc- 
tions of  the  axes  of  the  strain  ellipsoid,  the  quantities  sx,  *2,  and 
*3  are  all  zero,  as  is  evident  from  (2)  of  last  Art.,  and  the  equation 
of  this  ellipsoid  will  be 

(i-e1)t*  +  (i-'2)v>  +  (l-'z)?-i'2  =  0'  («) 

365.]  Pure  Strain.  A  strain  is  said  to  be  pure  when  the 
lines  at  P  which  become  the  axes  of  the  strain  ellipsoid  are 
unaltered  in  their  directions  by  the  strain. 

866.]  Conditions  for  a  Pure  Strain.  If  €  is  the  elongation 
in  the  direction  of  any  radius  vector  of  the  strain  ellipsoid,  we  have 

p  =  r(l+€), 
where  p  is  the  length  of  this  radius  vector  and  r  the  radius  of  the 
sphere  which  becomes  by  strain  the  strain  ellipsoid. 
Hence  if  the  axes  of  this  ellipsoid  are  a,  p,  y,  we  have 
a=r(l+e1), 
/3  =  r(l+<g, 
y  =  r(l+*3) 
Now  if  I,  m>  n  are  the  direction-cosines  of  any  axis,  we  have 
(see  Salmon's   Geometry  of  Three  Dimensions,   or   Frost's   Solid 
Geometry)  (i_a)/_,3.a,_,2.«  =  a/,    j 

— *3-^+(£  —  b)m— sx.n  =  \m>  V  (l) 

— s2.l— #1.«+(j—  c)n  =  A*,  j 

the  three  values  (Alf  Ag,  A3)  of  A  obtained  from  these  equations 
being  such  that  the  equation  of  the  ellipsoid  referred  to  its  own 
axes  would  be  -2 

A1s«  +  A2^  +  Aa*'--=0. 

r2 
Hence      A1==  — =  i_*i;   A2  =  |-<?2;   A3=|-<?3. 
&  u 

Therefore  if  €  stands  for  any  one  of  the  principal  elongations, 

ei>  e2>  ez>  the  equations  (1)  become,  for  the  direction  of  any  axis, 

(a  —  €)/+*3*0+*2»=  0,  \ 

ssl+(b^€)m  +  s1n  =  0,  I  (2) 

s2l+ s1m-\-(c—f)n  =  0.  ) 
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Now  if  there  are  three  unrotated  lines,  they  are  given  by 
equations  (1),  Art.  360 ;  and  if  the  same  lines  are  determined  by 
(2),  we  must  have 

du  __  dv  ^     du  __dw  _      ^     dv  __dw 

dy"~dx~   ?'     dz~~dx~~  *'     dz  ~"  dy  ~~  19 
and  the  conditions  for  pure  strain  are  that  the  displacements 
u,  v,  w  satisfy  the  equations 

du     dv  __        du      dw  ^        dv     dw  __  '  .  . 

dy      dx~~    '    dz      dx  ~~    '    dz      dy~  *  ' 

These  are  the  well-known  conditions  that  the  expression 
udx  +  vdy  +  wdz, 

in  which  u,  v,  to  are  functions  of  #,  y,  zy  should  be  the  perfect 
differential  of  a  single  function,  <j>  (#,  y>  z).  When  this  function 
exists,  i.e.  when  the  strain  is  pure,  it  is  called  the  Displacement 
Potential  of  the  strain. 

Hence  the  components,  A£,  At;,  Af,  of  the  strain  (given  in 
Art.  358)  become  when  the  strain  is  pure 

A£=a£+V7  +  *2C ,  ) 

Aif  =  #8£+*1  +  *iC,  f  (4) 

&(=s2£+slrJ  +  c(,) 

i.e.  the  coefficient  of  77  in  Af  is  the  same  as  the  coefficient  of  £ 
in  A77,  &c.  ;  and  this  is  the  distinguishing  character  of  a  pure 
strain.     A  pure  strain  is  also  called  an  irrotational  strain. 

The  values  of  the  principal  elongations  of  a  strain  are  the 
roots  of  the  cubic  equation 

a— e,   *3,    s2 

*3>    *  —  *>    *i 


*2»      *1»      C       * 


=  0, 


or       €3-(a  +  j  +  c)c2  +  (a4  +  fc  +  ff«-*12-*22-*32)€ 

+  asf  +  bs£  +  c8^—abc  —  2^*2*3  =  0. 

867.]  Rotation  and  Strain  proper.  Every  strain  can  be  resolved 
into  a  pure  strain  and  a  rotation.  By  a  rotation  here  is  meant  such 
a  displacement  as  a  rigid  body  undergoes  in  turning  round  an  axis, 
and  we  propose  to  show  that  the  general  small  displacement  at 
any  point  P  of  a  body,  may  be  produced  by  two  operations,  viz. 
first  holding  fixed  in  directions  the  principal  axes  of  the  strain 
and  straining  the  body  to  a  certain  extent,  and  then  rotating  it 
as  a  rigid  body  about  a  certain  axis. 
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It  has  been  shown  (p.  104)  that  if  a  rigid  body  receives  small 
angular  displacements,  <ov  a>2,  a>8,  round  three  fixed  rectangular 
axes,  the  displacements  of  the  co-ordinates,  £  17,  f,  of  any  point 
in  it  are  A  *  t  m 

(Such  a  displacement  has,  of  course,  no  displacement  potential; 
for  if  these  displacements   are  denoted  by  w,  0,  w9   we  have 

-z j-z  equal  to  —  2»3  and  not  equal  to  zero.) 

arf      (Iq 

Now  the  component,  A£,  of  the  displacement  of  Q  along  the 

axis  Px  is  (Art.  358)  rf  rf 

,    ,  .  A     .  /rfw     dv^        _  ^tf     rfwx  .    •    ,du     dw>.  _ 

«dft«-^+4(j5;  +  a)»+*(5-5K+*(s-5)f 

Hence,  with  the  same  values  of  sly  *2,  *3  as  before,  we  have 

*  =  «*+M+«kf+i*(s-a)C-*(a-5>{. 

A  comparison  with  (1)  shows  that  the  portions  in  brackets  in 
these  expressions  denote  rotations,  as  of  a  rigid  body,  about  the 
axes  through  the  small  angles 

.  /dm     dv^  _  ,du     dw\  .  ,dv      day.      ,  . 


which  are  equivalent  to  a  rotation  through  V<*f  +  »22  +  <o32 
about  one  line  (p.  103);  while  the  portions  of  A£,  A17,  Af  out- 
side the  brackets  denote  a  pure  strain  by  Art.  366. 

If  the  axes  of  reference,  Px,  Py,  Pzy  are  chosen  in  the  direc- 
tions of  the  principal  axes,  the  strain  portion  of  the  displacement 
will  be  expressed  by 

Af=^f,     Ai;  =  *277,     Af=f3C, 

i.e.  the  strain  is  produced  simply  by  multiplying  the  co-ordinates 
of  every  particle  by  the  numbers  1  +  elf  1  +e2,  1  +ez.     A  simple 
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elongation  of  a  body  in  a  direction  perpendicular  to  any  plane 
means  the  drawing  out  from  the  plane  of  every  particle  through 
a  distance  proportional  to  the  perpendicular  from  the  particle  on 
the  plane,  so  that  those  particles  farthest  from  the  plane  in  the 
natural  state  are  most  drawn  away,  but  all  in  the  same  propor- 
tion to  their  original  distances  from  it. 

By  this  Article  we  see  that  every  small  displacement  at  a  point 
P  can  be  produced  by  three  successive  simple  elongations  followed  by 
a  rotation,  as  of  a  rigid  body,  about  an  axis  through  P. 

The  rotation  part  of  the  displacement  in  the  neighbourhood  of 
a  point  does  not  belong  to  the  strain  proper  of  the  substance  at 
the  point.  This  rotation  will  frequently  be  called  in  the  sequel 
the  vortical  rotation. 

368.]  Significations  of  su  s2iss.     Let  the  axes  Px  and  Py 
become    by   strain   Pa/'  and 
Py",  Fig.  294.  (Of  course  it  is 
supposed,  as  in  Art.  358,  that  *T 

P  is  brought  back  to  its  ori-  v 

ginal  position  after  the  strain.)  /  b* 

All  particles  in  the  plane  of 

Px  and  Py  originally  are  in 

the  (different)  plane  of  Px"  r  R 

and  Py"  after  the  strain ;  and 

if  A  is  a  particle  on  the  axis  of  y  and  AB  a  line  parallel  to 

Px,  the  line  of  particles  AB  will  become  (Cor.  3,  Art.  358)  a 

line  of  particles  A"K'  parallel  to  Paf'.     Let  fall  a  perpendicular, 

A"p,  from  A"  on  Paf'.     Then  the  particle  (A")  which  was  at  A 

has  advanced  in  front  of  P  parallel  to  the  line  Paf'  through  the 

distance  Pp.      Now  Pp  =  PA"  cos  of'Pf  =  2PA" .  *3  (Cor.  1, 

Art.  361) ;  and  PA"  =  (1  +b)PA ;  therefore  Pp  =  2  (1  +  S)*3.P^; 

or,  neglecting  the  product  bs39 

p5=2,3. 

Hence  the  quantity  2*3  is  the  rate  (per  unit  of  distance  be- 
tween the  two  lines)  at  which  particles  on  any  line  AB  parallel 
to  Px  have  slid  beyond  the  corresponding  particles  on  Px. 
Evidently  it  is  also  the  rate  at  which  sliding  has  taken  place 
between  particles  on  Py  and  lines  parallel  to  Py. 

Or  again,  imagine  a  little  parallelopiped  at  P  having  its  edges 
along  the  lines  Px,  Py,  Pz.    Then  2*3  is  the  rate  at  which  the 


394  ANALYSIS   OF   STRAINS  AND   STRESSES.  [369, 

face  parallel  to  that  in  the  plane  xz  has  slid  in  front  of  the  latter ; 
or  the  rate  at  which  the  face  parallel  to  the  plane  yz  has  slid  in 
front  of  the  face  in  the  plane  yz. 

Similarly  for  the  values  of  s1  and  *,. 

The  effects  of  the  separate  components  of  strain  in  producing 
deformation  may  be  usefully  studied  by  finding  the  displaced 
positions  of  the  various  corners  of  the  cube  represented  in  Pig. 
228,  p.  1,  as  given  by  the  equations  (4),  p.  391.  Thus,  if  a  alone 
exists,  every  point  will  be  simply  displaced  parallel  to  Ox.  If  st 
alone  exists,  the  edge  OA  will  not  be  moved ;  the  points  C  and  H 
will  move  through  equal  small  distances  along  CF  and  HCf ; 
while  B  and  D  will  be  moved  along  BF  and  B(f.  This  cube  is 
thus  changed  into  an  oblique  parallelopiped. 

Def.  When  a  plane  is  held  fixed  in  a  body  and  all  planes  in 
the  body  parallel  to  it  are  slid  in  the  same  direction  and  sense 
parallel  to  the  fixed  plane,  each  through  a  distance  proportional 
to  its  distance  from  the  fixed  plane,  the  strain  so  produced  is 
called  a  shearing  strain. 

The  ratio  of  the  distance  through  which  any  plane  has  slid  to 
its  distance  from  the  fixed  plane  is  called  the  amount  of  the  shear. 
Hence  the  quantities  2s1}  2#2,  2*3  are  the  small  shears  of  the  axes 
of(y,  z\  (z,  x),  (#,  y)  respectively,  at  the  point  P. 

From  Fig.  294  it  is  clear  that  the  change  in  the  cosine  of  the 
angle  between  any  two  lines  at  right  angles  in  the  natural  state 
is  the  shear  in  their  plane  of  lines  parallel  to  either. 

869.]  Shearing  Strain.  The  two  kinds  of  strain  with  which 
we  are  most  concerned  in  the  theory  of  Elasticity  are  Cubical 
Bilatation  and  Shearing  Strain.  We  propose,  therefore,  to  consider 
this  latter  more  particularly  here. 

Treating  it  first  analytically,  and  confining  our  attention  to  a 
shear,  2;3,  of  the  two  rectangular  lines  Ox  and  Oy,  the  elongation 
quadric  would  be  2  s  £n  =  i* 

the  axes  of  co-ordinates  being  the  lines  Ox  and  Oy. 

But  this  equation  denotes  a  hyperbola  in  the  plane  xy  referred 
to  its  asymptotes ;  and  if  we  alter  the  axes  of  co-ordinates  to  the 
axes  of  the  curve,  the  equation  referred  to  them  will  be 

A  comparison  with  the  general  equation  of  the  elongation 
quadric  shows  that  this  equation  denotes  an  elongation  «s  (half 
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the  shear)  of  the  body  along  one  axis  of  the  curve,  accompanied 
by  an  elongation  —  *3  (i.e.  an  equal  compression)  of  the  sub* 
stance  along  the  other  axis. 

Hence  the  shearing  strain  of  a  body  can  be  produced  by  a  simple 
elongation  {equal  to  half  the  shear)  along  one  line  and  a  simple 
compression  of  equal  amount  along  a  perpendicular  line. 

The   same  result  is   easily  found   also    by   considering  the 
displaced  positions  of  the  various  corners  of  the  cube  in  Fig.  295, 
due  to  the  shearing  strain  2sx  alone  (shear 
of  the  axes  y,  z\  and  given  by  equations 
(4),  p.  391. 

These  equations  give  for  the  displacements 
of  any  point 

A£  =  0,  Ai|  =sx&  AC=W> 
so  that  the  points  y,  z  will  be  displaced  to 
y',  /,  through  equal  distances ;  no  point  on 
Px  will  be  displaced ;  the  points  JB,  C  will  p,^.  295. 

come  to  If,  C,  such  that  B&  =  zz\ 
CC  =y/;  finally,  the  points  A,  I  will  be  displaced  to  A\  V 
along  the  diagonals  PA  and  xl,  respectively,  the  lines  z'A!  and 
yjf  being  parallel  to  P/  and  Pz*,  so  that  the  squares  zPyA  and 
BxCI  become  lozenges  by  the  strain,  and  the  cube  is  altered 
into  an  oblique  parallelopiped. 

The  angle  zfPtf  =  -  —  2sx ;  the  diagonal  zy  is  shortened  into 

j*y,  while  the  diagonal  PA  is  elongated  into  PA'.  If  I  =  the 
length  of  an  edge  of  the  cube, 

jy=J(l-#i)V2i   and   -P^'  =  J(l+*i)V2. 

The  squares  zPxy  AyC>  and  all  sections  parallel  to  them 
remain  squares,  and  are  therefore  quite  undistorted;  and  the 
length  of  every  line  in  these  planes  remains  unaltered.  The 
same  is  true  of  all  planes  parallel  to  xPy.  Hence  the  shearing 
strain  could  be  replaced  by  a  strain  in  which  every  line  near  P 
parallel  to  the  diagonal  zy  is  compressed,  and  every  line  near  P 
parallel  to  xl  is  elongated,  the  amount  of  the  compression  and  of 
the  elongation  being  sx. 

The  axes  of  the  elongation  quadric,  2sx  (y*—z2)  =  i2>  belong- 
ing to  this  strain  are  the  internal  and  external  bisectors  of  the 
angle  zPy,  together  with  Px. 
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We  have  been  considering  small  displacements ;  bnt  let  us 
now  consider  an  elongation  of  any  amount  along  a  line  Ox,  and 

an  equal  compression 
along  a  perpendicular 
Oy  (Fig.  296).  Sup- 
pose that  all  lines  in 
the  body  parallel  to  Ox 
are  increased  in  the 
ratio  a :  1 ,  and  that  all 
lines  parallel  to  Oy  are 
diminished  in  the  ratio 
1  :  a ;  and  consider  dis- 
placements in  the  plane 
xy>  There  will,  of  course, 
*" *9  '  be  similar  displacements 

in  all  planes  parallel  to  xy.  The  displacement  of  the  point  0 
may  be  impressed  in  reversed  direction  on  all  points,  so  that 
0  may  be  considered  as  at  rest. 

Draw  OA,  of  any  length,  making  the  angle  AOx  =  tan"1  a. 
From  A  let  fall  An  perpendicular  to  Oy.  Then  An  becomes 
elongated  by  the  strain  parallel  to  Ox  into  a.  An]  but 
a .  An  =  nO ;  therefore  by  this  strain  A  is  drawn  out  to  a,  Aa 
being  parallel  to  Ox,  and  a  a  point  on  the  bisector,  Oa,  of  the 
angle  xOy.     From  a  draw  am  perpendicular  to  Ox.    Then  by 

the  strain  parallel  to  Oy,  am  becomes  shortened  into  —  •     Now 

if  we  draw  OA'  making  with  Ox  an  angle  equal  to  AOy,  this  line 

will  meet  am  in  a  point,  A'9  such  that  A'm  =  —  •     Hence  after 

the  two  strains  A  will  come  to  A! ;  and  we  see  that  OA'  is  equal 
in  length  to  OA>  and  that  they  are  both  equally  inclined  to  the 
bisector  of  the  angle  xOy. 

In  the  same  way  if  OB  be  drawn  making  LBOoifz=.  tan^a, 
the  length  of  OB  will  be  unaltered,  the  point  B  will  come  to  if, 
and  the  lines  OB  and  OB/  are  equally  inclined  to  the  bisector  of 
the  angle  afOy.  Also  OA  is  perpendicular  to  0B/.  Hence  since 
parallel  lines  are  all  altered  in  the  same  ratio,  all  lines  parallel  to 
OA  are  unaltered  in  length,  and  all  lines  parallel  to  OB  are 
unaltered  in  length. 

Imagine  a  plane  through  OA  perpendicular  to  the  plane  of  the 
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paper,  and  let  any  curve  whatever  be  traced  out  in  this  plane. 
The  curve  will  remain  perfectly  undistorted  after  the  strain. 
For,  all  lines  perpendicular  to  the  plane  of  the  paper  obviously 
remain  so  and  are  unaltered  in  length,  and  all  lines  parallel  to 
the  plane  of  the  paper  remain  parallel  to  this  plane,  while  of 
these  latter  those  which  are  parallel  to  OA  remain  unaltered  in 
length.  Hence  ordinates  and  abscissae  of  the  above-named  curve 
parallel  to  OA  and  to  a  normal  to  the  plane  of  the  paper  remain 
perpendicular  to  each  other  and  unaltered  in  length.  The  curve, 
therefore,  as  regards  magnitude  and  shape  remains  exactly  as  it 
was;  its  plane  only  is  altered  (to  the  plane  through  OA!  per- 
pendicular to  the  paper). 

It  follows,  of  course,  that  all  lines,  whatever  be  their  direction*, 
in  the  plane  through  OA  perpendicular  to  the  paper  remain  un- 
altered in  length. 

Similarly  all  lines  in  the  plane  through  OB  and  the  normal 
to  the  paper  remain  unaltered  in  magnitude ;  and  all  figures  in 
this  plane  also  remain  undistorted. 

The  planes  through  the  normal  to  the  paper  and  the  lines  OA 
and  OB  are  called  the  planes  of  no  distortion. 

Suppose  that  we  impress  on  the  body  a  common  motion  of 
rotation  about  the  normal  to  the  paper  at  0  so  as  to  bring  OA! 
into  coincidence  with  OA.  This  motion  will,  of  course,  be  un- 
accompanied by  any  strain.  Then  OB!  will  come  to  OB!', 
and  BB!'  is  perpendicular  to  OB!  and  parallel  to  OA,  as  is 
very  easily  seen. 

Draw  BQ  parallel  to  OA.  Then  since  the  length  of  BQ 
remains  unaltered,  Q  will  come  to  Q",  a  point  such  that 
B"Q"=  BQ.  Hence  all  particles  in  the  line  BQ  are  slid 
parallel  to  AO  through  a  space  BB".  Npw  if p  is  the  length  of 
the  perpendicular  from  B  on  OA, 

P    ~~        a' 
as  is  easily  found. 

Consequently  in  this  strain  if  the  undistorted  plane  OA  is  held 

fxed,  every  plane,  BQ,  parallel  to  it  is  slid  parallel  to  it  through  a 

distance  proportional  to  the  perpendicular  distance  between  BQ  and 

OA  ;  and  this  is  the  usual  way  of  representing  a  shearing  strain. 

Of  course  the  strain  may  otherwise  be  produced  (neglecting 
the  effect  of  mere  rotation  common  to  all  points)  by  holding  faet 
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distance  from  the  axis.  That  is,  at  each  point  there  will  be 
uniform  elongation  and  uniform  contraction.  This  will  be 
proved  in  the  last  section  of  this  chapter.  Hence  if  the  axis  of 
the  bar  is  taken  as  that  of  z,  and  the  axes  of  x  and  y  are  in  the 
plane  of  the  fixed  base, 

u  =  —  ax,    v  =  —  ay,    to  =  cz 

will  express  the  displacements  of  any  point,  the  quantities  a  and 
c  being  constant  throughout  the  bar.  This  is  the  case  of  Traction. 
Suppose  that,  the  base  being  still  held  fixed,  the  free  extremity 
is  twisted  round  through  any  angle  (measured  by  the  angle 
through  which  any  diameter  of  the  section  revolves)  ;  then  every 
other  normal  section  of  the  bar  will  turn  through  an  angle  pro- 
portional to  the  distance,  z,  of  this  section  from  the  fixed  base. 

If  I  =  length  of  bar,  a  =  angle  through  which  its  free  end  is 
twisted,  every  point  in  the  section  considered  will  be  twisted 

through  an  angle  a-j  •      Hence  the  displacements  of  a  point  x,y 

in  this  section  are  (the  twisting  taking  place  from  axis  of  x 
towards  axis  of  y) 

azy  azx 

y  —  — ^-,     v~~ '     w=0' 

This  strain  is  called  Torsion. 

372.]  Lines  of  Plow  and  Vortex  Lines.  Just  as  a  Line  of 
Force  has  been  defined  (p.  316)  as  a  curve  at  every  point  of 
which  the  resultant  force  of  attraction  of  a  system  is  directed 
along  the  tangent,  so  a  Line  of  Flow  is  defined  to  be  a  curve  at 
every  point  of  which  the  resultant  displacement  of  the  particle 
existing  there  is  directed  along  the  tangent. 

Again,  we  have  seen  that  the  displacement  at  any  point  can 
be  produced  by  a  pure  strain  together  with  a  rotation  round  an 
axis  through  the  point.  A  curve  such  that  at  every  point  of  it 
the  rotation  corresponding  to  that  point  takes  place  round  the 
tangent  is  called  a  Vortex  Line. 

In  analogy  with  a  Tube  of  Force,  we  have  a  Tube  of  Flow. 
If  through  points  constituting  the  contour  of  any  area  we  draw 
Lines  of  Flow,  these  lines  form  a  surface  called  a  Tube  of  Flow. 
Similarly,  if  through  the  points  constituting  the  contour  of  any 
area  we  draw  Vortex  Lines,  these  lines  will  make  a  surface  which 
may  be  called  a  Vortex  Tube. 
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When  the  normal  section  of  the  Vortex  Tube  is  everywhere 
very  small,  it  is  called  a  Vortex  Filament.  Such  a  filament,  AB, 
is  represented  in  Fig.  297. 

373.]  Equipotential  Surfaces.  When  the 
strain  at  every  point  is  irrotational,  the  quan- 
tity udx  +  vdy  +  wdz  is  a  perfect  differential  of 
a  function  <j>  (x,  yy  z).  Describe  in  the  body  a 
series  of  surfaces  the  equation  of  any  one   of 

whichis  4>(x,y,z)=C.  (1) 

Then  by  giving  C  a  series  of  different  values 
we   shall    have   a    series    of   surfaces,   exactly  e'  97' 

analogous  to  the  equipotential  surfaces  of  an  attracting  mass ; 
and  these  equipotential  surfaces  of  strain  will  be  related  to  the 
lines  of  flow  exactly  as  the  equipotential  surfaces  of  attraction 
are  to  the  lines  of  force;  that  is,  at  every  point  the  line  of 
flow  is  perpendicular  to  the  equipotential  surface.  For,  the 
direction-cosines  of  the  normal  to  the  surface  (l)  at  any  point 

{x>lf>z)  are  proportional  to  ^,  t-j  -^;    i.e.  to  u,  v9  w.     But 

ax     ay      dz 

u,  v,  w,  being  the  components  of  the  displacement,  are  of  course  pro- 
portional to  the  direction-cosines  of  the  line  of  flow.  Therefore,  &c. 
The  potential  function  of  any  small  strain  being  </>,  we  see 

that  -7—  is  the  displacement  parallel  to  the  axis  of  x ;  and  since 

the  axis  of  x  may  be  in  any  direction,  the  displacement  in  any 
direction  is  the  rate  of  variation,  per  unit  of  length,  of  potential  in 
this  direction. 

It  follows  that  the  resultant  displacement  (which  is  perpen- 
dicular to  the  surface  <f>  =  C)  is  -3?,  where  n  denotes  length 

measured  along  the  normal  to  the  surface,  and  the  displacement 
is  measured  in  the  same  sense  as  n. 

Let  two  very  close  equipotential  surfaces,  <f>  =  Cx,  <f>  =  C2>  be 
described.  Denote  these  by  ^  and  <p2.  Then  at  all  points  on 
</>!  the  resultant  displacement  is  inversely  proportional  to  the 
normal  distance  at  this  point  between  the  surfaces  <p±  and  <f>2. 

For,  if  at  any  point  on  the  surface  <pL  the  normal  distance 

between  it  and  <f>2  is  An,  the  displacement  is  —  or  — —- 1  * 
vol.  11.  D  d 
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But  for  all  points  considered  <J>2— 4^  =  C2— Ct  =  a  constant ; 
therefore  the  displacement  varies  inversely  as  An. 

374.]  Circulation.  Suppose  any  curve,  AB,  to  be  traced  out 
in  the  body,  and  let  the  displacement  of  each  particle,  P,  on  the 
curve  between  A  and  B  be  resolved  along  the  tangent  to  the 
curve  at  P  (the  resolution  taking  place  between  A  and  B  in  a 
sense  opposite  to  that  of  watch-hand  rotation) ;  then  the  sum 
obtained  between  A  and  B  by  multiplying  this  resolved  part  of 
displacement  by  the  element,  ds,  of  the  curve  at  P  and  adding 
all  such  products  is  called  the  circulation  between  A  and  B. 
Hence,  by  definition,  the  circulation  from  B  to  A  is  equal  and 
opposite  to  the  circulation  from  A  to  B. 

The  components  of  the  displacement  parallel  to  the  axes 
being,  as  before,  w,  t>,  w,  and  the  direction-cosines  of  the  tangent 

to  the  curve  at  P  being  -7-  >  -j-  >  -=- ,  the  circulation  is 

l(u~d*+vd~  +  10d~)c*Si  or  [(v&B  +  vfy  +  vdz)* 
the  integral  being  taken  from  AtoB. 

Supposing  that  there  is  no  rotation,  or,  in  other  words,  that 
there  is  a  displacement  potential  which  has  a  value  <px  at  A  and 
<f>2  at  Bf  the  circulation  from  A  to  B  is  <f>2— 4>\  \  it  therefore 
depends  merely  on  the  co-ordinates  of  A  and  B  and  not  at  all 
on  the  curve  between  them  along  which  it  is  taken. 

If  the  curve  is  closed,  B  coincides  with  Ay  and  the  circulation 
is  zero,  it  being  still  supposed  that  the  strain  is  irrotational.  If 
A  and  B  are  any  two  points  on  an  equipotential  surface,  the 
circulation  along  any  path  from  one  to  the  other  is  zero. 

We  now  proceed  to  consider  the  case  in 
which  rotation  exists,  and  to  prove  the 
following  fundamental  theorem  : — 

The  circulation  round  any  small  plane 
curve  described  round  any  point,  P,  in  the 
body  is  equal  to  twice  the  product  of  the 
area  of  the  curve  and  the  component  of  ro- 
Fig.  298.  tation  at  P  perpendicular  to  the  plane  of 

the  curve. 
Let  Q  (Fig.  298)  be  any  point  on  the  small  curve  whose  plane 
is  taken  as  that  of  xy ;  denote  the  components  of  the  displace- 
ment of  Phy  u,v,to;  and  the  co-ordinates  of  Q  with  reference 
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to  P  by  £,  q.  Then  the  displacements  of  Q  parallel  to  the  axes 
are  *du        du  Adv        dv  ^dw       dv> 

*+%+"v  v+%+v  •+**+'** 

and  the  component  of  these  along  the  tangent  at  Q  is 
,        .du        duy.d£       ,       *dv       du^drj 

When  this  is  multiplied  by  ds  and  integrated,  we  shall  have 

du 
(since  w,  v,  -=- » ...  are  constant  for  all  points  on  the  curve) 

of  which  all  the  integrals  except  the  last  two  vanish,  since  the 
curve  is  closed.  Now  f£ drj  =  area  of  curve  =  A  ;  and  frjd£ 
=  —A,  since  the  two  integrations  are  carried  round  at  the  same 

time  from  x  to  y.     Hence  the  circulation  =  A  (% =-^ 

17  Kdx      dy> 

=  2A.a>z, 

(p.  392)  G>3  being  the  rotation  round  axis  of  z  at  P,  i.  e. 
perpendicular  to  the  plane  of  the  curve. 

Suppose  that  any  surface,  plane  or 
curved,  bounded  by  any  curve,  ABCD 
(Fig.  299),  is  traced  out  in  the  body 
and  that  at  each  point  on  this  surface 
we  take  the  component  of  rotation 
round  the  normal  to  the  surface, 
multiply  this  component  by  the  ele- 
ment of  superficial  area  at  the  point, 
and  take  the  sum  of  all  such  products.  « 

This  sum  is  called  the  surface-integral 
cf  normal  rotation.    The  normal  must 

be  supposed  to  be  drawn  away  from  the  same  side  of  the  surface 
at  every  point,  and  the  rotation  is  supposed  to  take  place  oppo- 
site to  that  of  the  hands  of  a  watch  held  so  that  the  normal 
passes  up  through  its  face. 

It  is  very  easy  to  prove  that  this  surface-integral  of  rotation  is 
equal  to  one  half  the  circulation  round  the  edge,  ABCD,  of  the 
surface.  For,  let  the  surface  be  broken  up  into  an  indefinitely 
great  number  of  little  plane  areas.     Then  the  sum  of  the  circu- 

d  d  2 
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lations  round  these  areas  is  twice  the  surface  integral  of  rotation 
(by  what  has  just  been  proved).  But  the  circulations  in  the 
common  portions  of  every  two  contiguous  areas  are  directly 
opposed,  and  therefore  mutually  destructive,  as  is  seen  by 
drawing  any  two  such  little  areas,  a  and  b,  apart ;  hence  the 
circulation  exists  only  along  lines  which  do  not  form  common 
parts  of  contiguous  areas,  i.  e.  along  the  edge  which  bounds  the 
surface. 

If  the  surface  has  no  bounding  edge,  i.e.  if  it  is  a  closed 
surface,  the  surface-integral  of  rotation  over  it  is  zero. 

If  the  surface,  without  being  closed,  is  such  that  at  every 
point  of  it  the  rotation  takes  place  about  a  tangent  line  to  the 
surface,  the  circulation  round  its  bounding  edge  is  zero.  Such 
a  surface  is  that  of  a  vortex  filament  (Fig.  397) ; 
or  that  represented  in  Pig.  300,  which  consists  of 
a  vortex  tube  whose  ends  are  any  two  irregular 
curves  whatever.  The  sum  of  the  circulations 
round  the  terminal  sections  D  and  E  of  this  tube, 
estimated  in  the  cyclical  order  indicated  round  the 
contour  in  Fig.  299,  is  zero,  i.e.  the  circulations  round 
-Fig.  300.  any  iwo  section  whatever  of  a  vortex  tube  are  equal ; 
or,  in  other  words,  the  circulation  round  any  section,  normal  or 
oblique,  plane  or  tortuous,  of  a  vortex  tube  is  constant. 

Examples. 

1.  Prove  analytically  that  the  shear  of  any  two  rectangular  lines 
intersecting  at  any  point  is  equal  to  the  difference  between  the 
elongations  along  the  internal  and  external  bisectors  of  the  angle 
between  them. 

Let  the  axes  of  co-ordinates  be  the  principal  axes  of  the  strain  at 
the  point.    Then  the  value  of  8  given  in  equation  (2),  Art.  361,  becomes 
8  =  ex  W  +  etmm'  +  e3  nnf ,  (a) 

the  direction-cosines  of  the  lines  being  (/,  m,  n)  and  (V,  m',  »*),  and 
the  shear  2  5.  Now  the  direction-cosines  of  one  bisector  are  Z  — 1\ 
m—m\  n—n\  each  divided  by  the  square  root  of  the  sum  of  the 
squares  of  these  quantities,  i.e.  by  v^2,  since  the  lines  are  rectan- 
gular; and  the  direction-cosines  of  the  other  bisector  are  l  +  l\ 
rn  +  m',  n+n'  each  divided  by  v^2.  Let  €  and  /  be  the  elongations 
along  these  bisectors.     Then,  by  Art.  359, 

2t  =  e1(l-iy  +  e2(m-my  +  es(n-n')*, 
2*'=e1{l  +  iy  +  e2(m  +  my  +  es(n+ny; 
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therefore  c' — €  =  2  (ex  It + e^mmtf + e8nn'), 

or  c7— €  =  2*, 

which  proves  the  proposition. 

2.  Find  the  pair  of  rectangular  lines  in  a  given  plane  for  which  the 
Bhear  is  greatest. 

In  any  plane  the  elongation  is  greatest  along  one  axis  of  the  conic 
in  which  this  plane  cuts  the  Elongation  Quadric,  and  least  along  the 
other.  Therefore  the  difference  of  elongation  along  two  rectangular 
lines  is  greatest  for  this  pair;  and  therefore,  by  last  example,  the 
shear  of  the  two  rectangular  lines  of  whose  angle  these  axes  are  the 
external  and  internal  bisectors  is  greatest. 

Hence  the  shear  in  a  given  plane  is  greatest  for  two  lines  making 

IF 

angles  of  -  with  the  axes  of  the  conic  in  which  the  given  plane  cuts  the 

Elongation  Quadric. 

The  magnitude  of  the  shear  for  any  two  rectangular  lines  in  the 
plane  is  easily  found  and  represented  by  a  curve. 

Let  the  axes  of  x  and  y  be  taken  in  the  given  plane  and  coincident 
with  the  axes  of  the  section  of  the  Elongation  Quadric  in  the  plane. 
Then  *,  must  =  0  for  these  axes.  Also  let  one  of  two  lines  along 
which  we  wish  to  find  the  shear  make  an  angle  0  with  the  axis  of  x. 
Then  in  the  expression  for  s  (Art.  361)  we  have  lx  =  cos  0,  m^  =  sin  0, 
la  =  —  sin  0,  m1  =  cos  0,  nt  =  n^  =  0  ;  therefore 

a  =  £(6— a)  sin  20, 

or  2*  =  (6  —  a)sin  2  0  =  shear, 

which  of  course  shows  that  the  shear  is  a  maximum  along  lines 

bisecting  the  angles  between  the  axes  of  the  section.     The  curve 

whose  polar  equation  is  r  =  (6— a)  sin  20  consists  of  four  loops,  one 

in   each   quadrant,  and  its  radius-vector  gives  the  shear  for  any 

is 
directions,  denoted  by  0  and  -  +  0. 

2 

It  follows  that  the  two  rectangular  lines  whose  shear  is  absolutely 

the  greatest  at  a  point  in  the  body  are  those  in  the  plane  of  the 

greatest  and  least  axes  of  the  Elongation  Quadric  (or  of  the  Strain 

IT 

Ellipsoid)  and  making  angles  of  t  with  them,  and  that  their  shear  is 
6j— «j,  if  we  assume  el9  «2,  %  to  be  in  descending  order  of  magnitude. 

3.  Represent  the  shears  of  all  pairs  of  rectangular  lines  obtained  by 
taking  a  given  line  and  all  those  at  right  angles  to  it  at  a  given 
point. 

Let  the  point  0  (Fig.  240,  p.  37)  be  the  point  in  the  strained  body 
through  which  the  pairs  of  rectangular  lines  are  drawn ;  OP,  OA, 
OZ  represent  the  principal  axes  of  the  strain  at  0 ;  let  OL  be  the 
given  invariable  line  with  which  any  variable  line,  OM  (not  drawn  in 
the  figure)  at  right  angles  OL  is  to  be  associated ;  draw  the  arc  ZL, 
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and  produce  it  to  cut  PA  in  N ;  let  LN  be  produced  to  R  so  that 

it 
LR  =  - ;  at  R  draw  a  great  circle,  RM,  perpendicular  to  LR ;  then  the 

variable  line  OM  is  always  somewhere  in  the  plane  of  this  great  circle. 
Let  the  position  of  the  given  line  OL  be  denned  by  the  angles  ZL 
(=  0)  and  PN  (=  0),  and  let  the  variable  angle  RM  be  x-  Then 
using  the  value  of  8  given  in  (a)  example  1,  and  substituting  for  the 
direction-cosines  /,  V,  &c,  of  the  lines  OL  and  OM  their  values  in 
terms  of  0, 0,  x>  we  easily  find 

2«  =  («j  cos*4>  +  «a sin* <f>— «,)  sin  2 0.  cos  x 

— («!— e2)  sin  20  sin  0 .  sin  x, 
which  can  be  written  in  the  form 

2*  =  iTco8(x  +  a).  (1) 

If  e1>«2>«8,  and  we  put  c^  =  «2— %,  d2-=t1—e^,  d^  =  e1— aa,  we 

have         K  =  sin 0 </d*ain* 2<f>  +  (dl  +  d1  +  ds cos  2</>)a cos90, 

d.  sin  2  <6 

tan  a  =  71 ; — h Jtt ^  • 

(dx  +  d2  +  a8  cos  2</>)  cos  0 

Equation  (1)  gives  at  once  a  graphic  method  of  representing  the 
shear  by  means  of  the  lengths  of  chords  of  a  circle  whose  diameter  =  K. 

4.  If  A,  p,  v  are  the  direction-cosines  of  any  plane,  and  2*  the 
maximum  shear  of  lines  in  the  plane,  show  that 

5.  Prove  that  a  simple  elongation  in  any  direction  is  equivalent  to 
a  uniform  cubical  dilatation  together  with  two  shears,  each  having  the 
given  direction  for  one  axis,  the  other  axes  being  at  right  angles  to  it 
and  to  each  other. 

Consider  a  cube  whose  three  edges  at  the  point  0  are  Ox,  Oy,  Oz, 
and  suppose  the  given  Bimple  elongation,  t,  to  take  place  along  Ox. 
We  may  consider  this  as  $*+£«+*«  along  Ox,  and  we  may  suppose 
an  elongation  £  €  along  Oy  together  with  an  elongation  —  £  €  (or  a 
contraction)  in  the  sense  of  yO;  and  similarly  £  t  and  —  J*  in  Oz. 
Now  £  e  along  Ox,  Oy,  and  Oz  (and  of  course  along  all  lines  parallel  to 
these)  constitutes  (p.  388)  a  cubical  dilatation  €  ;  while  £  €  along  Ox 
and  —  i  e  along  Oy  constitute  (Art.  369)  a  shear,  whose  amount  is  f  c. 
Therefore,  &c. 

6.  Resolve  a  simple  elongation  e  in  a  given  direction  into  its 
components  with  reference  to  three  rectangular  axes. 

Ans.  If  the  direction-cosines  of  the  direction  of  elongation  with 
reference  to  the  three  axes  are  i,  m,  n,  the  elongations  and  shears  to 
which  €  is  equivalent  are 

cl\  cma,  €»',  2dm,  2tmn,  2«nZ. 

For,  if  £  rj,  f  be  the  co-ordinateB  of  any  point  before  strain,  the 
length  of  the  perpendicular  from  this  point  on  the  plane  through  the 
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origin  perpendicular  to  the  direction  (I,  m,  n)  is  Zf+WTj  +  nf;  and 
the  point  (£,  rj,  Q  is  drawn  out  along  this  perpendicular  through  a 
distance  €(J£+mij  +  w£).  The  projection  of  this  distance  along  the 
axis  of  x  is  *I  (Zf+wq+nf);  hence  the  strained  co-ordinates 
(f ,  if,  0>  ^ 

C'  =  f+€n(/£+»»T/+nC). 
Comparing  these  values  of  f ,  rj',  f  with  those  given  at  p.  392, 
we  see  that 

€?=a,  €m*  =  6,  €na  =  c,  elm  =  4,  €ttm  =  4,    €nJ,=8if 
which  are  the  required  components  of  the  elongation  with  reference 
to  the  axes. 

7.  Find  the  condition  that,  in  the  general  small  strain,  there  should 
be  two  planes  of  no  elongation. 

a>  4>  M 
Ans.    4,  6,  4    =  0.     Hence  one  of  the  principal  elongations 
4,4,  «' 
must  be  zero  (see  p.  391). 

8.  Given  two  small  strains, 

(a,  6,  c,  24,  24,  24),  (a',  6',  c',  24',  24',  20. 

find  the  resulting  elongation  quadric  and  strain  ellipsoid. 

Ans.  In  the  previous  equations  of  these  surfaces  put  a  +  o/  for 
a,  &c,  4  +  4/  for  4,  &c. 

9.  Resolve  a  shear,  2$,  of  two  given  rectangular  lines  into  its 
components  along  three  given  rectangular  axes. 

Aub.  If  the  direction-cosines  of  the  two  given  lines  with 
reference  to  the  given  axes  are  {I,  m,  n),  {V,  m\  n'),  the  com- 
ponents are 

2dP9  2*mm\  2*rm',  28(hn'  +  l'm),  2«(mn'  +  m'n),  2*(nZ'+n'Z). 

10.  Find  the  conditions  that  a  strain  whose  components  with 
reference  to  three  given  rectangular  axes  are  given  should  be  equiva- 
lent to  a  shear. 

a,  4. 
An8.     4,  b,  4    =  0  and  a  +  6  +  c=  0. 


a> 

«s> 

«2 

*Z> 

b, 

«1 

*2» 

*i> 

e 

The  first  of  these  expresses  that  the  product  of  the  three  principal 
elongations  is  zero,  and  the  second  that  their  sum  (the  cubical  dila- 
tation) is  zero.  Hence  the  principal  elongations  are  of  the  forms 
«,  —  e,  0. 

11.  Find  the  Vortex  Lines  in  the  case  of  Torsion. 
Ans.  The  rotations  at  any  point  are 

ax  ay  az 

^-^  "^""Ir  ft)»==T' 
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Hence  the  differential  equations  of  the  Vortex  Lines  are 
dx     dy  __      dz 

x  ~~  y  2z 

The  Vortex  Lines   are  therefore  the  intersections  of  -  =  c.  and 

x        * 

x*z  =  cr     The  vortex  line  at  any  point  lies  in  the  plane  through  this 
point  and  the  axis  about  which  the  torsion  takes  place. 

12.  "When  the  small  strain  (a,  6,  c,  2s19  2a%,  2«8)  is  equivalent  to  a 
shear,  find  the  magnitude  of  the  shear. 

Ana.  If  2a  is  the  shear,  a  =  vV+V  +  'ii  +  i(af+*,+cty  To 
^et  this  equate  the  components  in  example  9  to  a,  b,  c,  2«s,  .... 
Squaring  and  adding  the  last  three,  we  have 

^(l-ZaZ/a-...+2K/mw,+  ...)  =  V  +  «aa  +  «89; 
or  jP[l-2(PP+m»m*  +  nfn*)]  =  aS  +  af+s*', 

therefore  the  rest  follows  from  the  first  three. 

1 3.  Prove  that  torsion  is  equivalent  to  shear  at  each  point,  and  find 
its  amount. 

Ana.  Let  P  be  the  point  considered,  PO  the  perpendicular 
(of  length  r)  from  P  on  the  axis  of  torsion,  and  let  the  strain  be 

CLT 

expressed  as  in  Art.  371;  then  the  amount  of  the  shear  is  -y-  >  and 

the  strain  is  a  shear  of  the  line  drawn  through  P  parallel  to  the  axis 
of  torsion  and  a  line  perpendicular  to  this  one  and  to  PO. 

14.  Find  the  areal  dilatation  on  a  plane  the  direction-cosines  of 
whose  normal  are  I,  m,  n. 

Ana.  a-|-6+c-(aP  +  5ma+cw9  +  2&?w8+2*iMM1  +  2nfo2). 


Section  II. 

Analysis  of  Stresses. 

375.]  Intensity  of  a  Stress.  If  a  force  whose  magnitude  is 
P  acts  over  an  area  S  in  such  a  way  that  there  is  all  over  the 
area  the  same  force  on  the  same  amount  of  area,  the  force  is  said 
to  be  uniformly  distributed  over  the  area ;   and  the  intensity  of 

force  on  the  area  is  -5-,  i.e.   the  rate  at  which   the  force  is 
o 

distributed  per  unit  of  area.     Thus  the  atmospheric  pressure  on 

any  area  at  the  surface  of  the  earth  is  roughly  1 5  lbs.  weight  on 
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every  square  inch,  and  if  the  unit  of  force  is  a  pound  weight  and 
the  unit  of  length  an  inch,  the  intensity  of  atmospheric  pressure 
is  represented  by  the  number  15. 

If  force  acts  over  an  area  in  such  a  way  that  there  is  not  the 
same  amount  exerted  on  the  same  area  everywhere,  the  distri- 
bution is  not  uniform  ;  and  in  this  case  we  can  speak  only  of  the 
intensity  of  force  at  each  particular  point.  If  about  any  point  we 
describe  a  very  small  area,  dS,  on  which  we  may  assume  the 
distribution  of  force  to  be  constant,  and  if  dF  is  the  amount  of 

dF 
force  on  it,  the  intensity  of  force  at  the  point  selected  is  -y~* 

An  instance  of  this  occurs  when  the  area  pressed  is  any  non- 
horizontal  area  in  a  heavy  liquid.  The  intensity  of  pressure  at 
points  in  the  upper  part  of  the  area  is  less  than  the  intensity  at 
points  in  the  lower  part. 

376.]  Stress  at  a  Point.  At  any  point,  P,  of  the  body 
consider  a  small  plane  surface  of  area  dS  and  any  position.  This 
may  be  regarded  as  separating  the  part  (A)  of  the  body  at  one 
side  of  it  from  the  part  (J9)  at  the  other  side.  Then  the 
particles  in  this  element  plane,  when  the  body  is  strained  in 
any  manner,  are  subject  to  certain  forces  proceeding  from  the 
particles  at  the  side  {A)  and  resulting  from  the  elongation  or 
contraction  of  the  natural  distances.  The  resultant  of  these 
forces  is  called  the  stress  on  the  side  (A)  of  the  element  plane. 

The  particles  in  the  element  plane  are  also  subject  to  forces 
proceeding  from  particles  at  the  side  (£)  of  the  plane ;  and  the 
resultant  of  these  latter  is,  of  course,  a  stress  equal  and  opposite 
to  the  first-mentioned  stress. 

The  resultant  stress  (on  either  side  of  the  element  plane) 
divided  by  the  area,  dS,  is  the  intensity  of  stress  on  the  plane ; 
and  the  resultant  stress  may  be  either  normal  to  the  plane, 
oblique  to  it,  or  in  it. 

If  at  the  same  point  P  we  consider  a  small  plane  surface  of 
the  same  area  as  before,  but  of  different  position,  the  resultant 
stress  on  it  will,  generally  speaking,  be  different  both  in  magni- 
tude and  in  direction  from  the  previous  stress.  In  the  case  of  a 
perfect  fluid  body  the  magnitude  of  the  stress  is  constant  and  its 
direction  is  normal  to  the  element  plane,  whatever  be  the 
position  of  the  latter  at  the  point  P. 

Hence  in  the  case  of  a  strained  body  the  term  *  stress  at  a 


7' 
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point'  has  no  definite  meaning  until  we  specify  the  element 
plane  on  which  the  stress  acts. 

377.]  Equilibrium  of  an  elementary  Parallelopiped.  At 
any  point,  P  (Fig.  295,  p.  395),  whose  co-ordinates  with  reference 
to  three  fixed  rectangular  axes  are  (#,  y,  z)  let  a  very  small 
rectangular  parallelopiped,  PxyzIC,  of  the  substance  be  separated 
in  imagination  from  the  rest  of  the  body  by  means  of  element 
planes  perpendicular  to  the  fixed  axes.  We  may  then,  if  we 
actually  produce  on  the  faces  of  this  element  the  stresses  which 
are  produced  on  them  by  the  neighbouring  portions  of  the  body, 
consider  the  equilibrium  of  the  element  apart  from  the  re- 
mainder*. 

The  resultant  stress  on  any  face,  zPy,  may  be  considered  as 
acting  at  the  middle  point  of  the  face.  Let  this  stress  per  unit 
area  be  resolved  into  three  components,  />«*,  A*>  A*>  parallel  to 
the  axes,  and  in  the  negative  senses  of  these  axes.  In  the 
suffixes  the  first  letter  indicates  the  axis  to  which  the  face  is 
perpendicular,  and  the  second  the  axis  parallel  to  which  the  com- 
ponent acts.  Let  the  intensities  of  the  stress  components  on  the 
face  zPx  be  pv*>pvv,p9U>  of  which  the  second  is  a  normal 
tension,  these  components  being  also  in  the  negative  senses  of 
the  axes.  Let  the  components  of  stress  intensity  for  the  face 
xPy  be  similarly  p„,pBV,p„,  in  the  negative  senses  of  the  axes. 

At  the  middle  points  of  the  opposite  faces  of  the  parallelopiped 
the  stress  components  will,  of  course,  be  in  the  positive  senses  of 
the  axes.  Thus  the  normal  stresses  on  the  faces  are  all  tractions, 
so  that  if  in  any  case  they  are  really  pressures  (as  in  perfect 
fluids)  they  are  to  be  considered  negative.  The  oblique  com- 
ponents, Pm  &c.,  are  shearing  stresses. 

Let  the  lengths  of  the  edges  of  the  parallelopiped  be  dw,  dyy 
dz.  Then  these  stress  components  are  all  functions  of  the  position 
of  P,  i.e.  each  of  them  is  some  function  of  (x,  y,  z).  And  the 
co-ordinates  of  the  point  x  in  the  figure  are  (x  +  dx,y,z);  so  that 
ifp**=f(x>  V*  z\  the  Pn  for  the  face  BxCI  iaf(x  +  dx,  y9  z\  i.e. 

*  In  considering  the  equilibrium  of  an  element  of  a  fluid  body  it  is  customary 
to  say  that  we  consider  it  as  solidified  and  acted  on  by  the  stresses  (pressures) 
which  the  fluid  exerts  on  its  surface.  This  solidification  is,  however,  wholly 
unnecessary  and  misleading — if,  indeed,  it  is  not  actually  wrong.  The  element 
while  regarded  as  forming  part  of  the  body  is  not  solidified,  but  is  kept  in  its 
condition  by  the  very  forces  which,  by  supposition,  are  produced  on  it  by  other 
means.  If  these  forces  were  by  themselves  sufficient  in  the  one  case,  they  must 
be  so  in  the  other,  without  the  aid  of  solidification. 
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dp 
it  is  Pn-h-^dw,  neglecting  (dx)2,  &c.     This  component  is,  as 

said,  directed  in  the  sense  Px.  Hence  the  components  of  in- 
tensity of  stress  on  BxCI  are 

*°*+-dx--dx>  **'  +  -dx--dx>  *«+-dw--d*' 
Similarly  for  the  components  of  intensity  of  stress  on  the 
other  faces.  To  get  the  whole  amount  of  stress  in  any  direction 
on  any  face,  the  intensity  in  this  direction  must,  of  course,  be 
multiplied  by  the  area  of  the  face.  Let  us  calculate  the  whole 
amount  of  stress  parallel  to  Px  exerted  on  the  parallelopiped. 
The  face  zPy  will  contribute  p^  x  dydz,  in  the  negative  direction, 
while  the  opposite  face,  BxCI,  will  contribute 

(p**  +  ^-fa)xdi/dzi 

and  the  sum  of  these  is  -^  x  dxdydz.  The  face  zPx  will  give 
a  stress  pyxxdzdx  parallel  to  Px,  and  the  opposite  face  will 

give  (j>vm  +  -12  dy )  dzdx ;  and  the  sum  of  these  is  -^ .  dxdydz ; 

.       .      dp  * 

similarly,  the  faces  xPy  and  BzA  will  give  -~.  dxdydz.     Hence 

the  whole  stress  force  acting  on  the  element  in  the  direction 

Px  is  (-j^  +  jl*?  +  _Z^  dxdydz.     Some  external  force  (gravity, 

or  other)  may  also  act  on  each  element  of  the  body.  Such  a 
force  will  always  be  proportional  to  the  quantity  of  matter  in 
the  element.  Suppose  p  to  be  density  of  the  body  at  P\  then, 
approximately,  the  quantity  of  matter  in  the  parallelopiped  is 
p dxdydz.  Let  the  components  of  the  external  force  which  is 
felt  at  P  along  the  axes  of  x,  y,  z  be  X,  7,  Z,  per  unit  of  mass. 
Then  the  component  of  the  external  force  along  Px  exerted  on 
the  element  is  pXdxdydz.  Equating  to  zero  the  sum  of  the 
components  along  Px  of  all  forces  exerted  on  the  element,  we 

ax        dy        dz 


A 


!':.  i 


(!>»  +  -£* -ft)***** 


412  ANALYSIS   OP   STRAINS   AND   STRESSES.  [377. 

the  last  two  equations  being  obtained  by  resolving  forces  along 
the  axes  of  y  and  z. 

In  a  perfect  fluid  the  shearing  intensities  are  zero,  and,  by  a 
fundamental  result  for  the  stress  of  every  strained  body,  which 
will  be  presently  given,  the  normal  intensities  are  of  equal 
amount  for  all  planes  at  P ;  so  that  p^  as  pvy  =  p„,  each  being 
a  pressure,  equal  to  — /?. 

For  any  kind  of  body  we  obtain  another  important  set  of 
equations  by  expressing  the  equilibrium  of  the  moments  of  the 
forces  acting  on  the  parallelopiped.  For  example,  take  moments 
about  the  line  joining  the  middle  points  of  the  opposite  faces  zPy 
and  BxC.  The  external  force*  acting  on  the  parallelopiped  may 
be  considered  to  act  at  its  middle  point ;  it  will  therefore  con- 
tribute nothing  to  the  moments  about  the  axis  chosen.  Neither 
will  the  stresses  on  these  faces  themselves,  since  these  stresses 
act  at  the  middle  points  of  the  faces.  Of  the  stresses  on  the 
faces  zPx  and  AyC  the  components  jpVM  xdxdz  and 

dy 

which  are  parallel  to  Pz,  will  alone  contribute  moments.     The 

dv 
moment  of  the  first  is  j>yBxdxdzx-£,  or  \pv%dxdydz%  and  the 

moment  (in  the  same  sense)  of  the  second  is 

or  \pyadxdydz,  neglecting  the  term  dx  (dy)2  dz.    The  sum  of  these 
moments  is  pyMdxdydz. 
Again,  of  the  stresses  on  the  faces  xPy  and  BzA  the  com- 

ponents,  puyxdxdy  and  (pw  +  -4^ .dz)  dxdy  will   alone  con- 

*  It  is  important  for  the  student  to  distinguish  two  species  of  external  force 
acting  on  any  body.  There  may  be  external  forces  which  act  only  at  particular 
points  on  its  surface — as,  for  example,  when  a  beam  rests  against  the  ground  and 
against  a  wall,  the  reactions  of  the  ground  and  wall — and  there  may  be  external 
forces  which  affect  every  element  inside  the  body — as,  in  the  same  case,  the 
attraction  of  the  earth  which  produces  a  force  (the  weight)  on  each  element  of  the 
beam.  The  latter  are  called  continuous ,  or  bodily,  forces.  Thus  a  strained  body 
may  be  affected  by  both — the  above  beam,  if  slightly  flexible,  will  be  bent.  The 
forces  (per  unit  of  mass),  X,  Y}  Z,  in  equations  (1)  belong  exclusively  to  the 
second  kind.  Forces  of  the  first  kind  do  not  enter  into  these  equations;  they 
are  like  the  terminal  tensions  of  a  string,  and  are  required  for  determining  the 
values  of  constants  which  occur  in  the  integrals  of  the  differential  equations  (1) 
of  equilibrium. 
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tribute;  and  the  sum  of  their  moments  is  pMWdxdydz,  which  is 
obviously  in  the  sense  opposite  to  that  of  the  previous  moment. 
Hence  equating  the  sum  of  these  moments  to  zero, 

Similarly,  P«,=Pz*>  f  (2) 

which  are  obtained  by  taking  moments  about  the  lines  joining  « 
the  middle  points  of  the  other  pairs  of  opposite  faces.  * 

The  stress  (per  unit  of  area)  on  the  face  zPy  can  be  resolved 
into  two,  viz.  one  normal  to  the  face  and  the  other  in  the  face. 
The  first  is  pXX)  and  the  second  (which  is  the  resultant  shearing 
force  intensity  on  the  face)  is  Vj^xy+i?2^.  Equations  (2)  ob- 
viously assert  that  if  we  take  any  two  element  planes  at  right 
angles  to  each  other  at  any  point  of  the  body,  the  component  along 
the  normal  to  the  second  of  the  stress  per  unit  area  on  the  first  is 
equal  to  the  component  along  the  normal  to  the  first  of  the  stress 
per  imit  area  on  the  second.  We  shall  now  see  that  this  very 
important  result  is  true  for  two  element  planes  inclined  at  any 
angle  to  each  other. 

To  save  a  multiplicity  of  symbols,  we  shall  (with  Lame*)  use 
the  following  notation : — 

A*  =  #i  5     Pyy  =  ^2  5    i>«  =  #8» 
Pn  =-Pm  =  ^1  »    P*x  =  Px*  =  ^2  5    P*V  =  Pv*  =  ^s- 

Kg.  301  represents  these  component  intensities  of  stress,  in 
the  senses  in  which  they  axe  assumed  to  act  in  all  our  subse- 
quent equations,  at  points  indefinitely 
close  to  P  in  the  three  co-ordinate 
planes. 

378.]  Equilibrium  of  an  elementary 
Tetrahedron.     Consider  now  the  equi-         ^^T^* 
librium  of  the  indefinitely  small  tetra-  \LySP* 

hedron  whose  vertex  is  P  (Fig.  301)  and  /  £+-Sr  *" 

whose  base  is  the  triangle  formed  by      &  cj 

the  points  marked  %,  y,  z — the  plane  of  Fig.  301. 

these  points  being  any  plane  whatever 

in  the  neighbourhood  of  P.  Let  I,  m,  n  be  the  direction-cosines 
of  the  perpendicular  from  P  on  this  plane.  Let  P,  Q9  R  be 
the  components,  along  the  axes  Px,  Py}  Pz,  of  the  intensity  of 


A 
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stress  exerted  on  this  plane.  It  is  required  to  express  these 
components  in  terms  of  iV"lf  N2,  N3i  Tx,  T2,  Ts. 

Let  A  be  the  area  of  the  triangular  face  xyz ;  then  the  areas 
of  the  triangular  faces  zPy,  zPx,  xPy  are  IA,  niA,  nA>  respectively. 

Now  for  the  equilibrium  of  the  tetrahedron  resolve  the  forces 
acting  on  it  along  Px.  The  face  zPy  will  contribute  the  term 
—NxxlA\  the  face  zPx  will  contribute  —  T^xmA;  the  face 
xPy  the  term  —T2xnA;  the  face  xyz  the  term  PxA;  while 
the  component  of  the  external  force  is  pXx  the  volume  of  the 
tetrahedron,  or  $pXxAA,  where  k  is  the  length  of  the  perpen- 
dicular from  P  on  the  plane  xyz. 

Hence  the  equation  of  equilibrium  is 

P-l^-mTs-nTj  +  ipAX  =  0, 
or,  in  the  limit, 

Similarly,  Q  =  lTz  +  mN2  +  nTA  (3) 

R=lT2  +  mTx  +  nNZi) 
the  terms  depending  on  the  external  bodily  force  disappearing 
because  they  are  infinitesimals  of  the  third  order  (being  pro- 
portional to  the  volume  of  the  tetrahedron)  while  the  stresses  are 
of  the  second  order  being  proportional  to  the  areas  of  the  feces 
of  the  tetrahedron.  These  equations  give  the  intensity  of  stress 
in  magnitude  and  direction  on  any  assigned  element  plane  when 
the  stresses  on  three  rectangular  element  planes  are  known ;  they 
are,  in  fact,  the  composition  and  resolution  of  stress. 

Any  one  of  these  equations  (3)  suffices  for  the  proof  of  the 
important  general  theorem  of  projection  already  referred  to. 
For  P  is  the  projection,  along  the  normal  to  the  element  plane 
zPy,  of  the  intensity  of  stress  on  the  element  plane  xyz,  and 

IN^mTt  +  nTt 

is  the  projection,  along  the  normal  to  the  latter  plane,  of  the 
intensity  of  stress  on  the  former.  This  theorem  is  true  therefore 
for  any  two  element  planes  at  a  point. 

Remark.  The  components  of  stress  on  an  element  plane  at 
the  bounding  surface  of  the  body  are  to  be  equated  to  the  com- 
ponents of  the  external  force  applied  to  the  surface  at  the 
element. 

Cor.  1.  It  follows  immediately  from  this  theorem  of  the  pro- 
jections of  two  stresses  that  if  there  is  at  a  point  in  the  body 
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any  plane  on  which  the  stress  is  zero,  the  lines  of  action  of  the 
stresses  on  all  other  planes  at  this  point  lie  in  this  plane  of  zero 
stress. 

Cor.  2.  If  the  stress  on  every  element  plane  at  a  point  in  a  body 
is  normal  to  the  plane,  the  intensity  of  the  stress  is  constant  for  all 
element  planes  at  the  point. 

For,  let  p  and  a  be  the  intensities  of  stress  on  two  planes,  each 

stress  being  normal  to  the  corresponding  plane;  and  let  <f>  be 

the  angle  between  the  two  normals.     Then  by  the  theorem  of 

projection  ,  . 

r   J  p  cos  <f>  =  a  cos  ^>, 

/.  P  =  q, 

i.e.  the  intensity  of  the  stress  is  constant  on  all  planes  at  the 
given  point. 

Thus  in  a  perfect  fluid  the  stress  on  every  element  plane  at  a 
point  is  a  normal  pressure ;  hence  its  intensity  is  constant  in  all 
directions  round  the  point — a  result  which  is  one  of  the  elementary 
principles  of  Hydrostatics. 

A  perfect  fluid  may,  therefore,  be  completely  defined  as  a  body 
such  that,  however  it  may  be  strained,  the  stress  on  every  element- 
plane  at  every  point  is  a  normal  pressure — the  equality  following 
from  the  normality. 

When  the  stress  on  an  element  plane,  «r,  exerted  by  the  part, 
A,  of  the  body  on  one  side  of  it  consists  of  a  force  whose  com* 
ponent  normal  to  t?  is  directed  from  this  plane  towards  the  part 
A,  the  stress  on  ct  is  called  tension ;  and  when  the  normal  com- 
ponent is  directed  from  A  to  tsr,  it  is  called  pressure.  All  perfect 
fluid  stress  is,  as  just  said,  pressure.  In  general  at  every  point 
inside  a  strained  body  there  will  be  some  planes  on  which  the 
stress  is  pressure,  and  others  on  which  the  stress  is  tension. 

It  may  assist  the  student  to  understand  the  nature  of  the 
action  of  stress  on  an  element  plane  if  we  draw  a  figure  repre- 
senting the  equilibrium  of  these  stresses  on  an  element  of  the 
body.  Thus,  if  we  take  the  elementary  parallelopiped  PI  (Fig. 
295,  p.  395)  to  be  a  cube,  and  also  take  (as  we  may)  the  stress  on 
any  face  as  acting  at  its  middle  point,  the  forces  in  the  plane  of 
xy  may  be  represented  as  in  Fig.  302,  which  is  that  of  a  section 
of  the  cube  through  its  centre  and  parallel  to  the  plane  of  xy. 
If  there  were  no  stresses  on  planes  parallel  to  xy,  this  figure 
would  completely  represent  the  equilibrium  of  the  cubical  ele- 
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ment.  (Since  the  faces  have  been  all  taken  as  equal  in  area,  the 
intensities  of  stresses  are  proportional  to  the  stresses  acting  on 
them). 

It  is  evident,  of  course,  that  when 
the  stresses  on  any  three  planes  at 
a  point  (rectangular  or  not)  are 
known,  the  stress  on  every  plane 
at  this  point  can  be  found  both 
in  magnitude  and  in  line  of  action. 
For  we  may  consider  the  equili- 
brium of  the  tetrahedral  element 
contained  by  the  assumed  plane 
and  the  three  given  ones,  and  the 
required  force  will  be  equal  and 
opposite  to  the  resultant  of  three  given  forces. 

Let  it,  for  example,  be  given  that  the  stress  at  any  point  P  is 
a  shearing  stress  in  each  of  two  rectangular  planes,  there  being 
no  stress  on  planes  perpendicular  to  both 
of  them.  Suppose  that  all  planes  in  the  - 
neighbourhood  of  P  which  are  perpen- 
dicular to  the  plane  of  the  paper  and 
parallel  to  CD  (Fig.  303)  are  subject  to  a 
shearing  stress,  and  that  all  planes  paral- 
lel to  AD  and  perpendicular  to  the  paper 
are  also  subject  to  shearing  stress,  and 
that  planes  parallel  to  the  paper  are  not 
subject  to  stress.  The  intensities  of  these 
shearing  stresses  are  obviously  equal  (either  by  what  precedes, 
or  by  considering  the  equilibrium  of  a  small  prism  whose  base 
is  the  square  AJBCD  and  whose  edges  are  perpendicular  to  the 
paper.  The  equality  of  moments  round  an  axis  through  P  per- 
pendicular to  the  figure  gives  the  equality  of  the  intensities  of 
these  shears);  let  their  common  intensity  be  St  and  suppose 
them  represented  by  the  arrows. 

Draw  the  plane  AC,  and  consider  the  equilibrium  of  the 
portion  ABO  of  the  body  (or  rather  of  a  little  right  prism  whose 
base  is  ADC).  It  is  kept  in  equilibrium  by  the  forces  S  acting 
in  the  lines  DC  and  DA  and  by  the  stress  on  the  face  AC.  This 
last  must  (since  it  may  be  supposed  to  act  at  the  middle  point  of 
AC)  act  in  the  line  PD  from  P  to  D.     If  A  is  the  height  of  the 
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prism,  the  areas  of  its  faces  are  A  x  AC,  A  x  CD,  A  x  DA ;  so  that 
the  forces  acting  in  DC  and  DA  are  SxAx  DC  and  SxAx  DA ; 
and  their  resultant,  F,  which  is  equal  and  opposite  to  the  stress 
on  AC,  is  given  by  the  equation 


F=  VS*xA*xDC*  +  8*xA2xDA*  =  SxAxAC; 

F 

'•    AxAC~*> 

Le.  the  intensity  of  stress  on  the  face  AC  is  equal  to  the  intensity 
of  the  shearing  stress  on  each  of  the  other  two  faces ;  moreover) 
the  stress  on  AC  is  normal  to  AC.  This  stress  is  the  action  of 
the  portion  of  the  body  at  the  right  hand  side  of  AC  on  the 
particles  in  the  plane  AC,  and  since  it  acts  in  the  sense  PD,  it 
is  a  pressure.  Hence  if  the  portion  of  the  body  at  the  right  hand 
side  of  AC,  or  of  any  plane  parallel  to  it  and  near  it  be  removed, 
a  pressure  of  intensity  S  must  be  applied  to  the  plane  in  the 
sense  PD.  The  action  of  the  part  of  the  body  at  the  left  hand 
side  of  AC,  or  of  any  parallel  to  and  near  it,  consists,  of  course,  of 
a  pressure  in  the  opposite  sense ;  so  that  if  we  draw  two  element 
planes  HI  and  JK  parallel  to  AC  and  consider  the  portions  of  the 
body  at  the  right  of  the  first  and  at  the  left  of  the  second  as 
removed,  two  pressures  (indicated  by  the  arrows  pointing  to  B 
and  D)  must  be  applied  to  the  portion  of  the  body  contained  be- 
tween these  planes. 

Similarly,  by  drawing  BD  and  considering  the  equilibrium  of 
the  prism  standing  on  the  base  BCD,  we  see  that  the  action  of 
the  portion  of  the  body  at  the  lower  side  of  BD  on  the  particles  in 
this  face  consists  of  a  normal  stress  of  intensity  S  directed  in  the 
sense  CP,  i.e.  towards  the  parts  considered  as  removed;  in  other 
words,  this  stress  is  a  tendon.  Consequently  if  we  isolate  in 
imagination  a  small  prism  of  the  body  standing  on  the  square 
HIJK,  we  regard  it  as  acted  on  by  two  pressures  on  its  faces  HI 
and  JK,  and  by  two  tensions  on  its  faces  //  and  KH. 

The  state  of  stress  of  the  body  at  P  may  just  as  well  be 
produced  by  applying  normal  stress  (pressure),  of  the  same 
intensity  as  the  shearing  stress,  to  all  planes  parallel  to  AC  and 
near  it,  and  normal  stress  (tension),  of  same  intensity,  to  all 
planes  parallel  to  BD  and  near  it ;  in  other  words,  we  may  sub- 
stitute  this  state  of  stress  for  tAe  sAearing  stress. 

Hence  a  sAearing  stress  on  two  rectangular  planes  at  any  poiht 
vol,  it.  E  e 
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produces  equal  normal  stresses  of  opposite  signs  {pressure  and 
tension)  and  of  intensities  equal  to*  that  of  the  shearing  stress  on 
the  two  planes  which  bisect  the  angles  between  them. 

This  result  follows,  of  course,  from  equations  (3)  by  taking 
the  lines  from  P  perpendicular  to  CD  and  BC  as  axes  of  x  and 
y,  and  putting  Nx  =  0,  N2  =  0,  Nz  =  0,  Tx  =  0,  T2  =  0,T3  =  S, 

I  =  m=i  —zl,  n  =  0.     From  these  equations  also  we  deduce  the 
</2 

magnitude  and  line  of  action  of  the  stress  on  any  plane  near  P. 

The  student  will  do  well,  however,  to  deduce  from  the  figure 
the  stress  on  any  plane  through  (or  near)  P  perpendicular  to  the 
figure. 

379.]  Transformation  of  Stress.  Given  the  conditions  of 
stress  of  a  body  at  any  point  in  it  with  reference  to  one  set  of 
rectangular  planes,  to  find  the  condition  of  stress  at  the  same  point 
with  reference  to  any  other  set  of  rectangular  planes. 

Let  the  given  stresses  at  a  point  P,  on  three  rectangular 
planes  ofay,  yzy  zx,  be  Nt,  iV2,  NZi  Tx ,  T2,  T^  as  in  last  Article. 
Then  the  components  along  the  axes  of  #,  y,  z  of  the  stress  per 
unit  area  on  an  element  plane  at  the  point  the  direction-cosines 
of  whose  normal  are  I,  m,  n  are  given  by  equations  (3)  of  last 
Article.  The  resolved  part,  T,  of  this  stress  along  any  line 
whose  direction-cosines  are  A,  /u,  v  is  kP  +  p  Q  +  vR ;  i.e. 

T  =  lkNx  +  mtxN^  +  n  vNz  +  (lp + mk)  Tz  +  (mv  +  »jli)  Tx 

+(»x+^)r2.  (1) 

If  the  line  along  which  the  stress  is  resolved  is  the  normal 
to  the  element  plane  itself,  the  component,  N9  is  IP  +  mQ  +  nB; 

i.e.        N=  l2Nl  +  m2N2  +  n2Ns  +  2lmTs  +  2mnT1  +  2nlT2.        (2) 

Let  it  be  required  to  find  the  intensities  of  stress  on  three 
other  rectangular  element  planes  at  P  whose  normals  are  Paf, 
Pjf,  Pz*  \  and  let  the  direction-cosines  of  these  normals  with 
respect  to  Px,  Py,  Pz  be  (I,  m,  »),  (F,  m\  n'),  {l'\  01",  »"),  re- 
spectively. Denote  the  components  of  the  intensity  of  stress  on 
the  plane  /  J  by  N\  along  Paf,  Tz  along  Pjfy  and  T2  along  Pz' ; 
the  components  of  the  intensity  of  stress  on  the  plane  /of  by  T% 
along  Paf,  N\  along  P/,  and  Tl  along  P/;  and  those  of  the 

*  Compare  with  the  corresponding  result  in  the  case  of  shearing  strain.  The 
shearing  strain  may  be  replaced  by  two  simple  elongations,  the  magnitude  of 
each  being  half  that  of  the  shear.     See  (p.  395.) 
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intensity  of  stress  on  the  plane  af  tf  by  T2  along  Px\  Tx  along 
P/,  and  N'3  along  P/. 

Then  N\  is  given  by  (2) ;  N'2  is  obtained  by  using  (F,  m'  n') 
for  (/,  m9  n)  in  (2) ;  N\  by  using  (/",  »",  »")  for  (/,  f»,  *)  in  (2) ; 
r3  by  using  (?,  m\  *')  for  (A,  M,  »)  in  (1) ;  T,  by  using  (^,  «i",  «") 
for  (A,  ja,  v)  in  (l) ;  and  Ifl  by  using  (£'  *»',  *')  for  (I,  m,  »),  and 
(*",  >»",  »")  for  (A,  M,  ir)  in  (1). 

It  will  be  seen  from  this  that  in  transforming  from  one  set  of 
rectangular  axes  to  another,  the  quantities  Nl9  N2,  iV8,  T3,  Tl9  Tv 
transform  like  a?2,  y2,  z2,  xy,  yz,  zx. 

The  system  of  stress,  thus  calculated,  on  the  new  planes  may 
be  substituted  for  the  original  system  of  stress — the  two  systems 
are,  in  other  words,  perfectly  equivalent,  and  either  will  produce 
the  other. 

In  particular,  if  A,  £,  C  are  the  principal  intensities  of  stress 
at  a  point,  the  components  of  stress  intensity  on  any  system  of 
rectangular  planes  at  the  point  are — 

Nl  =  AP   +  £m2  +  C»2;      Tx  =  AIT  +  Bm'm"  +  Crin'\ 
N2  =  Alf2  +  Bm'2  +  Cn'* ;    T2  =  All"  +  Bmm"  +  Can", 
N3=Ar2  +  £m"2+Cn"*;   T3  =  All'   +  Bmm'  +Cnn\ 

380.]  Cone  of  Shearing  Stress.  The  expression  (2)  for  the 
normal  component  of  intensity  of  stress  on  a  plane  may  for  all 
values  of  I,  m,  n  (i.  e.  for  all  element  planes  at  the  point  con* 
sidered)  retain  a  positive  value.  In  this  case  the  normal  com- 
ponent of  stress  is  a  tension  on  all  planes.  Or  the  expression  may 
be  negative  for  all  planes,  and  then  the  normal  stress  will  be 
pressure  all  round.  Or,  finally,  it  may  be  positive  for  some 
directions  and  negative  for  others.  It  will  then  be  zero  for 
some  directions ;  i.e.  there  will  be  planes  on  which  the  stress  is 
entirely  tangential.  The  directions  of  the  normals  to  these 
planes  are  given  by  the  equation 

A\P  +  N2m2  +  Nzn2  +  2T3lm  +  2T1mn  +  2T2nl  =  0, 
and  therefore  the  normals  trace  out  the  cone 

Nlx*  +  N2y2  +  N3z2+2T3xy+2T1yz  +  2T2zx=0,  (l) 
the  planes  themselves  tracing  out  the  cone  whose  generators  are 
perpendicular  to  the  generators  of  this  cone.  This  latter  cone, 
when  it  exists,  is  called  the  Cone  of  Shearing  Stress. 

881.]  Principal  Planes  of  a  Stress.  The  angle  between  the 
direction  of  stress  and  the  plane  on  which  it  acts  depends  on  the 

e  e  % 
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plane  chosen.     Let  us  try  whether,  with  any  given  stress,  it  is 
possible  to  find  a  plane  on  which  the  stress  is  normal. 

If  F  is  the  resultant  stress  on  a  plane  the  direction-cosines  of 
whose  normal  are  (/,  m,  n\  and  if  F  acts  in  the  normal,  P  =  IF, 
Q  =  mF,  B  =  nFy  and  equations  (3)  of  Art.  378  become 

1^+mTz  +  nT^lF,    % 

ITs  +  mNt  +  nT^mF,  V  (1) 

lT2+mTl+nN3  =  nF;) 

and  these  give,  by  elimination  of  the  direction-cosines,  the  cubic 

T3,  Na-F,  2i      =0, 
T2,  Tlt  N3-F   I 

or  F*-(y1+irt + Na) ^ +(2vv2 +n2n3+ n^-t*- r2» 

-Ta>)F-(N1N2Ns-N1T*-]TiT*-NaT3*  +  2T1T2T!i)  =  0. 

This  equation,  as  is  well  known,  gives  three  real  values  of  F9 
and  equations  (l)  will  give  the  direction-cosines  of  the  planes 
subject  to  these  normal  stresses.  The  coefficients  of  this  equation 
have,  as  is  also  well  known,  the  same  values  no  matter  what 
three  rectangular  planes  are  taken  as  those  of  reference. 

All  theorems,  therefore,  concerning  stress  may  be  simplified 
by  supposing  that  we  have  selected  as  planes  of  reference  the 
three  on  which  the  stresses  are  normal.  These  are  called  the 
principal  planes  of  the  stress  at  the  point  considered.  Let  the 
stresses  on  them  (per  unit  area,  of  course)  be  denoted  by  A,  2?,  C. 

The  equations  (l)  which  determine  the  planes  and  magnitudes 
of  the  principal  stresses  show  that  these  planes  are  the  principal 
planes  of  the  quadric 

N1a*  +  N2f  +  N3z*  +  2Tzay  +  2Tlyz+2T2zx=f9         (2) 

/  being  any  constant  force  magnitude. 

The  equation  of  the  tangent  plane  to  this  quadric  at  the  point 
*',/,  /is 

Let  a  normal  be  drawn  to  any  element  plane  at  the  point,  P, 
considered,  and  let  r  be  the  length  of  this  normal  from  P  to  the 
surface  of  this  quadric.    Then  by  putting  Ir,  mr,  nr  for  of,  /,  /, 
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the  tangent  plane  at  the  extremity  of  this  normal  is  (by  the 
values  of  P9  Q,  R  in  p.  414) 

Px+Qy  +  Bz  =  £-  (3) 

The  direction-cosines  of  the  perpendicular  from  P  on  this 

p     Q      7? 

plane  are  y  >  y  >  -» ,  where  F  is  the  resultant  stress  (per  unit 

area)  on  the  element  plane;  and  these  show  that  the  resultant 
stress  acts  in  this  perpendicular.  Again,  if  p  is  the  length  of 
the  perpendicular  from  P  on  the  plane  (3),  we  have 

*-£•  w 

the  value  of  the  resultant  stress. 

If  the  axes  of  the  quadric  (2)  are  taken  as  those  of  co- 
ordinates, we  have 

*i  =  A,  iV2  =  B,  Na  =  C,  2\  =  ^  =  ^,  =  0; 
and  the  quadric  has  for  equation 

Jx*  +  Bf+Cz*=f. 

The  cone  traced  out  by  the  normals  to  the  planes  of  shearing 
stress  is  obviously  the  asymptotic  cone  of  the  quadric  (2) ;  and  if 
this  cone  is  real,  its  reciprocal  cone  (the  cone  of  shearing  stress) 
will  separate  the  planes  on  which  the  stress  is  pressure  from 
those  on  which  it  is  tension.  When  the  cone  is  imaginary,  all 
planes  at  the  point  P  will  be  subject  L*>  stress  of  one  kind — either 
pressure  or  tension. 

When  the  cone  is  real,  the  quadric  (2)  must  be  accompanied 
by  another  whose  equation  is  obtained  by  merely  changing/ 
to  — /,  as  has  been  explained  in  the  analogous  case  of  strain 
(p.  381). 

Another  graphic  mode  of  connecting  the  stress  on  a  plane 
with  the  position  of  the  plane  is  this.  Let  the  principal  planes 
be  taken  as  the  co-ordinate  planes  ;  then  the  components  of  the 
intensity  of  stress  on  any  plane  (I,  m,  n)  are  by  equations  (3), 

Q  =  mB,.  (5) 

R  =  nC.  , 

JP*      0*      R* 
Hence  -^  +  ^  +  -^  —  1.     Of  coarse  P,  Q,  R  are  the  co- 


422  ANALYSIS   OP  STRAINS   AND   STRESSES.  [382. 

ordinates  of  the  extremity  of  the  line  representing  the  intensity 
of  stress  on  the  plane  (/,  m,  n).  Hence  the  extremities  of  lines 
representing  in  magnitude  and  direction  the  intensities  of  stresses 
on  all  planes  at  0  lie  on  the  ellipsoid 

x8      y%       z* 

whose  semi-axes  are  in  magnitudes  and  directions  the  principal 
intensities  of  stress  at  P. 

If  a  tangent  plane  be  drawn  to  this  ellipsoid  parallel  to  the 
plane  whose  stress  is  considered,  the  length  of  the  perpendicular 
from  the  centre  on  the  tangent  plane  represents  the  magnitude 
of  the  intensity  of  stress,  as  is  obvious  by  squaring  and  adding 
the  sides  of  equations  (5). 

The  ellipsoid  (6)  may  for  shortness  be  called  the  Stress 
Ellipsoid. 

In  proving  general  properties  of  stress  simplicity  is,  of  course, 
gained  by  taking  the  principal  axes  of  the  stresses  as  those  of 
reference.     Thus,  with  these  axes,  the  cone  of  shearing  stress  is 

*      +      *      ^ 

Z  +  5  +  c  =  0' 

and  that  traced  out  by  the  normals  to  planes  of  shearing  stress 
is  Aafi  -f  Bf+Cz*  =  0 ;  so  that  for  the  reality  of  these  cones  (i.e. 
for  the  existence  of  planes  subject  wholly  to  shearing  stress)  the 
principal  stresses  must  consist  either  of  one  tension  and  two 
pressures,  or  two  tensions  and  one  pressure.  With  any  system 
of  axes  the  equation  of  the  cone  of  shearing  stress  is 


=  0. 


382.]  Work  done  in  Strain.  We  propose  to  investigate  the 
work  done  in  the  strain  of  any  small  volume  of  the  body. 
About  the  point  P  (Fig.  290,  p.  377)  let  any  small  closed  surface 
be  drawn  in  the  natural  state  of  the  body.  Let  dS  be  any 
element  of  this  surface,  and  let  the  direction-cosines  of  the 
normal  to  this  element,  measured  outwards,  be  I,  my  n.  Then 
the  components  of  intensity  of  stress  (resulting  from  strain)  on 
the  element  plane  dS  being  P,  Q,  72,  and  the  final  displacements 
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of  the  mean  point  of  the  element  being  A£,  Aq,  A£  the  work 
done  in  the  displacement  of  the  element  will  be  (see  p.  339,  vol.  i) 

Hence  the  work  done  in  the  strain  of  the  volume  contained  in 
the  whole  surface  is 

Substituting  for  P  its  value  (p.  414),  the  term  PdS  becomes 
(IN^mTs  +  nTJdS. 

But  if  d(rlt  dai9  d*3  are  the  projections  of  dS  on  the  planes  of 
yz9  zx,  and  ay,  respectively,  IdS  =  d<rl9  mdS  =  d<r2i  ndS  =  daz  ; 
so  that  the  work  done  becomes 

♦/(^iAf+r.Aii  +  ^AO^  +  i/^Af+J^Aii  +  ^AO^ 

The  intensities  of  stress  NXi  iV"a,...  may  be  considered  as  con- 
stant over  the  surface  and  taken  outside  the  integral  signs.  Also 
substituting  for  A£,  At;,  Af  their  values  (Art.  358),  we  have 

du  /v,        du  r   .        du  r+. 

Now,  the  surface  being  closed,  /(dax  =  dSl  =  volume  enclosed 
by  surface;  and  /nd^  ^/(d^  =  0,  since,  the  normal  being 
always  drawn  outwards,  the  elementary  projections  d<r1  on  one 
side  of  the  plane  yz  must  be  given  a  sign  opposite  to  the  sign  of 
those  on  the  other  side. 
In  this  way  we  have  also 

fr)d*2  =  ftdvz  =  dQ. ;  f£da%  =  /£<*<r3  =  ...  =  0. 

Hence  the  work  of  straining  the  element  of  volume  considered 

»  l(N1a  +  N2b  +  Nzc+2T1s1  +  2T2*2  +  2T3Ss)dn,  (a) 

where  a,  b,c,  2sv  2*2,  2*3  are,  as  usual,  the  simple  elongations 
and  shears  of  the  strain.  If  we  use  the  principal  elongations 
and  stresses,  the  work  is 

ki^  +  Be^+Ce^dO.  (/3) 
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Examples. 

1.  To  resolve  a  shearing  stress  of  intensity  $,  which  is  exerted  on 
two  given  rectangular  planes  at  any  point  into  its  components  with 
reference  to  any  three  rectangular  planes  at  the  point. 

Let  P  (Fig.  295,  p.  395)  he  the  point,  and  suppose  that  the  stress  on 
all  planes  parallel  to  zPy  is  a  shearing  stress  of  intensity  S,  and  that 
the  stress  on  all  planes  parallel  to  zPx  is  also  a  shearing  stress  of 
(necessarily)  the  same  intensity  (see  p.  413),  while  there  is  no  stress 
on  planes  parallel  to  xPy. 

Let  the  direction-cosines  of  the  normals,  Px,  Py,  Pz  to  these  planes 
with  reference  to  any  three  rectangular  axes  P£,  P%  P£  he  (/,  m,  n), 
(?,  m\  fi),  (2",  m",  n").  Then  for  the  system  of  planes  on  which  the 
stresses  are  given  we  have  Nf  =  N{  =  NM'  =  0,  and  also  T{  =  T{  =  0, 
since  there  is  no  stress  on  xPy  (see  Fig,  301).  Therefore  if  Pf9  Q*,  if 
are  the  components  along  Px,  Py,  Pz  of  the  intensity  of  stress  on  a  plane 
whose  direction-cosines  with  respect  to  these  lines  are  A,  /*,  v,  we  have 
I»=liS,   &=\S,   #=0. 

Hence  the  components  along  Px,  Py,  Pz  of  the  intensity  of  stress 
on  the  plane  iff  are      p^rS,   Q>=IS,  #=0; 
and  Nt  is  the  sum  of  the  components  of  these  along  the  axis  of  f ; 
therefore         NX  =  W  +1'$'  +r'V  =  2I«. 
Also  Ts  =  m?/+mV+m'T=  (lm'+l'm)S, 

T2  =  nP>  +ri<?  +n"B  =  (ln'+l'n)S; 
and  hence  the  components  of  the  given  shearing  stress  are 

2WS,  2mm'S,  2rm'S,  (hn'  +  l'm)S,  (ln'  +  ?n)S,  (mn'+m'n)S. 
(Compare  with  the  resolution  of  a  shearing  strain,  p.  407.) 

2.  Two  normal  stresses  on  two  rectangular  planes  are  combined 
with  two  shearing  stresses  on  the  same  planes;  find  the  principal 
planes  and  intensities  of  the  resultant  stress. 

Let  Fig.  301,  p.  413,  represent  the  normal  stresses  N1  and  iVa  acting 
on  planes  at  right  angles  to  each  other.  Since  there  is  no  stress  on 
any  plane  parallel  to  the  plane  of  the  paper,  N9  =  Tt  =  T2  =  0,  and 
the  stress  on  every  plane  lies  in  the  plane  of  the  paper  (p.  414).  Also 
Tt  =  S,  and  the  principal  planes  are  obviously  perpendicular  to  the 
plane  xPy.  Let  the  normal  to  any  plane  passing  through  the  line 
Pz  make  an  angle  6  with  the  direction  of  Nv  Then  the  components 
of  stress  on  this  plane  are 

P^N^o&d+SzmO, 
Q  =  Scoa6+tf2B\n$. 
For  a  principal  plane  P  =  F.gqbB,   Q  =  F.ainO,  where  F  is  a 
principal  stress.     Hence 

(iVj — F) .  cos  e  +  S.  sin0  =  0, 

S .  cos  6+ {Nt—F) .  sin  6  =  0. 
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From  these  equations  we  find  the  two  principal  intensities  of  stress 

tobe  i[^,+^,±V(jr1-Jy,)«+4<s»], 

and  the  directions  of  the  principal  planes  are  given  by  the  equation 
tan  2(9  =  — — —  • 

2.  If  there  is  no  normal  stress  on  a  certain  plane,  and  no  normal 
stress  on  any  plane  perpendicular  to  this  plane,  prove  that  the  system 
of  stress  can  be  defined  with  reference  to  two  planes  (i.  e.  the  state 
of  stress  on  two  planes  will  serve  to  determine  the  stress  on  every 
plane  at  the  point  considered). 

Let  the  plane  xPy  (Fig.  301)  be  that  on  which  there  is  no  normal 
stress,  there  being  also  no  normal  stress  on  any  plane  through  Pz. 
Draw  any  plane  through  Pz,  and  let  the  normal  to  it  make  an  angle 
<f>  with  Py.  Then  if  P,  Q,  R  are  the  components  of  stress  intensity 
on  this  plane,  since  Nx  =  N%  =  Nt  =  0,  we  have 

PrrTicos^;  Q=iT9tnn<l>;  R  =  ^sin^  +  T;  cos<£. 

Also  the  component  of  this  stress  along  the  normal  to  the  plane 
is  Qco8  <j>+ P  Bm<f> ;  therefore  T9  =  0,  and  the  system  contains  only 
the  two  intensities  Tlt  T%.  The  stress  on  every  plane  through  Pz  is 
a  shearing  stress  parallel  to  Pz,  and  its  amount  varies  from  VT*+  T* 

T 
to  zero.     If  tan  <f>  =5  —•  we  get  a  plane  on  which  the  stress  has  the 

■*i 
first  of  these  values,  and  for  the  plane  at  right  angles  to  this  through 
Pz  the  stress  =  0.  Let  a  cube  of  the  substance  be  determined  by 
these  planes  and  the  plane  xPy.  Then  this  cube  experiences  equal 
shearing  stresses,  each  =  VTf+T*9  on  two  pairs  of  opposite  faces, 
and  no  stress  whatever  on  the  remaining  pair  of  opposite  faces  (the 
resultant  stress  intensity  on  the  face  xPy  being  VTf+Tf). 

3.  Find  the  element-plane  at  any  point  on  which  the  shearing 
stress  is  greatest. 

Let  A,  B,  C  be  the  principal  stress  intensities  at  the  point,  and  let 
I,  m,  n  be  the  direction-cosines  of  the  normal  to  any  plane.  Then, 
since  P  =  IA,  Q=z  mB,  R  =  nC,  if  S  is  the  component  of  the  stress 
in  the  plane,  we  have 

Let  I,  m,  n  be  expressed  in  terms  of  the  colatitude  and  longitude 

determining  the  normal ;  that  is, 

I  =  sin  6  cos  <f>i  m  =  sin  6  sin  <j>,   n  =  cos  0. 

Then  we  find 

S* 
-T-^  =  ^oob1  ^  +  o,rini^-03orf^+oBin,^ysi2i,tf>  (1) 

sin  (/  . 

where  0  =  A -C,  a  =  B-C. 

Supposing  the  principal  stresses  to  be  all  of  the  same  sign,  and 
A  >B>C,  we  see  that  S  will  be  a  maximum  with  respect  to  <f>  when 
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</>  =  0,  i.e.  the  normal  to  the  required  plane  must  be  in  the  plane  of 

A j  ft     The  value  of  0  which  will  then  make  S  a  maximum  is  -; 

4 

that  is,  the  normal  bisects  the  angle  between  the  axes  of  greatest  and 

least  stress,  and  then 

S=i{A-C). 

If  the  principal  stresses  are  not  all  of  the  same  sign,  it  is  easily 
found  that  S  is  a  maximum  when  the  normal  lies  in  the  plane  of  the 
axes  of  algebraically  greatest  and  algebraically  least  stress,  and  bisects 
the  angle  between  them,  its  value  being  half  the  algebraic  difference  of 
these  stress  intensities. 

4.  If  the  stress  on  any  plane  is  wholly  a  shearing  stress,  prove 
that  its  line  of  action  is  the  line  of  contact  of  the  plane  with  the 
cone  of  shearing  stress,  and  find  its  magnitude. 

5.  If  at  a  point  the  principal  stresses  consist  of  two  tensions,  A  and 
B(A>B)  and  a  pressure  C,  find  the  plane  whose  stress  is  wholly 
shearing  and  of  maximum  intensity. 

Ant-  z  =  (lftf>*;  m  =  0;  n=(JTc>*' 

and  the  intensity  =  */AC, 

6.  Find  the  conditions  that  the  stress  (Nu  N„  iV8,  Tlf  T„  Ts) 
shall  produce  shearing  stress  on  two  planes  only,  and  these 
rectangular. 

IN  ,  T  ,  T 
Tt\  n\\  t\    =  0,  and  NX^N2+N9  =  0. 
T     T     N 

Hence  the  product  of  the  three  principal  intensities  =  0,  and 
sum  =  0  ;  therefore  one  of  them  =  0,  and  the  other  two  are  a  tension 
and  an  equal  pressure. 

7.  From  the  equations  of  equilibrium  of  an  elementary  parallelo- 
piped,  p.  411,  deduce  the  six  equations  which  are  sufficient  for  the 
equilibrium  of  a  rigid  body. 

Multiply  the  first  by  dxdydz,  and  integrate  by  parts  exactly  as 
in  Art.  346.     Thus  we  get 

fffpXfadydz+JXlNl  +  mTi  +  nT^dS=Q, 

where  dS  is  an  element  of  the  bounding  surface  of  the  body. 

But  lNi+mT%  +  nTt  is  the  aj-component  of  the  stress  at  a  point 
on  the  surface,  i.e.  the  ^-component  of  the  external  force  (if  any) 
applied  at  the  point.  If  this  is  denoted  by  X0,  we  have  (denoting 
the  element  of  volume  by  dQ) 

y>x<m+x0=o, 

with  two  similar  equations,    which  are  exactly  the  equations   of 
translation  in  Art.  240. 
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Similarly,  multiplying  the  second  by  xdxdydz,  and  the  first  by 
ydxdydz,  subtracting  the  first  from  the  second,  and  integrating 
throughout  the  body,  we  have 

/P(Yx-Xy)<m+J\Yox-X0y)dS  =  09 

with  two  similar  equations,  which  are  the  equations  of  moments 
of  Art.  240. 

8.  From  the  equations  of  equilibrium  of  an  elementary  parallelo- 
piped  deduce  the  equations  of  equilibrium  of  a  perfectly  flexible 
string. 

383.]  Virtual  Work  of  Strain.  The  body  under  strain 
having'  assumed  its  state  of  equilibrium,  let  any  further  very 
small  increments  be  imagined  to  be  produced  in  the  strain  com- 
ponents, so  that  the  displacements  u,  t?,  to  of  a  point  P  become 
further  increased  by  bu,  bv,  bto ;  and  let  us  consider  the  amount 
of  work  done  in  this  further  displacement  by  the  stresses  exerted 
on  the  faces  of  a  small  parallelopiped,  dxdydz,  at  P.     The  total 

^-stress  on  the  parallelopiped  is  (-y-1  +  -j-^  +  -?-*)  dmdydz^  and 

the  work  done  by  this  component  in  the  virtual  displacement  is 
the  product  of  the  component  and  b ».  Hence  the  virtual  work 
of  the  stress  on  all  elements  of  volume  is 

///Kf  +  f  ♦§)-(§  +  f  +  §>« 

By  integration  by  parts,  we  obtain  another  form  of  this 
expression.  Thus,  by  exactly  the  same  process  as  that  employed 
in  Art.  346,  we  have 

/[{l^  +  mTz  +  nT2)  bu  +  (ITZ  +  mN2  +  nTJ  bv 

+  (lT2  +  mTl  +  nN9)bw]dS 


-an- 


xr  dbu     -_  dbv     ,r  dbia 


where  d8  is  an  element  of  the  bounding  surface  of  the  body. 
The  first  integral  is  simply  the  virtual  work  of  the  surface  stress 
on  the  body,  and  this  surface  stress  consists  merely  of  external 
force  applied  to  the  body.    The  triple  integral  in  (/3)  is  therefore 
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properly  the  virtual  work  of  the  stress  throughout  the  body, 
which  is  therefore 

-/(N1ba  +  N'2bb  +  N3bc  +  2T1b81  +  2T2bs2  +  2Ttb9s)dQ,,  (y) 
where  d£L  is  an  element  of  volume  of  the  body. 

It  is  easy  to  see  directly  that  this  is  the  expression  for  the 
virtual  work  of  the  stresses.  For,  let  PI  (Fig.  395)  represent  a 
small  parallelopiped  in  a  state  of  stress.  Whether  we  suppose 
its  edges  to  be  (1  +  a)dx,  (1  +  b)dy,  (1  +  c)dz,  or  simply  dxy  dy> 
dz  is  indifferent.  Let  them  be  the  former,  and  let  iV^  +  c 
represent  the  mean  intensity  of  tension  on  the  planes  between 
zPyA  and  BxCL  Then  c  is  evidently  a  small  quantity  of  the 
order  of  magnitude  of  dx}  and  we  have  a  tension 

(#i  +  c)(l+ J +  *)#<** 
in  the  substance,  parallel  to  Px.     If  the  length  {l+a)dx  is 
slightly  increased,  or  imagined  to  be  increased,  so  as  to  become 
(l+a  +  ba)dx9  the  work  of  this  tension  is 

—  (JV1  +  €)(1  +  b  +  c)dydz.ba.dx, 
or  —Nxba.dxdydZi 

rejecting  infinitesimals  of  the  second  order. 

Similarly  for  the  other  normal  stresses,  N2,  N3.  To  find  the 
virtual  work  of  T1%  observe  that  it  is  not  produced  by  any  of  the 
elongations  a,  i,  c ;  it  is  due  to  the  sliding  of  the  face  BzAI,  the 
face  xPyC  being  imagined  as  fixed,  and  also  to  the  sliding  of  the 
face  lAyCy  the  face  BzBx  being  imagined  fixed. 

The  first  of  these  shears  gives 

—  ^(l+a  +  fydxdy.bti.dz, 
since  the  relative  displacement  of  the  faces  by  shear  is  sx.dz  in 
the  strain,  and  the  further  displacement  imagined  is  h$l.dz. 
This  virtual  work  is  —  Txbsx .  dxdydz9  neglecting  infinitesimals  of 
higher  order.     Similarly  the  other  sliding  contributes 

—  Tlbs1.dxdydz\ 
and  Tx  therefore  does  work  of  the  amount 

—  2T1bs1.dxdydz. 
Hence  (y)  follows. 

384.]  Stress  Potential.     It  is  necessary  that  the  expression 
~(Nxba+N%bb  +  Nzbc  +  2Txbsx^  2T2bs2  +  2Tzb83)        (1) 
which  when  multiplied  by  dQ,  the  element  of  volume,  is  the 
virtual  work  of  the  stress  of  this  element,  should  be  an  exact 
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differential  of  some  function  of  the  strain  components,  and  there- 
fore of  the  form 

-&0(M,*,4>*2>*s)-  (2) 

For,  if  the  imagined  further  displacement  is  actually  made,  and 
the  element  dQ,  is  made  to  pass  through  a  series  of  states  of 
strain — say  from  the  state  in  which  the  strain  components  are 
(a\  V,  <fy  4',  4',  4')  to  that  in  which  they  are  (a",  4", ...),  the 
work  actually  done  by  the  stress  is 

-dilf^da  +  N2db  +  Nzdc  +  2  Txdsx  +  2  T2ds2  +  2  Tzd*z), 

the  integration  extending  from  the  first  state  to  the  second. 

Now,  unless  the  quantity  under  the  integral  sign  is  an  exact 
differential,  d<f>,  the  work  done  in  passing  from  the  first  to  the 
last  state  will  depend  on  the  intermediate  states — or  on  what  we 
may  call  the  '  path  of  the  strain ' — so  that  on  the  return  from 
the  second  to  the  first  state  by  a  different '  strain  path '  the  work 
given  back  by  the  stresses  would  not  be  the  same  as  that 
required  to  produce  the  original  change  of  state.  There  is  thus 
either  a  loss  or  gain  of  work  done  on  the  element,  and  the  excess 
or  defect  of  work  must  shew  itself  by  a  gain  or  loss  of  kinetic 
energy  in  the  element.  Such  energy  might  be  the  molecular 
energy  called  Heat.  But  if  we  assume  that  the  states  of  strain 
are  produced  very  slowly,  so  that  no  appreciable  velocity, 
molecular  or  other,  is  ever  generated,  no  energy  of  any  ap- 
preciable amount  is  ever  generated  or  destroyed  in  the  element. 
Hence  the  work  done  by  the  stress  in  the  passage  from  any  one 
state  of  strain  along  any  '  strain  path '  to  another  state  of  strain 
must  be  independent  of  the  path,  and  this  can  be  so  only  if  the 
expression  (1)  is  of  the  form  (2). 

Consider,  for  example,  what  would  happen  if  the  element  of  work 
were  equal  to  dQ(bda-adb). 

Representing  values  of  a  and  b  by  abscissae  and  ordinates  with 
reference  to  two  fixed  rectangular  axes  through  an  origin  0,  the 
work  of  the  stress  from  the  state  represented  by  the  point  A9  whose 
co-ordinates  are  (a',  6'),  to  the  point  B,  whose  co-ordinates  are 
(a",  b"),  would  be  represented  by  double  the  area  included  between 
the  lines  OA  and  OB,  and  any  arbitrary  curve  whatever  drawn 
between  A  and  B,  so  that  by  perpetually  making  the  element  reach 
B  by  a  strain  path  represented  by  a  curve  S,  and  return  to  A  by  a 
strain  path  represented  by  a  curve  5",  there  would  be  in  each  cycle 
of  changes  a  gain  (or  loss)  of  work  represented  by  double  the  area 
enclosed  by  these  curves. 
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The  work  done  by  the  stresses,  therefore,  in  the  strain  of  the 
body  from  its  natural  state  to  the  state  in  which  (a,  i, ...  2^,...) 
are  the  strain  components  at  any  point  is 

where  <f>  is  the  Potential  of  the  strain  and  is  used,  for  simplicity, 
instead  of  <f>  (a,  i,  c,  st ,  *2,  *8). 

The  work  done  by  the  stresses  is  equal  and  opposite  to  that 
done  by  the  forces  externally  applied  to  the  body,  if  the  strain  is 
produced  without  appreciable  velocity. 


Section  III. 
Stress  in  Terms  cf  Strain. 

385.]  Isotropio  Body.  A  body  is  said  to  be  isotropic,  if  its 
structure  in  the  neighbourhood  of  any  point  is  the  same  in  all 
directions  round  the  point.  More  definitely,  let  P  be  any  point 
in  the  body,  and  Q  a  point  distant  I  from  P}  in  any  direction ; 
let  a  little  cylinder  having  PQ  for  its  axis  and  having  a  very 
small  transverse  section,  <r,  be  imagined  to  be  cut  out  of  the  body; 
then  if  to  stretch  this  cylinder — one  end  being  fixed  and  the  other 
pulled — by  a  constant  amount,  bl,  requires  the  same  force  no 
matter  what  the  direction  of  PQ  is,  the  substance  is  isotropic. 
In  other  words,  if  Young's  modulus  is  the  same  for  slender 
cylinders  cut  out  in  all  directions,  the  substance  is  isotropic. 
As  examples  of  approximately  isotropic  solids,  we  may  cite 
glass  and  steel. 

If  this  modulus  is  not  constant  for  all  such  cylinders,  the  body 
is  anisotropic,  or  as  M.  de  Saint- Venant  calls  it,  heterotopic. 
The  term  isotropic  is  due  to  Cauchy. 

Heterotropy  may  exist  in  all  degrees ;  that  is,  a  heterotopic 
solid  may  have  certain  planes  with  respect  to  which  its  structure 
is  symmetrical — as,  for  instance,  forged  metallic  pieces,  woods, 
and  slates — without  possessing  structural  symmetry  with  regard 
to  any  other  planes. 

A  crystalline  body  is,  of  course,  an  example  of  heterotropy. 

386.]  Extension  and  Lateral  Contraction.  Confining  our 
attention  for  the  present  to  the  case  of  an  isotropic  solid,  suppose 
that  we  take  a  cube  of  the  substance,  zPxyl  (Fig.  295),  and 
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apply  tension  to  the  two  opposite  faces  BIAZ  and  xCyP,  these 
tensions  being  uniformly  distributed  over  the  faces,  with  in- 
tensity p ;  then,  in  virtue  of  the  isotropy  of  the  substance,  the 
other  pairs  of  parallel  feces  will  be  drawn  towards  each  other, 
through  the  same  distance — in  other  words,  there  will  be  uni- 
form lateral  contraction  of  the  prism. 

As  before,  let  c  be  the  elongation  of  the  edges  parallel  to  Pzy 
and  let  r\  be  the  ratio  of  the  contractions  (parallel  to  Pot  and  Py) 
to  the  elongation,  so  that 

a  =  —  rjc,  b  =  — tfc. 

Then,  0  being  the  cubical  dilatation, 
0  =  (l-2i7)<?. 

Also,  E  being  Young's  modulus  for  the  substance, 

p  =  E.c. 

A  vigorous  controversy  exists  with  regard  to  the  coefficient 
i)}  M.  de  Saint- Venant  maintaining,  on  the  one  side,  both  as  a 
mathematical  and  as  an  experimental  result  that  for  all  hard 
fine-grained  isotropic  solids  rj  is  constant  and  equal  to  -J,  while 
M.  Lame*  (and  with  him  English  writers  generally)  denies  this 
constancy  and  leaves  its  value  indeterminate. 

Subsequently  we  shall  give  Saint- Venant's  argument ;  but  no 
inconvenience  will  arise  from  leaving  indeterminate  the  value  of  rj. 
Those  cases  in  which  experiment  finds  for  17  values  different  from 
£  are  disposed  of  by  Saint- Venant  by  saying  that  either  the 
bodies  to  which  they  refer  are  not  solid  isotropic  bodies,  or 
the  displacements  produced  in  them  are  not  small.  In  this 
way  he  disposes  of  cork  and  indiarubber  (which  is  really  a 
cellular  substance  the  pores  of  which  are  filled  with  a  liquid), 
and  also  of  jellies,  in  which  the  displacements  are  far  greater 
than  are  contemplated  in  the  theory  of  small  strains.  (See 
Saint- Venant's  annotated  translation  of  Clebsch's  Theorie  der 
Elasticitdt  Fester  Korper,  p.  67.) 

Solids  for  which  rj  =  •£-  are  sometimes  called  '  perfect  solids/ 
According  to  Saint- Venant,  all  hard  fine-grained  solids  are 
perfect  solids. 

387.]  Moduli  of  Extension  and  Shear.  Young's  modulus  is 
the  modulus  of  extension,  which  we  may  formally  define  as 
follows :  If  the  ends  of  a  cylinder  are  pulled  by  two  equal  and 
opposite  forces,  acting  along  its  axis,  and  distributed  uniformly  over 
the  ends,  no  lateral  or  other  forces  being  applied,  the  ratio  of  the 
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force-intensity  on  the  ends  to  the  {fractional)  elongation  of  the 
cylinder  is  the  modulus  of  extension  of  the  substance. 

If  P  is  the  magnitude  of  each  force,  a-  =  area  of  section,  I  = 
length  of  unstrained  cylinder,  A I  =  increase  of  length, 

In  such  case  there  is,  as  just  said,  always  lateral  contraction ; 
and  it  is  to  be  carefully  noted  that  it  is  only  when  forces  act  on 
the  ends  and  no  forces  act  on  the  sides  that  the  intensity  of  the 
tension  —  Ex  the  elongation.  Thus  we  must  not  expect  to  find 
that  Nx  =  E.a,  for  example,  where  Nx  and  a  are,  respectively,  the 
normal  intensity  of  tension  and  the  elongation  along  the  axis  of 
x  at  any  point  of  a  strained  solid.  For,  the  feces  of  the  cube 
(Pig.  295)  are  all  acted  upon  by  forces,  and  not  merely  the 
faces  zPy  and  BxC. 

Modulus  of  Shear ',  or  Sliding.  If  one  face  of  a  cube,  or  any 
prism,  of  a  substance  is  held  fixed,  while  to  the  opposite  face  is 
applied  uniformly  distributed  force  in  the  plane  of  this  face,  the 
ratio  of  the  force-intensity  on  the  face  to  the  shear  produced  is  the 
modulus  of  shear. 

Let  P  be  the  whole  force  applied  to  the  face,  <r  =  area  of  the 
face,  I  =  length  of  prism,  At  the  sliding  displacement  of  any 
point  in  the  face,  and  fx  the  modulus  of  shear ;  then 

P  At 

At 
The  expression  -j-  is  what  we  have  previously  denoted  by  2  s, 

the  shear.     (See  Art.  369.) 

Saint- Venant  uses  G  for  this  modulus  of  shear  or  sliding 
(glissement),  while  Lam£  uses  p. 

The  elastic  quality  of  every  isotropic  solid  is  completely  ex- 
pressed by  these  two  moduli,  E  and  ja.  For  perfect  fluids  (liquids 
or  gases)  fi  =  0. 

The  modulus  of  shear  is  also  the  modulus  of  torsion.  For 
(example  13,  p.  408)  torsion  is  equivalent  to  shear  at  every  point ; 
and  if,  as  in  Art.  371,  the  axis  of  torsion  is  taken  as  that  of  z, 
the  stress  intensities,  Tx  and  T2,  on  the  transverse  section  of  the 
cylinder  at  P  are  given  by  the  equations 
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so  that  if  T  is  the  resultant  stress,  T  =  jao  -t,  which  shows  that  ja 
is  also  the  resistance  to  torsion. 

To  express  the  modulus  of  shear  in  terms  of  Young's  modulus  and 
the  coefficient  of  lateral  contraction.  In  Fig.  295,  suppose  the 
faces  BIAz  and  xCyP  to  have  tension  uniformly  distributed  over 
them,  with  intensity  jo,  there  being  no  other  forces  applied  to 
the  cube.  Let  I  =  the  length  of  each  edge  of  the  cube,  and 
separate  it,  in  imagination,  into  two  wedges  by  the  diagonal 
plane  xIAP.  Considering  the  equilibrium  of  the  upper  wedge, 
we  see  that  the  stress  produced  on  its  face  xIAP  by  the  lower 
wedge  must  be  a  tension  at  its  middle  point  equal  and  opposite 
to  joJ2 ;  and  as  the  area  of  this  face  =  I2*/ 2,  the  intensity  of  this 

p 
stress  =  -^=.     Resolving  this  into  a  normal  and  tangential  stress 

intensity,  the  latter  =  £.     Hence  if  2  s  is  the  fractional  sliding, 
or  shear,  of  planes  parallel  to  xIAP,  we  have 

f  =  »M-  (a) 

Now  this  shear  is  the  change  in  the  cosine  of  the  angle  be- 
tween the  diagonals  a/and  BC\  and  by  the  applied  traction  the 
edge  CI  and  all  parallel  to  it  are  lengthened  by  A  I,  while  by 
lateral  contraction  the  edge  BI  and  all  parallel  to  it  become 
1—riAl.  Hence  the  square  xCIB  becomes  a  rectangle  whose 
sides  are  l+Al  and  1—rjAl.     Also  (Art.  361)  the  angle  between 

IT 

the  diagonals  of  this  rectangle  is  -—2*. 
Hence  tan(?-,)  =  ^  =  l^i; 

21' 
Since,  then,  p  =  E-r,  we  have  from  (a) 


therefore  *  =  (1  +n)-xj 


2(l  +  v) 
For  *  perfect  solids '  we  have 


5 
vol.  n.  p  f 


*~\b.  (y) 
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The  modulus  of  compressibility,  or  resistance  to  compression, 
can  be  easily  expressed  in  terms  of  fx  and  E. 

Generally  a  modulus  of  rigidity,  or  resistance  to  a  strain,  of 
any  kind  is  the  force  intensity  (per  unit  area)  producing  the 
strain  divided  by  the  fractional  measure  of  the  strain ;  so  that 
every  rigidity  is  a  force  per  unit  area.  Supposing  that  the 
whole  surface  of  a  cube  is  subject  to  uniform  intensity  of  pressure, 
or  tension,  p>  if  6  is  the  cubical  compression  or  dilatation,  the 
resistance,  ky  to  compression  is  given  by  the  equation 

e 

Now  let  the  cube  in  question  be  that  in  Fig.  295 ;  and  ob- 
serve that  the  elongation  a  will  be  produced  by  three  distinct 
and  superposed  causes : — 1°,  the  elongation  which  would  be  pro- 
duced if  only  the  faces  zTyA  and  BxCI  were  pulled,  the  amount 

of  this  being  ~ ;  2°,  the  lateral  contraction  which  would  be  pro- 
duced if  only  the  faces  zTxB  and  AyCI  were  pulled,  the  amount 
of  this  being  17  -^ ;  and  3°,  the  lateral  contraction  which  would  be 
produced  if  only  the  faces  PxCy  and  zBIA  were  pulled,  the 
amount  of  which  is  also  17  ■£  • 


Hence  a  =  (1  — 217)^* 


.-.     •»S(l-2n)J. 

-  *-»n=iir  w 

For  Young's  modulus  in  terms  of  the  moduli  of  compression 
(k)  and  distortion  (/a),  we  have 

3&  +  P 

We  have  here  used  a  principle  which  is  largely  employed  in 
the  theory  of  small  strains,  viz.  tie  principle  of  the  independence 
and  superposition  of  strains  due  severally  to  given  superposed  systems 
of  stress. 

888.]  Stress  Components  in  terms  of  Strain  Components. 
It  is  required  to  express  the  stress  components  (Nlt  JVa,  JV3, 
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Tl9  T2,  Ts)  in  terms  of  the  strain  components  (a,  b,  c9  24,  24,  24) 
in  the  case  of  a  strained  isotropic  body. 

Take  the  cube  in  Fig.  295.  Then,  as  just  explained,  the 
elongation  a  is  due  to  the  separate  actions  of  the  normal  tensions 

^if  N2i  iVg,  the  first  producing  a  stretch  equal  to  -^r,  and  the 

iV  JV" 

latter  two  producing  lateral  contractions  equal  to  17  -jr  and  17  -=£  • 

Hence                        Ea  =  i^- 17(^  +  ^3)-  0) 

Similarly                    Eb  =  N2  -ry  (iV8 + Nt),  (2) 

Ec  =  Nz-v(N1+N2).  (3) 
By  definition  we  have  also 

Tx  =  2M#!,  ^  =  2M*2,  f8  =  2M*3.  (4) 
We  have  also  by  solving  for  N19 

with  similar  values  of  N2>  JV3.     Let 

A-(i+,J(i-»*)*  (6) 

Then  we  have 

JV1-A0+2fla;  1^  =  2^,) 
tf2  =  X0  +  2MJ;  r2  =  2M*2,  (7) 

JVr8sA0  +  2fA0;  Tz=2fis3,} 
in  the  simple  notation  of  Laml. 

It  will  be  observed  that  for  perfect  solids  X  =  /a. 
This  remarkably  simple  method  of  expressing  the  stress  com- 
ponents in  terms  of  those  of  strain  is  due  to  Clebsch.    (Saint- 
Venant's  edition  of  Clebsch,  p.  14.) 

889.]  Method  of  Cauohy.  This  method  consists  in  assuming 
that  at  every  point  in  a  strained  isotropic  body  the  principal 
axes  of  the  strain  coincide  with  the  principal  axes  of  the  stress. 
Here  then  we  have 

4  =  4  =  4  =  0,    ^  =  ^  =  73=0. 
Also  we  can  assume 

A  =  (\+2n)el  +  ke2  +  \e3, 
where  X  and  m  are  constants ;  for  4  and  4  must  evidently  have 
the  same  coefficient  in  the  value  of  A,  since  the  body  is  elastically 
symmetric  with  regard  to  the  axes  of  y  and  z  (and,  of  course, 

Ff* 


436  ANALYSIS   OF   STRAINS   AND    STRESSES.  [390. 

with  regard  to  all  axes)  and  the  plane  on  which  Nx  acts  is  also 
symmetrically  placed  with  respect  to  them.     Thus 

A  =  X0+2fiel9\ 

£  =  \0  +  2neA  (1) 

C  =  A0  +  2fA*3, ) 

where  6  =  e1  +  e2  +  ez  =  the  cubical  dilatation,  and  elf  e29  ez  are 
the  principal  elongations. 

It  is  required  to  express  the  components,  Nu  N2,  iV8,  T19  T2,  Ts, 
of  the  stress  at  the  point  considered  in  the  body  with  reference 
to  three  rectangular  axes  at  the  point  and  the  corresponding 
components  of  the  strain.  Let  (/,  m,  n)y  &c.,  be  the  direction- 
cosines  of  the  new  axes  with  reference  to  the  principal  axes  of 
strain  and  stress.  Then  by  multiplying  both  sides  of  equations 
(1)  by  I2,  «»a,«2,  respectively,  and  adding,  we  have,  by  Art.  379, 
precisely  the  value  of  A^  obtained  in  last  Article. 

Similarly,  by  multiplying  the  sides  of  equations  (1)  by  t  F', 
m'  m"y  n' »",  and  adding,  we  have  the  value  of  Tx  before  obtained. 

390.]  Method  of  Thomson.  Denote,  as  before,  the  resist- 
ances to  compression  and  distortion  (or  shear)  by  k  and  /i, 
respectively. 

Then,  to  find  the  stresses  called  into  play  by  a  simple  elonga- 
tion, 0,  along  the  axis  of  x,  resolve  this  elongation  exactly  as  in 
example  5,  p.  406,  into  a  cubical  dilatation,  a,  together  with  two 
shears.  Now,  by  our  above  definition,  the  dilatation  will  cause 
a  normal  intensity  of  stress  equal  to  ha  on  each  face  of  a  cubical 
element  whose  edges  coincide  with  0x>  Oy,  and  Oz  at  the 
point,  0. 

Consider  the  elongation  $a  along  Ox  and  the  accompanying 

contraction  £0  along  Oz.    These  give  shears  each  equal  to  §<* 

on  the  planes  OCHD  inclined  at  angles 

of  45°  to  Ox  and  Oz;  and  these  shears 

H  will,  by  the  above  definition,  give  rise 

to   shearing  stresses   each   of   intensity 

v7  c  ifia  on  these  planes.     Again,  by  p.  416, 

— these  shearing  stresses  will  give  rise  to 


\ 
O 


normal  stresses  each  of  intensity  |/xa  on 

Fig.  304.  planes  parallel  to  OH  and  Cfl;   and  it 

is  obvious  that  the  normal  stress  on  the  plane  OH  (or  rather  the 

plane  through  OH  perpendicular  to  the  paper)  produced  by  the 
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portion  of  the  body  to  the  right  of  OH  will  be  tension,  i.e.,  it 
will  be  in  the  sense  Ox;  while  on  the  plane  CD  or  (Ox)  the 
normal  stress  produced  by  the  portion  of  the  body  at  the  upper 
side  of  the  figure  will  he  pressure,  i.e.  it  will  be  in  the  sense  zO. 
Similarly,  by  considering  the  other  shear  (that  which  consists 
of  elongation  £  a  along  Ox  and  contraction  i  a  along  Oy),  we 
have  a  further  normal  tension  equal  to  |  pa  on  the  plane  perpen- 
dicular to  Oz ;  and  normal  pressure  §  fia  on  the  plane  perpen- 
dicular to  Oy.     Hence  the  elongation  a  gives  normal  stresses 

on  the  planes  perpendicular  to  Ox,  Oy9  Oz,  respectively. 

Similarly  the  elongation  b  (which  is  along  Oy)  gives  normal 

stress  (k-ly)b,    (4+*m)«,    (*-|m)» 

in  the  same  directions  ;  and  the  remaining  elongation,  c9  gives 
(k-ip)c,    (&-in)c9    (k  +  tfji)c. 
Hence  we  have 

^i  =  (*+*M)«+(*-tM)»+(*-lf*)«; 

or  Ar1  =  (*-tp)0  +  2pa» 

as  before.     The  values  of  T19  T29  TZ9   are  obvious   from  the 

definition  of  a  modulus  of  shear. 

291.]  Case  of  a  Liquid.  A  perfect  fluid  has  a  zero  modulus 
of  shear,  i.e.  /x  =  0.  If  it  is  a  liquid,  it  is  voluminally  incom- 
pressible, therefore  A  =  oo.  Also  0  =  0,  but  \0  is  Nlt  N29  or  JV3, 
which  are  all  equal  to  —p}  the  pressure  intensity  at  any  point. 

392.]  Strain   Potential.      For  an  isotropic  body  the  Strain 
Potential  is  easily  found  from  the  values  of  the  stress  components 
just  given.     If  <p  is  the  Strain  Potential  (Art.  384),  we  have 
Nxda  +  N2db  +  Nzdc+  2*^  +  2  T2ds2  +  2Tsds3  =  d<f>. 

Hence  we  easily  find 

20  =  \(a  +  4  +  (?)a  +  2/ui(aa  +  j2  +  caH-2*12  +  2*22  +  2*32)....    (a) 

Of  course -#,=  -^,...2^=-^,.... 

1       da  x      dsx 

If  in  (a)  we  substitute  the  values  of  the  strain  components  in 
terms  of  those  of  stress,  we  have 

v      M(3A  +  2M)  p.' 

where  <r  =  iV^n- JV2+iV8,  and 
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But  by  (6),  Art.  388,  we  have  E  =  M^** 2^  =  Young's 
modulus;  hence  (A     „' 

•♦-»-?•         » 

898.]  Clapeyron's  Theorem.  Since  (Art.  384)  —f4>dQ,  is 
the  work  done  by  the  stress  in  the  passage  of  the  body  from  the 
unstrained  state  to  that  in  which  <f>  is  the  Potential  of  strain  of 
the  element  rfX2,  we  have  this  work  equal  to 

-»/<»- £)«.  w 

which,  with  altered  sign,  is  also  the  work  of  the  external  forces 
if  the  strain  is  very  slowly  produced.  This  expression  for  the 
work  constitutes  Clapeyron's  Theorem.  Observe,  then,  that  in 
this  expression  (y)  the  stresses  involved  in  <r,  </  are  those 
belonging  to  thejhal  state  of  strain. 

The  work  done  in  the  passage  to  a  certain  final  state  of  strain 
may,  therefore,  be  expressed  as  an  integral,  through  the  body, 
either  of  a  Potential  of  the  stress  or  of  a  Potential  of  the  strain, 
belonging  to  the  final  state — that  is,  either  of  the  function  <f> 
given  by  (a)  or  of  that  given  by  (0). 

To  take  the  simplest  illustration,  consider  the  work  done  in 
the  extension  of  a  cylindrical  bar  of  uniform  section  <r.  The 
work  diagram  is  a  triangle,  and  if  l0  =  natural  length  of  bar, 

A/  =  whole  amount  of  extension,  the  final  tension  T  =  Ea  — ; 

and  the  work  of  the  tension  =  —  \  T.  A  /;  so  that  the  work  is 

where  a  =  -j-  =  the  elongation. 


Examples. 

1.  Find  the  work  done  in  a  gradual  uniform  compression  of  a 
body. 

If  V0  is  the  unstrained  volume,  V  the  compressed  volume,  p  the 
final  intensity  of  pressure  on  the  surface,  the  work  is 

ip(Vt-V).  (a) 

In  a  uniform  compression  we  have  at  each  point 
u=—ax,    v  =  —ay,    «?  =  —  az; 
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therefore  0  =  -3a ;  A\  =  N2  =  N 8  =  —  (3 A  +  2/x)a  =  —  3£a,  where 

&  is  the  modulus  of  compression;   *  =  ?>    therefore   N1=—pi  so 

that  the  intensity  of  stress  is  constant  throughout  the  body. 
The  work  may  also  be  expressed  as 

P*Vo 
2k  ' 

Observe  that  the  element  of  work  done  by  the  pressure  of  a  gas 
in  changing  its  volume  by  do  is  pdv,  while  our  expression  (a)  gives 
the  work  of  changing  the  volume  of  an  elastic  solid  as  equal  to  \pdv. 
There  is  an  apparent  contradiction ;  but  observe  that  in  all  cases  of 
equilibrium  of  strain,  we  assume  the  externally  applied  forces  to  be 
applied  with  very  gradually  increasing  magnitudes,  so  that  neither 
they  nor  the  stresses  reach  at  once  their  final  values ;  the  stresses 
grow  from  zero  to  certain  final  values,  and  our  expressions  for  work 
done  all  involve  the  fiual  values  of  the  stresses  and  not  intermediate 
values  which  they  have  in  intermediate  states  of  strain.  Now  as 
the  components  of  stress  are  linear  functions  of  those  of  strain,  we 
obtain  the  elementary  result  which  we  know  to  hold  for  the  expansion 
of  a  bar  according  to  Hooke's  Law,  viz.  that  the  work  is  one  half 
the  product  of  the  whole,  extention  and  the  final  tension  of  the  bar. 

2.  Find  the  work  done  in  the  distortion  of  a  body  (without  com- 
pression or  dilatation  at  any  point). 

Ana.  /i/(a,+68+cl  +  2«18  +  2V  +  2«sV^ 
For  example,  take  the  case  of  the  torsion  of  a  circular  cylinder 

Cl»C  CI  4/ 

(Art.  371).     Then  2«x  =  -=->    2st  =  —  -f-\  so  that  the  work 

where  r  is  the  distance  of  the  element  dil  from  the  axis  of  the 
cylinder.     This  work  is  nrBia% 

"— ir* 

where  R  =  radius  of  cylinder. 

If  the  torsion  is  produced  by  opposite  couples  applied  at  the  ends, 
or  by  holding  one  end  fixed  and  applying  a  couple  of  moment  G  to 
the  other,  this  work  is  i     »•  ^ 

as  will  presently  be  shown. 

3.  Two  uniform  bars,  CB>  BA  (Fig.  184,  p,  224,  vol.  I)  are  freely 
jointed  to  each  other  at  B,  and  have  their  ends  C  and  A  fixed  by 
smooth  pins ;  if  a  weight,  TF,  so  great  that,  in  comparison,  the  weights 
of  the  bars  may  be  neglected,  is  suspended  from  the  joint  B,  find  the 
vertical  distance  through  which  B  will  descend. 

The  weight  W  is  supposed  to  have  been  put  on  gradually,  so  that 
at  no  moment  is  there  any  vibration  produced.     Also  if  A  z  is  the 
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vertical  descent  of  B,  the  work  done  by  this  gradually  accumulated 
weight  is  \  WAz.  If  T  and  T*  are  the  tension  and  pressure  in  the 
bars  BC  and  BA,  respectively,  and  AZ,  AT  the  amounts  by  which 
they  are  elongated  and  shortened,  we  have  the  work  done  by  the 
stresses  z=-\T.Al-iT'AV;  or  if  BC  =  a,  BA  =c,  and  the 
areas  of  their  sections  are  <r,  </,  this  work  is 

Hence,  since  no  appreciable  kinetic  energy  is  generated, 

But  if  BC  and  BA  make  a  and  y  with  the  vertical, 


T=w^i   r=w 


sin  a 


bui  (3  sin/? 

where  ft  is  the  angle  between  the  bars  at  B.    Hence 

W     ,a8in*y     csin2av 

If  the  points  C  and  A  are  in  the  same  vertical  line,  and  AC  =  b, 
A  Wac    e   ,   ax 

4.  Three  uniform  bars  AB,  BC,  CA,  forming  a  triangle  and  freely 
jointed  to  each  other  rest  in  a  vertical  plane,  the  bar  AC  being  hori- 
zontal and  the  ends  A,  C  being  supported  on  two  fixed  vertical 
pillars ;  a  weight  W  is  suspended  from  the  joint  B  (by  gradual  accu- 
mulation) ;  find  the  vertical  descent  of  B. 

Ana,  If  the  normal  sections  of  the  bars  opposite  A,  B,  C  are 
<r,  </,  0",  their  lengths  a,  b,  e,  and  the  angles  a,  ft,  7, 
W       it  h  * 

A«=  _  .        (-cos* a +  -7 cos* ft +-7; cos8 a  cob' ft). 
^  sin9  y  V  a  <r '  ' 

5.  One  end  of  a  bar  of  isotropic  material  is  held  fixed,  and  the 
bar  hangs  vertically ;  find  its  elongation  caused  by  its  weight. 

Let  AB  be  the  bar  in  its  natural  state,  P  a  point  in  AB  at  a 
distance  *  from  A  ;  let  A'  B/  represent  the  elongated  bar,  and  let  P* 
be  the  displaced  position  of  P. 

Then  the  intensity  of  stress  on  a  normal  section  at  P*  =  JS-j-* 

where  E  is  Young's  modulus.     But  if  <r  is  the  area  of  the  section  at 

«,,,.,      ..      ,    .             weight  of  length  PB       W  l-z      , 
i^,  the  intensity  of  stress  =  — 2 = = — -,  where 

W  and  I  are  the  weight  and  length  of  the  bar. 

Hence  **£«Z?Z?. 

dz        a      I 
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where  C  is  a  constant.  Now  the  value  of  w  for  the  fixed  end  is  zero, 
therefore  C  =  0 ;  and  the  value  of  to  for  the  free  end,  B,  is  the 
amount  of  elongation.     Hence,  putting  z  =  l, 


amount  of  elongation  = 


Wl 
2£<t' 


It  is  immaterial  whether  a  means  the  section  of  the  bar  A'Bf  or  the 
section  of  AB,  since  these  areas  differ  by  a  small  quantity  of  the  first 
order. 

6.  To  find  the  stresses  produced  at  any  point  in  a  circular  cylinder 
which  undergoes  torsion  round  its  axis. 

With  the  notation  of  p.  400,  we  have  by  Art.  388. 

The  torsion  may  be  produced  either  by  fixing  one  end  of  the 
cylinder  and  applying  a  couple  to  the  other  end,  or  by  applying  two 
equal  and  opposite  couples  to  the  ends, 
each  of  which  is  free.  By  considering 
the  equilibrium  of  a  portion  of  the  cylin- 
der between  one  end  and  a  section  made 
at  any  point  0  (Fig.  305),  on  the  axis  per- 
pendicularly to  the  axis,  we  see  that  the 
stress  system  exerted  over  this  section  by 
the  remaining  portion  of  the  cylinder 
must  be  a  couple  equal  in  amount  to  the 
applied  couple  (F,  F). 

Let  the  fixed  axes  of  x  and  y  at  0  be  Ox 
and  Oy,  and  let  F  be  a  point  in  the  section 
whose  co-ordinates  are  x  and  y.    Then  the 
above  values  of  the  intensities  of  stress  show  that  on  the  element 
area  dS  at  P  the  two  components  of  stress  on  the  lower  side  of  dS 


Kg.  305. 


fxa 


M« 


are  ^-  ydS  in  the  direction  Ox,  and  ^=-  xdS  in  the  direction  yO.    The 
I  I 

sum  of  their  moments  about  Oz  is^-  (x*+tf)dS  in  a  sense  opposite 

V 

to  that  of  the  applied  couple.  Hence  if  the  amount  of  this  couple  is 
denoted  by  Q> 

!^/r*dS=G, 

where  r  =  OF,  and  the  integration  is  extended  over  the  whole  area  of 
the  section  at  0.  Now  fr*dS  is  the  moment  of  inertia,  /,  of  the 
section  about  Oz.    Therefore 


*?I=G. 
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Let  y »  which  is  the  rate  of  twist  per  unit  length  of  the  cylinder,  be 

denoted  by  r,  and  we  have 

jit  7=  G.  (a) 

Defining  the  torsional  rigidity  as  the  moment  of  the  applied  twisting 
couple  divided  by  the  rate  of  twist  produced,  we  see  that,  for  a  solid 
circular  cylinder, 

torsional  rigidity  =  £  fi .  ni?4, 
where  R  is  the  radius  of  the  cylinder  (since  I  =  Jiri?*). 

The  result  in  equation  (a)  is  known  as  Coulomb's  Law. 

7.  To  show  that  Coulomb's  Law  cannot  apply  to  a  non-circular 
cylinder  when  it  is  acted  on  only  by  twisting  couples  at  its  ex- 
tremities. 

In  order  that  the  law  of  torsion  strain  expressed  by  the  equations 

u  =  —  ryz,   v  =  rxzy  u>  =  0 

may  hold,  we  shall  sbow  that  force  must  be  applied  over  the  bounding 
surface  of  the  cylinder  parallel  to  its  axis. 

Let  Fig.  306  represent  a  section  of  the 

cylinder  perpendicular  to  its  axis,  the  axis 

passing  through  0 ;  let  P  be  a  point  on  the 

bounding  surface,  PT  the  tangent   to   the 

section,  and  OQ  a   perpendicular  to  PT. 

Let  OQ  be  taken  as  axis  of  as,  the  axis  of 

z  being  the  axis  of  the  cylinder ;    and  let 

Fig.  300.  ug  ^^^0  the  stress  on  an  element  plane 

which  touches  the  bounding  surface  at  P.    We  have  for  this  plane 

Z  =  1,  m  =  0,  »  =  0  ;  and  equations  (3),  p.  414,  give  (by  last  example) 

P  =  0,    $  =  0,    tf  =  -fiTy  =  -MT.PQ; 
i.e.,  the  stress  on  this  plane  is  proportional  to  PQ,  and  there  must  be 
an  applied  force  to  balance  this  stress,  since  there  is  none  of  the 
material  of  the  cylinder  at  the  right-hand  side  of  the  plane. 

8.  Let  there  be  a  straight  fibrous  body  or  beam  subject  to  a  slight 
bending  strain  such  that  the  fibres  (mean  fibres)  which  lie  in  a  certain 
plane,  although  bent,  are  not  elongated,  and  that  the  elongation  (posi- 
tive or  negative)  along  every  other  fibre  is  proportional  to  its  (posi- 
tive or  negative)  distance  from  this  plane,  the  bending  of  all  fibres 
taking  place  parallel  to  a  single  plane  which  cuts  the  normal  section 
of  the  bar  perpendicularly.  It  is  required  to  find  for  any  normal 
section  the  sum  of  the  moments,  round  the  line  in  which  it  inter- 
sects the  plane  of  the  mean  fibres,  of  the  stresses  which  are  exerted 
at  the  section  by  the  strained  fibres. 

Suppose  that  after  the  bending  any  one  section,  AHB  (Fig.  307),  is 
brought  by  a  motion  as  of  a  rigid  body  back  to  its  old  position, 
and  let  a  neighbouring  section  then  occupy  the  position  A'H'Bf. 
Let  HH\  cc  be  two  of  the  mean  fibres  which  reach  across  from 
one  of  the  sections  to  the  other.     Then  the  original  distance  between 
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the  sections  is  HH'  or  ccf.    Let  this  be  denoted  by  ds.    If  PP/ 
is  any  other  fibre  reaching  across,  Pn  and  P/n/  the  perpendiculars 
from  P  and  Pf  on  the  right  lines  cH 
and  c'H\  the  elongation  along  PP/ 

(i.  e.  — ^ )  k  proportional  to  Pn. 

Let  the  planes  of  the  sections  AHB 
and  A'H'Bf  intersect  in  a  line  OL9 
let  p  denote  the  length  of  the  radios 
of  curvature  (cO)  of  the  bent  mean 
fibres  (cc'  or  nW),  and  Pn  =  y.  Then 
evidently 

PP>_p+y 
nn'~    p    ' 
PF-nri  _y 
nn'  p 

which  is  the  elongation  along  PP*.  Fig.  307. 

For  fibres  at  the  lower  side  of  cH, 

there  is  contraction,   or    negative  elongation,  and    for  these    y  is 

reckoned  as  negative. 

Now,  by  Hooke's  Law,  if  we  consider  a  small  prism  who  sides  are 
the  fibres  emanating  from  points  on  a  very  small  area,  dcr,  at  the 
point  P,  the  stress  of  this  prism  (assumed  wholly  longitudinal)  is 

My 

P 

The  moment  of  this  force  about  cH  is  — —  d<r ;  therefore  the  sum  of 

P 
E 
these  moments  all  over  the  section  AHB  is  — flfda.  or 

P 
EI 
—  >  («) 

where  /  is  the  Moment  of  Inertia  of  the  section  AHB  about  the 
line  cH.     [See  the  second  paragraph  of  p.  432.] 

Remark.  If  the  end  of  a  beam  merely  rest  against  a  fixed  surface, 
there  will  be  no  Bending  Moment  at  this  end,  and  p  =  00  at  it. 
But  if  the  end  is  tangentially  fixed,  there  will  be  a  Bending  Moment 
at  it,  and  its  curvature  will  not  be  zero. 

9.  A  uniform  slightly  elastic  beam  rests,  in  non-limiting  equi- 
librium, with  one  end  on  the  ground  and  the  other  against  a  vertical 
wall,  the  vertical  plane  through  the  beam  being  at  right  angles  to 
the  wall ;  find  the  form  of  the  mean  fibre  of  the  beam.  Let  AB 
(Fig.  308)  be  the  beam  ;  GN  the  vertical  through  its  centre  of  gravity, 
O  ;  R  and  S  the  reactions  of  the  ground  and  wall ;  4>  the  angle  made 
by  R  with  the  vertical ;  a  the  angle  which  the  tangent  to  the  beam 
at  A  makes  with  the  horizon ;  h  and  k  the  distances,  Ax  and  Bx, 
of  the  extremities  from  the  line  of  intersection  of  the  ground  and  wall. 
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Let  P  be  any  point  in  the  beam,  at  which  We  shall  calculate  the 
Bending  Moment,  i.e.  the  sum  of  the  moments  of  all  the  forces  acting 

on  the  beam  between  P  and  A  ; 
let  the  horizontal  and  vertical 
lines  through  A  be  taken  as 
axes  of  x  and  y ;  let  Q  be  any 
point  between  P  and  A;  let 
the  co-ordinates  of  P  and  Q  be 
(x,  y)  and  (a/,  ^),  respectively ; 
let  the  original  length  of  the 
beam  be  /,  and  its  weight  W. 

Then  the  weight  of  an  ele- 
ment of  length,  d/9  at  Q  is 
W 
-j  dJ%  and  the  moment  of  this 

force  tending  to  produce  curva- 
ture at  P  round  a  line  (such  as 


Fig.  308. 


cH  in  Fig.  307)  perpendicular  to  the  plane  of  the  figure  is 

Also  the  moment  of  R  about  this  axis  is 

R  (x  cos  <j> — y  sin  <j>). 
Hence  if  p  is  the  radius  of  curvature  of  the  mean  fibre  at  P,  we 
have  ET  W 

—  =  fl(a>co8<f>-ysin<f>)-  y/(a?-aj/)^,  (1) 

the  integration  being  performed  from  A  to  P. 

If  P  is  taken  very  close  to  A,  the  Bending  Moment  on  the  right 
side  of  (1)  is  zero,  therefore  p  at  A  =  00,  i.e.  A  is  a  point  of 
inflexion ;  and  B  is  also  a  point  of  inflexion  for  a  similar  reason. 

Assume  y  _  »tana+a^+a4a4  +  aB»5...,  (2) 

where  Og,  a4,  a0, ...  are  all  very  small  quantities;  there  being  no 
term  in  a?a  since  -73-=  0  (p  =  00)  at  A. 

From  (2),  we  find 

ds 

—  =  seca+sino(3a8aj|+4a4a?8+5a5aj4+...) 


d*y 

--^  =  6a8a;+12a4aj|+20a6aj8-f . 


da? 


Now-  = 
P 


[•♦&»' 


;  and  if  we  neglect  products  of  a^,  a4,. 


we  shall  have  -  =  cos8 a (6 0,®+ 12 a4aj*+20 a^x*  +  ...). 
P 
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r 


M 


J    («— o^t^-oV  =  £a^seca  +  ia8sina.tt4  +  ia48ina.&5+.... 

Making  these  substitutions  in  (1),  and  equating  to  zero  the  co- 
efficient of  every  power  of  x,  we  have 

_  2?sin<£(cot</>— tana) 
°*  6  EI  cob9  a  ' 

__  W 

a'~~      24lEIcoB4a 

while  a5,  a6,...  are  of  the  order  r-prTs  aQd  may  be  neglected. 

Also  at  the  extremity  B,  -j-f-  must  be  zero  ;  therefore 

0^  +  2^  =  0; 

and  the  equation  of  the  mean  fibre  is 

W 
y  =  x  tana+  (2  foe8— a**)  sec4  a. 

By  putting  h  and  A  for  y  and  x,  this  equation  gives 
h         Wh* 


tana= -- 
h 


24MEI 


sec*  a. 


Putting  seca= - in  the  small  term,  we  get 

k        Wl" 

tana  =  -  — > 

_         h      24MEI 

where  V  is  used  for  */&+h*. 

Substituting  this  value  of  a  in  the  equation  of  the  mean  fibre,  we 
have  %  ypi't 


V~hX     2Uh*EI 


(Asaj-2Aaj»+^), 


1 


which  is  the  equation  of  the  mean  fibre,  to  the  first  power  of  -=y  • 

It  will  be  easily  found  that  AN,  the  abscissa  of  the  centre  of  gravity 
of  the  beam,  is  ^  WW* 


*o+ 


601EI1 


)• 


10.  A  rigid  bar  is  supported  Dearly  horizontally  on  three  given 
vertical  props  which  are  slightly 
elastic  ;  to  determine  the  pressures 
on  these  props. 

Suppose  that  the  props  are  fixed 
in  the  ground  at  D9  E,  and  F  (Fig- 
309),  and  their  extremities  were 
originally  a,  b,  c,  which  are  in  a 
horizontal  line ;  but  that  when  the  «. 

shrinking  has    taken   place,   their 
extremities,  A,  B,  C,  lie  in  a  line  slightly  inclined  to  the  horizon. 
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Let  their  original  lengths  be  p,  q}  r,  so  that  A  a  =  bp,   Bbszbq, 
Ce  =  br;  let  the  pressures  on  them  at  A,  B,  and  C  be  Pf  Q,  and  B ; 
let  G  be  the  centre  of  gravity  of  the  bar  and  W  its  weight 
Then  we  have 

P+Q+B=W,  and  P.GA+Q.QB-R.GC  =  0,  (1) 

the  second  being  obtained  by  moments  about  G. 

Now  if  the  areas  of  the  normal  sections  of  the  props  are  a,  /3,  y, 
we  have  (Art.  387) 

a  p'    /3  y       y  r'  w 

supposing  that  Young's  modulus  is  the  same  for  all. 

Again,  we  must  express  the  fact  that  ABC  ia  a  right  line.  Drawing 
through  C  a  parallel  to  at*,  we  have 

6j>— br      AC 
tq-br**  BC 
.-.    BC  .bp-AC  .bq+AB  .6>  =  0,  (3) 

..urn.     *Je,-t£9+:J'M-*  <«> 

The  three  equations  (1)  and  (4)  determine  P,  Q,  B. 

11.  A  heavy  rigid  slab  is  supported  nearly  horizontally  on  four 
given  vertical  props  ;  to  determine  the  pressures  on  these  props. 

Let  A,  By  C,  D  be  the  upper  ends  of  the  props  when  the  shrinking 
has  taken  place ;  let  the  original  lengths  of  the  props  be  p,  q,  r,  s ; 
let  the  perpendiculars  from  A  and  C  on  the  diagonal  BD  be  pf  and 
/;  let  those  from  B  and  D  on  AG  be  <f  and  / ;  let  the  perpen- 
diculars from  G,  the  centre  of  gravity  of  the  slab,  on  AC  and  BD  be 
x  and  y;  let  P,  (J,  B,  S  be  the  pressures  on  the  props,  whose 
sections  are  a,  /3,  y,  d,  respectively ;  and  let  JT  =  weight  of  slab. 
Then  we  have  obviously  the  statical  equations 

P+Q+B+S=  TF,  PfZ-i*/- Fa:  =  0,  Q/-jS/+ Ify  =  0,  (1) 

[0  is  supposed  to  lie  within  the  area  AOD]  the  two  latter  being 
equations  of  moments  round  BD  and  AC. 

We  must  now  express  the  fact  that  A,  B,  C9  D  lie  in  one  plane. 

To  do  this  we  shall  calculate  the  vertical  descent,  $£,  of  the  point 
0  from  the  descents  of  A  and  C  and  also  from  those  of  B  and  D. 
Just  as  in  last  example,  we  have 

bp-br        AC      tf+i*  tc^bp+j/br 

a£_6>  *=  oc  ■"    /  *    ■'•   ot~    /+/    ' 

Similarly  tf.^tpf, 

therefor,  f^^.i»J±£»f.  (2) 
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Also,  as  before,  —  =s  E  —,  &c,  therefore  (2)  becomes 
a  P 

WT7)p-J^)Q+AF+^B~W+7)s=0'  (3) 

The  four  equations  (1)  and  (3)  determine  the  pressures. 

12.  A  beam  rests  horizontally  on  any  number  of  fixed  right  vertical 
props,  and  is  loaded  uniformly  between  each  successive  pair  of  props. 
Prove  that  if  Alt  A^,  At  axe  any  three  successive  props  the  bending 
stress  couples  of  the  beam  at  which  are  Mlf  M9,  if,,  we  shall  have 

8(a+6)Jf,+4oif1  +  46ift  =  «w8+^8,  (<*) 

where  a  =  AXA2 ,  b  =  A2AS,  w  =  load  per  unit  length  over  At  Ait 
«/=  load  per  unit  length  over  A%  A9. 

(This  is  known  as  the  Equation  of  Three  Moments.) 
Let  &/  and  S1  be  the  shearing  forces  in  normal  sections  just  in 
front  oiA1  (that  is,  towards  A2)  and  just  behind  it;  &/,  S2  the  shearing 
forces  in  normal  sections  just  in  front  of  A%  (i.e.  towards  -48)  and  just 
behind  it ;  S/,  S9  the  shearing  forces  just  in  front  and  just  behind  At. 
Take  A%  as  origin,  i^,  as  axis  of  x,  and  the  downward  vertical 
line  at  A9  as  axis  of  y.    Then  taking  any  point,  P,  on  the  beam  be- 

d*y 
tween  A%  and  Aly  the  bending  stress  couple  at  this  point  is  —EI-j-^ ; 

and  equating  to  this  the  sum  of  the  moments  of  the  forces  between 
P  and  A%i  we  have  ,, 

.\    EIy  =  El\ma.x+iM^Qp--±S%.7?+-fcvx#9  (1) 

where  a  is  the  inclination  of  the  tangent  at  A2  to  A^Ay 

Similarly,  taking  a  point,  P/,  on  the  beam  between  A3  and  A$,  its 
co-ordinate  with  reference  to  A^At  as  axis  of  x  being  a/, 

EI^^Mt-Stf+iu/if*, 

/.    EIif=-ElUma.af+{Mi.^-lSs\3fii+&v/<J4.      (2) 

Now  in  (1)  y  =  0  when  »=  a;  and  in  (2)  ^=  0  when  a>'  =  6. 
Hence  we  have  by  addition  of  (1)  and  (2)  with  these  substitutions 

i(a+6)if8-i(a^+^0+A(^+^0  =  0.  (3) 

Again,  for  the  equilibrium  of  the  span  A1Ai,  taking  moments 
about  A19  we  have        ofl^  Jf.-Jfj+Jirf;  _.  (4) 

and  by  moments  about  As  for  the  equilibrium  of  At  A$J 

bS%'  =  M%-M%  +  $vfb\  (6) 

Eliminating  S%  and  #/  from  (3),  (4),  (5)  we  have  (a). 

13.  If  the  beam  rests  on  three  props  only,  two  of  which  are  at  its 
extremities,  find  the  pressures. 

Put  Ml  =  0,  -3^  =  0;  then  (a)  gives  Jf8,  and  (4),  (5)  give  St,  S/. 
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The  pressure  on  Ax  is  tiw— Ss;   that  on  A%  is  S9  +  S/ ;  and  that  on 
Az  is  w'b-S2'. 

14.  A  weight  is  placed  on  an  ordinary  rectangular  table  which  rests 
on  the  ground ;  calculate  the  pressures  on  the  four  legs,  supposing 
that  the  legs  may  be  treated  as  rigid  in  comparison  with  the  ground. 

Ans.  If  the  adjacent  sides  at  any  corner  A  are  b  and  a,  and  if  x 
and  y  are  the  distances  from  these  sides,  respectively,  of  the  point  of 
application  of  the  resultant  of  the  sustained  weight  and  the  weight  of 
the  table,  the  pressure  on  the  leg  through  A  is 

2   4      a      b*\ 
where  W  =  sum  of  sustained  weight  and  weight  of  table. 

15.  Prove  that  a  circular  cylinder  can  be  subject  to  the  strain 

u  =  —  ryz,     «  =  r«c,     to^cxy, 
(its  axis  being  axis  of  z)  provided  that  surface  stress  parallel  to  the 
axis  is  supplied. 

16.  Determine  the  components  of  strain  as  quadratic  functions  of 
the  co-ordinates  so  that  at  all  points  we  shall  have 

^  =  ^  =  ^  =  ^  =  0; 
and  show  that  such  strain  will  require  the  application  of  external 
force  on  the  surface. 

[Assume  u=px  +  qy+rz+%(aa?+bif  +  cz*  +  2fyz+2gzx  +  2hxy)t 
with  similar  values  of  v  and  10 ;  then  let  the  equations  be  satisfied  at 
all  points,  i.e.  equate  to  zero  the  coefficient  of  each  variable.] 

[The  five  following  examples  were  communicated  to  the  Author  by 
the  late  Rev.  Professor  Townsend.] 

1 7.  A  horizontal  beam,  supported  at  both  ends,  being  loaded  with 
any  number  of  isolated  weights,  if  the  bending  moments  be  equal  at 
any  pair  of  contiguous  weights,  P  and  Q,  they  are  equal  throughout 
the  entire  interval  PQ, 

18.  A  uniform  load,  PQ,  is  moved  along  a  horizontal  beam  sup- 
ported at  both  ends,  A  and  B ;  prove  that  at' a  given  point,  0,  in  the 
beam  the  bending  moment  will  be  greatest  when  PQ  occupies  such  a 

...      .,    .  OP       OA 
position  that  —  ~m. 

19.  A  uniform  beam  is  tangentidlly  fixed  at  both  extremities  A 
and  B,  D  is  its  point  of  greatest  deflection,  C  is  the  foot  of  the 
perpendicular  from  D  on  AB ;  X  is  any  point  in  the  line  AB ;  a 
perpendicular  to  AB  at  X  meets  the  bent  beam  in  Y  and  the  circular 
arc  through  A,  2>,  B  in  Z. 

Prove  that  „     XZ* 

XT=~CD' 

20.  A  uniform  beam  is  supported  by  four  equidistant  props,  two  of 
which  are  terminal ;  prove  that  the  two  points  of  inflection  of  its 
middle  segment  lie  on  the  horizontal  line  of  the  props. 
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21.  A  uniform  beam,  AB>  is  supported  horizontally  at  two  points,  C 
and  Dy  in  its  length,  C  being  adjacent  to  A  and  D  to  B.  Prove  that 
if  two  circles  be  described  with  C  and  D  for  centres  and  CA  and  DB 
for  radii,  respectively,  the  two  points  of  inflexion  of  the  beam  are  the 
two  limiting  points  of  the  coaxal  system  determined  by  the  circles. 

394.]  Determinateness  of  Strain.  If  the  external  bodily  and 
surface  farces  applied  to  a  given  elastic  solid  are  given,  the  state  of 
strain  is  completely  determinate — that  is,  there  cannot  be  two 
different  states  of  strain  corresponding  to  these  data. 

For,  if  possible,  let  there  be  two  different  states  of  strain, 
(a,  J,  c,  2sl9  2*2,  2*3)  and  (a'9  b\  (/,  2*/,  2*/,  2*3')  expressing 
the  strain  components  at  the  same  point  P  in  these  two  different 
states.  Reverse  all  the  external  forces  and  all  the  components 
of  strain  in  the  second  state,  and  superpose  this  reversed  state  on 
the  first.  Thus  we  have  the  body  acted  upon  by  no  external 
forces  whatever,  and  yet  strained,  the  typical  components  of  the 
strain  being  a — a\ . . . ,  2  (*x — */), ....  Now  the  Potential  Work  of 
the  stresses  is  equal  to  that  of  the  external  forces,  which  is  zero ; 
hence  we  have  y^fi  _  0> 

where  2<j>  has  the  value  obtained  by  putting  a— a\ ... ,  *!—*/>  for 
«, . . . ,  sx , . . .  in  (a),  Art.  392.  But  <j>  cannot  possibly  vanish  except 
by  the  vanishing  of  all  the  components  of  strain  individually, 
since  it  consists  of  the  sum  of  a  number  of  squares.  We  must 
therefore  have  a'=  a,  &c. ;  that  is,  the  second  state  is  identical 
with  the  first. 

In  any  case,  therefore,  in  which  a  given  body  is  acted  upon  by 
given  external  forces  and  couples,  if  we  find,  by  trial  or  otherwise, 
any  one  system  of  values  of  the  displacements,  u,  v,  wy  satisfying 
the  equations  of  equilibrium,  we  are  assured  that  these  constitute 
the  only  solution  of  the  problem. 

395.]  Differential  Equations  for  Displacements.     If  in  the 

equations  of  equilibrium  of  an  element  (p.  41 1)  we  substitute  the 

values  of  lfl9  N2>  &°'»  g*ven  in  equations  (7),  p.  435,  we  have 

dQ 
(X+M)^+MVa«  =  -pJ,  (1) 

(*  +  n)^y+l*V'*  =  -pT,  (2) 

(X  +  fl)^+^w  =  -PZ,  (3) 

vol.  11.  a  g 
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which  are  the  differential  equations  from  which  the  values  of 
*,  vy  w  must  be  found.  Their  integrals  will  involve  arbitrary 
constants  which  must  be  found  from  the  components  of  external 
force  applied  on  the  bounding  surface  of  the  body.  Thus,  if 
I,  m,  n  are  the  direction-cosines  of  the  normal  to  the  surface  at  a 
point  where  thd  components  of  external  force  are  i£,  Q0,  R0i 
we  must  have 

/(A0  +  2p*)  +  2p(«4  +  »l)sJ>, 
with  two  similar  equations. 

Whenever  the  strain  is  pure,  the  general  equations  (l),  (2),  (3) 

can  be  expressed  in  a  single  equation.  For  in  this  case  V8«  ==  — , 
so  that  (1)  becomes  dA 

(x+«rt2— a  (4) 

and  the  three  equations  of  equilibrium  are  precisely  the  same  in 
forms  as  those  of  a  perfect  fluid.  They  are,  of  course,  all  contained 
in  the  single  equation 

(\  +  2ix)d0  =  -p(Xdx+Ydy  +  Zdz)>  (5) 

the  direction  in  which  the  differentials  are  taken  being  any 
whatever. 

When,  in  addition,  the  external  forces  have  a  Potential,  Vy  the 
equation  becomes  simply 

(X  +  2n)d0  =  -pdr9  (6) 

so  that  if  the  body  is  homogeneous, 

(A  +  2fA)0+f>Prr  constant.  (7) 

Also  in  this  case  0  =  V*<f>  where  <j>  is  the  strain  potential,  so 
that  <p  is  obtained  from  the  equation 

Va^  +  —^-r=  const.  (8) 

A+2fi  x  ' 

If  cylindrical  co-ordinates  are  used,  let  the  displacements  of 
the  co-ordinates  *,  f,  <j>  (p.  282)  be  denoted  by  «?,/?,  e,  respectively. 
Then  we  have 

d  d      sin<f>  d 

si=coe*5f — rw 

d        .       d      coB<f>  d 
dy  ^d(       C    d+ 

-      <**      d*      1  d       1    <*a       ,  nQt%. 

v  =»+ip+c3?+p2?'  (seep-282) 
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and  since  u  =  j9cos$—cfsin$,  v  =  j^sin^  +  eCcos^,  we  have 
dw     dp      dc     p 

and  by  substituting  these  new  operators  in  (1),  (2),  (3)  we  obtain 
the  differential  equations  in  cylindrical  co-ordinates.  The  cases 
to  which  cylindrical  and  spherical  co-ordinates  apply  with 
special  simplicity,  are,  however,  much  better  treated  by  first 
using  the  Cartesian  equations  instead  of  the  general  equations 
for  cylindrical  and  spherical  co-ordinates  (the  latter  being  very 
complicated  and  unwieldy)  and  then  using  the  cylindrical  or 
spherical  operations  which  are  equivalent  to  V8,  &c. — a  procedure 
which  is  illustrated  in  the  solution  of  some  of  the  following 
problems. 


Examples. 

1.  To  deduce  the  traction  and  torsion  displacements  of  an  elliptic 
cylinder. 

For  a  cylinder  or  prism  having  any  curve  whatever  for  base,  take 
the  axis  of  the  cylinder  or  prism  as  axis  of  s,  and  any  two  rectangular 
axes  at  the  centre  of  the  fixed  base  as  axes  of  x  and  y.  At  any  point 
on  the  lateral  surface  let  the  normal  make  an  angle  yff  with  the  axis 
of  x.  Then,  since  there  is  no  stress  whatever  on  the  tangent  plane 
at  any  point  on  the  lateral  surface,  we  have 

iTj'cos  i/f  +  Tt  sin  yfr  =  0,  (1) 

r8cos^  +  JT2sin^=0,  (2) 

T^cosi/f  +  ^sin^srO.  (3) 

These  hold  equally  for  torsion  and  traction.  For  both  cases  also 
we  have  internal  differential  equations  obtained  by  putting 

in  (1),  (2),  (3),  p.  449. 

Now,  whatever  be  the  shape  of  the  base,  the  values 

u  =  —axt    t>  =  —  ay,    to  =  ez,  (4) 

satisfy  all  these  equations  if  the  constants  a  and  e  are  properly 
related.  For  these  values  given  at  once  Tt  =  T%  =  T%  =  0,  and  to 
satisfy  (1),  (2),  (3)  completely  we  have  only  to  make  Nx-=-N%  =  0, 
i.e.,  to  take  .   . 

«=2*±*.  (5) 

a  /ut  w 

Also  the  values  (4)  satisfy  the  internal  differential  equations. 

Finally,  if  a  force  F  is  applied  to  the  second  end  of  the  cylinder 

Gga 
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F 

or  prism,  and  if  S  is  the  area  of  this  base,  -~-  is  the  intensity  of  stress 

on  this  end,  which  must  be  equal  to  Nit  that  is, 

F 

A(c-2a)  +  2fic  =  -.  (6) 

From  (5),  (6)  we  have 

_         A+/m  Fm        __  fj. F^ 

C""A2+2Afi  +  2fA9iS'5     a"""A*+2Afi  +  2/ui*  2£* 
For  a  '  perfect  solid '  A  =  \x  =  |  E,  and  these  become 

F  F 

as  they  ought  by  Art.  386. 

Consider  now  the  torsion  of  the  prism.     Assume 

w=—  ryz,     v  =  txz,  (A) 

where  r  is  a  constant  (evidently  the  rate  of  twist),  the  value  of  v> 
being  undetermined.     These  give 

•-J--  **-*&**   **-*£-****-* 
Hence  (1)  and  (2)  require  Nx  =  N2  =r  0,  and  therefore 

We  have  then  from  (3) 

(— -ry)cos^+(^+T«)sinVr  =  0,  (8) 

while  the  equations  of  internal  equilibrium  reduce  to  V*w  =  0,  or 

*?  +  ^=°-  <9> 

The  equation  of  the  base  (or  transverse  section)  being  f(x,  y)  =  0, 
we  may  write  (8)  in  the  form 

,dto        xdf      ,dw         xdf       _  /<#fcX 

The  equations  (9)  and  (10)  hold  for  the  torsion  of  any  prism  or 
cylinder  whatever  be  the  nature  of  its  transverse  section ;  and  the 
problem  simply  reduces  to  determining  w  as  a  function  of  x  and  y 
so  as  to  satisfy  these  two  equations. 

Take,  in  particular,  the  case  of  an  elliptic  cylinder,  so  that 

and  (10)  becomes 

TC* 

which  is  obviously  satisfied  by  w  = 5 — r-  xy,  which  also  satisfies  (9). 
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Now  let  G  be  the  moment  of  the  twisting  couple  applied  at  the 
free  end,  the  base  being  supposed  fixed,  or  free  and  also  acted  upon 
by  a  couple  —  G.  Consider  the  equilibrium  of  the  portion  of  the 
cylinder  included  between  the  free  end  and  any  transverse  section 
of  the  cylinder.  Then  the  sum  of  the  moments  of  the  stresses  on 
this  section  about  the  axis  of  the  cylinder  must  be  equal  to  G.  Let 
x,  y  be  the  co-ordinates  of  any  point  on  the  section  and  dS  the 
element  of  area  at  the  point.     Then  the  moment  of  the  stress  is 

so  that  -*^JW+W)dS=Z9 

a*  +  b*G 
or  r  =  — n3-~* 

Therefore  the  strain  components  in  a  twisted  elliptic  cylinder  are 
a*+b*G  a*  +  b%G  #     G         /llV 

Hence  in  a  twisted  circular  cylinder  the  transverse  sections  remain 
plane ;  but  they  do  not  remain  so  in  an  elliptic  cylinder. 

It  will  be  easily  found  that  the  resultant  shearing  stress,  VTX*  +  Tf, 
in  the  transverse  section,  at  any  point  on  the  surface  is 

2G  1 

7TOO  p 

where  p  is  the  central  perpendicular  on  the  tangent  line  to  the 
ellipse,  so  that  this  stress  is  greatest  at  the  extremity  of  the  minor 
axis  of  the  section. 

The  torsional  rigidity  of  a  solid  elliptic  cylinder  is 

2.  Determine  the  strains  in  a  twisted  rectangular  prism. 

Let  the  sides  of  the  rectangle  be  2  a,  26.     Then  the  equations  to 

be  satisfied  are        _0         ,. 
a  w     d  w 
^  +  -^5  =  0,    everywhere;  (1) 

—  — ry  =  0,    whenas=±a;  (2) 

—  +t*  =  0,     when  y  =  ±6 ;  (3) 
ay 

the  second  and  third  being  the  equivalent  of  (10)  of  last  example. 

d*uf      dW 
For    simplicity,  assume  w  =  rxy+vf.      Then  -^-  +  ^r  =  0, 

-T-  =  0  when  x  =  ±a,  and  -j-  =  — 2ra?  when  y  =  ±b. 

To  satisfy  the  first,  assume 

«f=  A  (ern9—e~**1f)  sin  mx. 
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Then  the  second  equation  requires  ma  =  (2n+ 1)  -,  so  that 

w'  =  ^w|«         Ja-«  "Jsin^n+l)  — >  (4) 

and  the  complete  value  of  vf  will  be  found  by  giving  n  all  values 
from  0  to  ooy  and  adding  all  the  terms  together. 

The  last  equation  of  condition  for  uf  gives  the  following  equation, 
which  is  to  be  an  identity  (as  a  Fourier  development), 

-2Taj=-2(2n+l)^ncosh(2i»+l)^-8in(2n+l)^-,        (5) 

in  which  the  hyperbolic  cosine  is  used  for  shortness,  as  in  the  formula 
\  («♦ + e"*)  =  cosh  ^> ;     \  (s*— e~*)  =  sinh  ^. 

VX  - 

To  determine  Ant  multiply  both  sides  of  (5)  by  rin(2n+  \)—dx> 

and  integrate  between  a?  =  0  and  m  =  o,  exactly  as  in  the  develop- 
ment of  a  Fourier  series.  Then  we  have  all  the  terms  on  the  right 
vanishing  except  An\  and  hence 

16Ta«(-l)-» 

(2*  +  l)V«Mjh(2n+l)^ 

Substituting  this  in  (4),  we  have 

00  %  sinh(2n+l)^.sin(2n+l)P 

to  .   32a*^«>        x_  v  '2a        v      T   72a      ,  . 

7  =  m  +  -y  2,  (-  lr1 ^— .  (7) 

(2»+l)8cosh(2»+l)|2 

the  suffixes  indicating  that  n  is  to  receive  all  values  from  0  to  00. 

The  value  of  r  is  to  be  obtained  from  the  magnitude  of  the  ex- 
ternally applied  couple,  Q,  producing  the  torsion.    TJhus 

/W-yTJdS^G,  (8) 

in  which  the  integral  expresses  the  sum  of  the  moments  of  the  stresses 
on  any  transverse  section  about  the  axis  of  the  prism. 
.dw  fdw 

Now  Tx  =  fx{  j-  +t»)  and  ^  =  MV^:— ry)>  **<*  if  for  brevity  we 

write  the  value  of  10  in  (7)  in  the  form 

—  s=  xy + 22?w  sinh  my .  sin  mx, 
we  have  T 

—  =  2/x$dS—2mB^/(yBiJoiimycoBmx—x^mxco^my)dxdyt 

the  limits  of  x  being  +a,  and  those  of  y  being  ±b. 
The  double  integral  is  easily  found  to  be 

4  (-  l)nBn  (-  cosh  mo-  -^  sinh  mb\ 
m  m 
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while  f&dS  =  |as&.     Hence  substituting  for  m  and  Bnt  we  have 
G  _  ,  ..      256^6^*       1  82VV -tanM2w+1)2^ 

Bat  it  is  a  known  trigonometrical  result  that 

^fl(2»+l)4      96* 
Hence  finally,  (  w6  \ 

t-    <?     la     »**-*.      (2n+1).     J'         ^ 

and  we  have,  therefore,  the  components  of  strain,  (A),  p.  452,  at 
every  point  of  the  prism. 

The  right-hand  side  of  (9)  multiplied  hy  Q  is  the  torsional  rigidity 
of  a  solid  rectangular  cylinder. 

These  results  are,  of  course,  due  to  Saint- Venant  (see  his  edition 
of  Clehsch,  pp.  214,  Ac.)  who  notices,  in  particular,  the  case  in  which 

the  transverse  section  is  a  very  elongated  rectangle  (j-  very  small), 
and  that  in  which  it  is  a  square. 

G  a 

For  the  first  case,  we  get  —  =  16  a8  6 ft  (J — 21  x  sr),  and  for  the 

square  &     T 

-«.  843462x7, 

T 

where  /  =  §  ira4  =  the  moment  of  inertia  of  the  transverse  section 
about  the  axis  of  the  prism.  Contrast  these  with  the  result  (p.  442) 
for  a  circular  cylinder. 

3.  To  determine  the  strain  and  stress  at  any  point  of  a  spherical 
shell  of  any  thickness,  the  outer  and  inner  surfaces  of  which  are  each 
subject  to  uniformly  distributed  pressure. 

The  displacement  at  every  point  in  the  shell  is  necessarily  radial, 
by  symmetry ;  so  that,  if  r  is  the  central  radius  drawn  to  any  point 
of  its  substance, 

«*  =  */(*•)>    *>  =  &/,M>    "  =  3fM  («) 

where  f{r)  is  some  unknown  function  of  r.  Hence  the  strain  is  pure, 
and  if  <f>  is  its  potential,  $  =  V*<f>.     But  by  (6),  p.  450, 

$  =  A  =  a  constant, 
there  being  no  external  bodily  forces.    Also 

d<t>  =  udx+vdy+todz  =  rf{r)dr, 

so  that  ^  ib  a  function  of  r  only.     Hence  V9<£  ==  -5  -5-  (r*^-),  by 

p.  281 ;  and  we  have  d  ,.d<f>x  _      . 

where  B  is  another  constant. 


456  ANALYSIS   OF   STRAINS   AND   STRESSES.  [395. 

Now  the  normal  stress,  P,  on  a  plane  perpendicular  to  the  radius 
vector  r  is  given  by  the  equation 

=  i(A+»M)_      *;  (y) 

and  if  p,  p'  are  the  intensities  of  pressure  at  the  outer  and  inner 
surfaces  of  the  shell,  whose  radii  are  a,  a',  respectively,  the  value 
of  P  in  (y)  is  —  p  when  r  =  a,  and  its  value  is  —  j/  when  r  =  a'. 
From  these  A  and  2?  are  then  determined,  and  thence  the  stress  on 
any  assigned  element  plane. 

We  have  f(r)  =  \A  +  — ,  from  (J5),  and  thence  the  values  of  w,  r,  to 

in(a)'       ,  ... 

For  a  plane  occupying  any  position 

^.- jj— » 

with  similar  values  of  the  other  components. 

To  get  the  tearing  stress  at  any  point,  take  any  point  in  the  section 
made  by  the  plane  xy.     The  only  stress  on  this  plane  is  N3i  which  is 

In  this  expression,  substituting  the  values  of  A  and  B  as  before 
determined,  and  denoting  the  intensity  of  the  tearing  stress  by  Q, 
we  have  ,         ,     _  £      £      ^ 

which  shows  that  \£p'>p,  the  tendency  to  tear  is  a  maximum  at  the 
inner  surface. 

This  expression,  being  quite  independent  of  the  moduli  A.  and  ft,  is 
the  same  whatever  be  the  isotropic  substance  of  which  the  shell  is 
made.  The  displacements  and  strains,  however,  do  depend  upon  A 
and  fu     It  is  not  difficult  to  give  a  common  sense  reason  for  this. 

4.  To  calculate  the  strain  and  stress  at  any  point  of  a  sphere 
which  when  free  of  strain  is  homogeneous,  the  strain  being  produced 
by  its  self-attraction  alone  *. 

Let  p  be  the  density  of  the  sphere  when  homogeneous,  and  — 0  the 
cubical  compression  at  any  point,  P,  of  the  heterogeneous  sphere. 
The  latter  sphere  will  consist  of  spherical  shells  each  of  constant 
density  /o(l — 6).     Let  /  be  the  radius  of  any  one  of  these  shells 

*  For  the  take  of  the  exemplification  of  some  points  of  general  theory,  I 
retain  the  solution  of  this  question  which  I  gave  in  the  third  edition.  Professor 
Williamson  has  kindly  sent  me  the  simpler  solution  which  follows  the  present  one. 
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and  V  the  value  of  0  on  the  shell.     Then  if  X  is  the  force  per  unit 
mass  produced  by  the  whole  sphere  at  P,  we  have 

*=-^X£(l-r)r»dr,  (1) 

with  similar  values  of  7  and  Z,  where  r  is  the  distance  of  P  from 
the  centre,  0,  of  the  sphere.    We  may  put  this  into  the  form 

X  =  -$*yp*(l  -  Ify^d^),  (2) 

In  the  differential  equations  for  the  components  of  strain  (Art.  395) 
we  have  pX,  where  p  is  the  density  at  P,  i.e.  in  this  case  p(l—  0). 
Hence  (1)  of  Art  395  becomes 

{x + m) £ + ftV'* = **v(?x  (i  -*-  ?£**"**)'    (3> 

in  which  we  have  neglected  the  product  of  6  and  the  integral  term, 
since  6  is  everywhere  supposed  small. 

Differentiating  (3)  with  respect  to  x,  denoting,  for  simplicity,  the 

definite  integral  by  /,  and  observing  that  -j-  =  -  -j-»  we  have 
(X  +  M) >&  +  **** 

Adding  to  this  the  similar  results  in  t>,  «7,  and  observing  that 

*  Vau+  ^  V«o+  ^-  V»t*  =  Va0,  (5) 

dx  dy  dz  w 

wehaTe         (X+2M)V»<?=4Wy^(l-2tf-ir^).  (6) 

Expressing  the  operator  Vs  in  terms  of  r  (p.  281),  and  observing 
that  0  is  a  function  of  r  only,  this  equation  becomes 

SW.S-kp+M-^o,  (7, 

where ■£  =  —  >  the  constant  6  being  a  linear  magnitude,  since 

X  and  ft  are  each  of  the  form  n    giix*'  an<*  if  lB  obviously  of  the 
same  nature.  *  engtn; 

By  assuming  r$  =  <f>+  ->  equation  (7)  becomes 

.d*<b        d<b 

Now  for  any  solid  body  c  is  an  enormously  great  magnitude,  so 
that  if  we  can  determine  4>  from  (8)  as  a  series  proceeding  by  inverse 
powers  of  e,  it  will  be  sufficient  to  take  the  first  two  terms. 
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At  the  centre  of  the  sphere  the  value  of  ^  is  aero,  while  —  at  this 
point  is  unknown.     Let  (-^)  =  A,  and  determine  4>  by  the  aeries 

♦- *♦*<$.+ ri<3>.*- 

TW.  =  «;  @)-A;  <£>-<>;  <^>.— "<  .*•>• 

Hence,  neglecting  -?  and  higher  powers  of  - ,  we  have 
c  0 

supposing,  as  we  do,  that  no  values  of  r  within  the  limits  of  inte- 

gration  make  -  other  than  a  small  fraction.     Thus 
c 

*  =  J-M(l-£).  (9) 

Substitute  this  value  of  0  in  (3),  and  we  have,  by  putting 

in  the  right-hand  side  and  neglecting  small  quantities  beyond  -j> 

V«  =  -^»,  (10) 

which  shows,  by  (0),  p.  280,  that  u  may  be  calculated  by  regarding 
it  as  the  Potential  at  P  produced  by  matter  filling  the  sphere,  the 
density  of  this  matter  at  each  point,  i",  being  given  by  the  equation 

Asf 

r       27ryc*  x     ' 

To  find  the  Potential  of  this  at  P,  consider  separately  the  part,  1^, 
due  to  the  sphere  of  radius  OP,  and  the  part,  t*2,  due  to  the  shell 
contained  between  this  and  the  surface  of  the  whole  sphere,  whose 
radius  =  R,  suppose. 

We  have  then,  in  the  ordinary  notation, 

in  which  we  develop  —=$  in  a  series  of  Laplacians  ascending  by 

powers  of  —1  since  t/<r.  Putting  a^=  /  cos  0*==  //*',  and  re- 
membering that,  by  Art.  851,  since   ft'  is  a  surface  harmonic  of 
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the  first  degree,  the  only  term  in  the  series  that  will  not  vanish 
in  the  doable  integration  in  //  and  <£',  is  that  in  Liy  we  have 


At* 
lOirc1. 


=  lf^?**8''  ^  ^^  P*  364*  (13) 

1  r 

To  get  ut  we  must  develop  — >  in  (12)  in  ascending  powers  of  -?  • 

As  before,  the  only  term  of  the  Laplacian  series  that  will  not  vanish 
is  that  in  Lx ;  also  the  limits  of  r'  are  r  and  R.     Hence  we  find 

«,  =  ^i  (*■-**)*•  (14) 

Adding  (13)  and  (14),  we  have 

u^(*»-*A  (15) 

with  similar  values  of  v  and  w. 

Now  with  regard  to  the  physical  and  analytical  conditions  to  be 
satisfied  by  u,  v,  wt  it  is  obvious,  &  priori,  that  their  values  at  the 
centre  of  the  sphere  must  vanish ;  that  they  must  make  the  dis- 
placement at  every  point,  P,  radial  (i.e.  along  PO)  ;  that  they  must 
give  zero  value  to  the  stress  at  every  point  on  the  bounding  surface, 
since  we  have  supposed  the  sphere  to  be  uninfluenced  from  without ; 
and  that  they  must  satisfy  the  identity 

Observe  particularly  that  we  have  not  in  our  investigation  made 
use  of  (A)  but  merely  of  a  more  general  relation  (5),  which  will 
be  equally  well  satisfied  if  any  three  functions,  \i>  Xs>  Xs>  eac^1 
satisfying  the  equation  Vf^>  =  0,  are  added  to  u,  v,  tv. 

Now  it  will  be  found  that  (16)  and  the  two  analogous  values  of 
v  and  tv  satisfy  (A),  and  all  the  other  conditions  just  enunciated 
except  that  of  making  the  components  lNA  +  mTz+nT2i  &c.,  vanish 
at  the  surface. 

Let  us  add  an  arbitrary  term  Bx  to  (15),  and  try  whether  all  the 
required  conditions  are  satisfied  by  the  values 

«  =  ||(#-*»*)+m  (16) 

«  =  j|  (*•-!»*)+**  (17) 

w  =  ^[(iP-tr«)+2fe.  (18) 
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Satisfying  (A),  we  have  from  (9) 

(l-*)A-3B+\  =  0.  (19) 

Again,  Nt  =  \fc  +  A  (l-£)j  +  2^B+  ^(*-f  ,»_f  rf)J, 

and  Tt=-i^xy;     Tt=-^zx, 

with  similar  values  of  the  other  stress  components;   and  since  the 
stress  on  any  tangent  plane  is  zero,  we  must  have 

iV>+r,y  +  ra3=0  (20) 

when  r  =  B,  two  similar  equations  also  holding. 

Now  we  find  that  x  disappears  from  (20),  which  reduces  to 

{Mi-*)-|J*}^  +  *M*+iA«o,  (21) 

the  other  two  equations  giving  also  this  result. 

Hence  all  the  conditions  of  the  problem  can  be  satisfied  by  the 
values  (16),  &c,  the  constants  A  and  B  being  determined  from  (19) 
and  (21). 

We  easily  find,  to  the  order  of  approximation  adopted, 

1SA+I4p    R> 
*--15(3A  +  2,*)V  (23) 

-£fr--*-SSS-4         <M> 

As  a  verification,  suppose  that  the  sphere  was  a  mass  of  incom- 
pressible fluid.  Then  X  =  oo,  0  =  0,  but  A0  =  —  p,  where  p  is  the 
intensity  of  pressure  at  any  point  (Art.  391);  and  (24)  gives 

P  =  *^P9(^-r»)» 
which  can  be  deduced  at  once  from  the  fundamental  equations  of 
Hydrostatics. 

Professor  Williamson  solves  this  problem  by  the  obvious  principle 
that  the  strain  at  every  point  is  pure,  and  by  applying  at  once 
equation  (6),  p.  450.    Thus  we  have 

(A+Irtff  +  rfl-og-0. 


?~Tf <•-*>■"*'• 
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dV .     ,  .      . 

since  — —  is  the  attraction  intensity.     Hence 

cV^  =  (i-0)r»-3  (i  -e)  ['er^ds, 

neglecting  a  term  of  the  second  order  in  0. 

To  integrate  this,  let  r=zc£  where  £  is  very  small,  since  c  is  very 
great  compared  with  r.     Hence 

Now  this  equation  is  unaltered  if  we  change  the  sign  of  £;  there - 

r* 
fore  6  is  a  function  of  £*,  i.  e.  of  -=  >  and  we  may,  therefore,  assume 

</ 

r* 

^  =  m  +  Tt-r* 

where  t»  and  n  are  undetermined  constants.   Substituting  this  in  (25), 
we  get  m+n  =  J,  or  r*  =  |,  since  t»  is  necessarily  very  small. 
Hence,  since  V'<f>  =  0,  where  <f>  is  the  strain  potential, 
d  fJtd<t>.  .     .r4 

...   ^  =  iw+A?, 

the  constant  of  integration  being  rejected  since,  if  it  existed,  the 

radial  displacement  -~-  would  be  oo  at  the  centre. 
ar 

Now  the  principal  stresses,  P,  Q,  Q,  at  any  point  are  given  by  the 

equations  a%m 

jand  expressing  the  fact  that  the  stress  vanishes  at  the  surface  of  the 
sphere,  we  have  5A  +  6,*  *» 

which  gives  0  as  in  (24),  and  also  gives 

.  i*  B*t*    5X  +  6f* 

from  which,  of  course,  the  strain  displacements  follow  by  differ- 
entiation. 

5.  Determine  the  strain  and  stress  at  any  point  in  a  Planetary 
Crust  of  uniform  thickness  and  density,  surrounding  a  uniform 
spherical  nucleus. 


462  ANALYSIS   OF  STRAINS  AND   STRESSES.  [395. 

Let  p  be  the  density  of  the  crust,  a  its  outer  and  b  its  inner  radius, 
and  (»+ 1)  p  the  density  of  the  nucleus. 

In  this  case  also  the  displacement  at  every  point  is  radial  and  the 
strain  pure. 

Hence,  if  V  is  the  attraction  potential  at  any  point, 

But  —  -j-  is  the  attraction  intensity,  and  is  therefore 

Hence  .dfl  ,  n? 

with  the  same  meaning  of  cs  as  in  the  last  example.  If  <f>  is  the  strain 
potential,  v*4>  —  &>  hence 


1    d  (l*d^-A       "**+'' 


d<t>        t*        n&*  B 

where  A  and  B  are  constants.     Now  the  radial  stress  is  A0+ 2a*-T"¥» 

and  if  the  outer  and  inner  surfaces  of  the  shell  are  subject  to  pressure 
intensities  p,  p',  we  have 

from  which  .4  and  2?  are  known. 

6.  In  the  case  of  a  spherical  envelope  of  small  thickness  subject 
to  uniform  intensities  of  pressure  inside  and  outside,  if  T  is  the 
tearing  stress  per  unit  length  perpendicular  to  a  meridian,  show  from 
elementary  principles  that 

T=\P.r, 
where  r  is  the  radius  and  P  the  excess  of  outward  intensity  of 
pressure. 

Deduce  this  result  from  (14),  example  3. 

7.  A  spherical  shell  of  copper,  whose  internal  radius  is  1  decimetre 
and  thickness  \  centimetre,  is  filled  with  a  gas  at  an  intensity  of 
pressure  of  20  atmospheres,  the  outside  being  subject  to  atmospheric 
pressure ;  find  the  radial  displacement  of  a  point  on  the  inner  surface, 
being  given  the  following  data : — 

Modulus  of  compression  for  copper  =  16*84  x  1011  dynes  per 
sq.  cm.;  modulus  of  shear  =  4*47  x  10u;  1  atmosphere  =  1*014  x  106 
dynes  per  sq.  cm. 

Ans.  The  displacement  is  -010146  millimetres. 
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396.]  Constanta  of  Elasticity.  Abandoning  now  the  special 
case  of  an  isotropic  body,  let  us  consider  the  values  of  the  stress 
components  Nt,  iV2, ...  produced  in  any  body  by  a  strain  whose 
components  are  a,  b>  <?,  2*19  2*8,  2*d.  Assuming  the  stress  com- 
ponents to  be  each  a  linear  function  of  the  components  of  strain, 
it  is  clear  that  if  any  two  states  of  strain  were  superposed,  their 
corresponding  components  of  stress  would  be  superposed,  and 
there  would,  therefore,  be  a  superposition  and  independence  of 
stress  and  strain  effects  in  such  a  body;  so  that,  for  example, 
two  separate  causes  of  equal  states  of  stress  would,  if  superposed, 
produce  both  double  the  stress  and  double  the  strain.  M.  de 
Saint- Venant  justifies  the  assumption  of  this  linear  relation  in 
general  (see  p.  40  of  his  edition  of  Clebsch).  If  the  linear 
relation  did  not  hold,  there  would  be  no  superposition  of  effects 
due  to  two  or  more  identical  causes,  of  such  a  nature  that,  while 
they  all  act,  each  produces  the  same  effect  as  if  the  other  causes 
were  non-existent.  As  we  have  in  view  the  luminiferous  ether 
and  the  possible  propagation  of  gravitation  by  means  of  stress  in 
an  ethereal  medium,  we  shall  assume  this  linearity,  as  perfectly 
justified  by  the  observed  independence  and  superposition  of 
luminous  and  gravitative  effects. 

Thus  we  shall  have  the  stress  components  expressed  by 
equations  of  the  form 

JV1=^1fl+p8J+p2(?+^1  +  ^a-h03»  C1) 

where  «i,i>8>...  are  constant  quantities,  each  of  the  nature  of 
force  per  unit  area,  depending  on  the  nature  of  the  strained 
medium.  Thus  Nx  involves  6  constants  of  elasticity,  and  each 
of  the  other  five  components  of  stress  involves  also  6  constants, 
so  that,  apparently,  the  stress  components  at  any  point  depend 
on  36  constants  of  elasticity. 

But  the  stress  components  have  been  proved  (Art.  384)  to  be 

related  in  every  medium  without  exception  in  such  a  manner  that 

Nlda  +  N%db  +  Nzdc  +  2T1d*1+2Tids2  +  2Tlidsli  =  d4>,     (2) 

where  0  is  a  function — evidently  a  homogeneous  quadratic 
function — of  the  strain  components.     Hence 

*-£  »>=%■■■  «*.-g-       » 

db        da  d*x  da  v  ' 
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i.e.  the  coefficient  of  b  in  NY  is  the  same  as  that  of  a  in  2Va,  &c. ; 
so  that  we  have  15  identities  among  the  36  coefficients. 

Hence,  for  any  medium  whatever y  the  principle  of  the  conservation 
of  energy  shows  that  the  greatest  number  of  independent  coefficients 
of  elasticity  is  21. 

We  have,  therefore,  the  following  table : 

Nx  =  *!  a  +psb  +j>2c  +  txsx  +  tx's2  +  t"s33  (5) 

&%  =  A   a  +  U2°  +/>1 C  +  *2*1  +  Kh  +  *2"*S>  (6) 

^8  =  A   *  +A*  +  V  +  *3*1  +  V*2  +  *s"*3>  (7) 

yx  =  tx  a  +  t2b+tzc  + 1^  +  qzs2  +  y2*8,  (8) 

T2  =  tx'  a  +  t2'b  +  t3'c  +  qzsl  +  v2s.l  +  qlsz,  (9) 

r8  =  ^//a  +  C*  +  Cc  +  ?2*i  +  ?i*«  +  M3-  00) 

In  the  view  of  English  physicists,  no  farther  redaction  below 
these  21  can  be  effected  in  the  coefficients,  unless  the  medium 
possesses  some  one  or  more  kinds  of  structural  symmetry.  M. 
de  Saint- Venant,  however,  strongly  maintains  that,  without  any 
such  structural  symmetry,  a  further  reduction  to  15  coefficients 
is  always  possible ;  and  he  bases  this  reduction  on  the  fact  (denied 
by  Green)  that  the  action  between  any  two  molecules  is  a 
function  solely  of  the  distance  between  these  two  molecules, 
depending  in  no  way  on  the  presence  of  neighbouring  molecules.* 
The  consideration  of  this  further  reduction  we  postpone  for  a 
moment,  and  we  proceed  to  find  the  simplifications  introduced 
by  the  supposition  of  various  kinds  of  symmetry  of  structure  in 
the  body. 

Symmetry  with  respect  to  a  plane.  Suppose  that  all  along  a  line 
perpendicular  to  a  plane  xy  the  structure  of  the  body  is 
constant;  then  the  constants  in  (5), ...  will  be  each  a  function 
of  x  and  y  only  (not  involving  z). 

Now,  in  general,  if  we  produce  the  axis  of  z  backwards  through 
the  origin,  and  take  this  production  as  the  axis  of  £,  retaining 
the  axes  of  x  and  y,  the  new  co-ordinates  and  displacements  at  a 
given  point  P  will  be  expressed  in  terms  of  their  old  values  by 
the  equations 

af=x,   y'=y>    /=  — *,    *'= «,    ^=0,    «/=:  —  w, 
so  that  c  remains  unaltered,  and  sx  and  s2  both  change  sign. 

*  See  Saint-Venant's  Clebsch,  p.  65.  M.  de  Saint- Venant  is  strong  in  his 
ridicule  of  the  attempted  generality  which  makes  the  action  between  a  given 
pair  of  molecules  dependent  on  the  proximity  of  other  molecules. 
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Also,  from  the  general  formula  of  transformation  (Art.  379) 
or  otherwise,  we  know  that  Nz  remains  unaltered,  while  Tx  and 
T2  change  sign. 

Introducing  these  changes  into  (5),  since  Nx  remains  unaltered, 
while  *t  and  s2  change  sign,  it  follows  that  tx  and  t{  must  change 
sign  when  —  z  is  put  for  z.  But,  by  the  structural  symmetry 
supposed,  neither  tx  nor  t{  is  a  function  of  z.  Hence  they  must 
both  vanish. 

In  this  way,  considering  all  the  other  equations,  we  have  the 
following  conditions  for  structural  symmetry  with  respect  to  the 
plane  xy : 

t,  =  */=  *,=  </  =  ^3==  */  =  ?a=  ?1  =  0,  (11) 

so  that  the  values  for  this  case  are 

Nx  =  n1a+pzb+j>ic  +  tj\y  (12) 

-#2  =  l>S«  +  »2b+l>lC  +  t2\>  (13) 

N*  =  P2a+Pib  +  n*c  +  tz'h>  04) 

^l=^*l  +  ?3*2»  (l5) 

^2  =  ?3*1  +  V2»  (16) 

T9  =  t»a  +  t2"b  +  tfc  +  r,*.  (1 7) 

Two  plane*  of  Symmetry.  Let  the  structure  be  also  constant 
along  every  line  perpendicular  to  the  plane  xz,  while  varying 
from  one  such  line  to  another.  In  this  case  the  constants  are 
all  functions  of  x  and  z  only,  and  therefore  (from  combination 
with  the  previous  symmetry)  of  x  only.  Producing  the  axis  of 
y  backwards,  we  have  a,  b,  c,  s2  unaltered,  and  *19  *3  altered. 
Hence 

V'='."='»"  =  ft  =  0,  (18) 

and  the  equations  now  become 

Nx  =  w^-hftS+^c;     Tx  =  vx*u  \ 

^2=Aa  +  «2J+/?1^5       r2=r2*2>[  (19) 

-^8  =I>2a+l>lb  +  n3e'>       TZ  =  V3-  ) 

Now  these  equations  show  evidently  that  there  must  be 
structural  symmetry  with  respect  to  the  third  co-ordinate  plane, 
yz.  Hence  if  a  medium  is  structurally  symmetrical  with  regard 
to  two  rectangular  planes,  it  is  also  structurally  symmetrical  with 
respect  to  a  third,  and  its  constants  of  elasticity  are  9  in  number. 

Structural  Symmetry  round  an  axis.  -  Suppose  the  constants  to 
be  the  same  at  all  points  of  a  cylinder  having  the  axis  of  z  for 
its  axis,  while  varying  from  one  such  cylinder  to  another.     They 

VOL.  II.  H  b 
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are  then  merely  functions  of  f  and  not  of  z  (Art.  329),  and  if  the 
planes  zx  and  zy  are  rotated  through  any  angle,  </>,  the  values  of 
the  constants  at  a  given  point  P  remain  unaltered,  while  the 
stress  and  strain  components  Nt\  ...  a\  ...  with  reference  to  the 
new  axes  are  easily  expressed  in  terms  of  Nx, ...  a> ...  with 
reference  to  the  old  axes. 

Let  <f>  be  a  very  small  angle,  so  that  the  new  co-ordinates, 
of,/,  of  I  are  given  by  the  equations  a'rr  a?  +  ^y,  /=y— <£#, 
and  the  direction-cosines  of  the  axes  of  a/,  y',  z  with  reference  to 
the  old  axes  are 

(1,*,0),     (-<M,0),     (0,0,1). 
Hence  we  have 
a/=a+2^*3;         }'=£  —  2^*8;  /=e; 

*i'=*i-  <K;     *a'-**  +  <K;      V^f*— *)*+*s; 

Expressing  that  these  hold  for  all  values  of  <f>,  we  find  that  all 
the  t's  must  vanish,  as  likewise  all  the  q%  and  the  remaining 
equations  are 

vx  =  p2;    A=ft;    vb««i-A,    *8  =  «8-ft;        (20) 
which  give  *!  =  *2. 

Hence  for  symmetry  of  structure  round  the  axis  of  z> 
Nt  s  **  +  (*  — i/)  J+jw;     2^  =s  v*!,  \ 
JV2  =  (»-j/)a+*i+jw;     y2  a  v*2,  [  (21) 

which  show  that  5  distinct  constants  exist  in  this  case. 

Structural  Symmetry  round  two  lines.  If,  in  addition,  there  is 
symmetry  of  structure  round  the  axis  of  y,  the  group  of  equations 
(21)  show,  without  fresh  calculation,  that  we  must  have  v'=r; 
p  =  »— i/ ;  so  that  we  have 

N1  =  (n-v)$  +  va;     Tx  =  v9x,  \ 

N2  =  (n-v)0  +  vb;     T2  =  p*A  (22) 

Nz=(n-V)6  +  Vc;     ^  =  ^3,) 
which  show  that  there  is  structural  symmetry  round  all  lines — 
i.e.  there  is  complete  isotropy ;  and  these  are  identical  with  the 
values  (p.  435)  hitherto  so  often  used  for  an  isotropic  medium, 
*— v  being  A  and  v  =  2fi. 

M.  de  Saint-Venanfe  further  reduction.  The  21  coefficients 
which  result  from  the  sole  assumption  of  the  principle  of  con- 
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servation  of  energy,  or  existence  of  a  Potential  function,  are,  for 
all  media,  reduced  by  Saint- Venant  to  15  by  the  following 
reasoning.  Consider  any  molecule,  P,  and  a  neighbouring  mole- 
cule, Q.  The  force  exerted  between  them  depends  solely  on  the 
change  in  the  distance  between  them  effected  by  strain  and  acts 
in  the  line  joining  them.  Hence  the  ^-component  of  the  force 
between  them  caused  by  a  stretch,  4,  parallel  to  the  axis  of  y  is 
equal  to  the  y-component  of  the  force  between  them  caused  by  a 
shear  *3  if  2*8=ri. 

For  if  in  the  first  strain  Ar  is  the  change  in  the  length  PQ, 
and  if  the  force  between  the  molecules  =  A .  A  r ,  where  A  is  a  con- 

A 
stant,  we  have  the  force  =  —  ij2S,  since  (p.  379)  we  have  Arj  =  brjs 

Ah 

and  Ar  =  -  A 77.     The  a?-component  of  this  is  -^  £ q*. 

In  the  second  strain  A£  =  *3q,  A77  =  *s£,  therefore  if  2»3  =  £, 
A  r  =  -  £  17,  and  the  ^-component  of  their  force  =  — =■  £  172,  as  before. 

Considering  all  the  molecules  now  in  any  element  plane  at  P, 
since  this  relation  holds  between  each  of  them  and  all  their 
surrounding  molecules,  we  see  that  the  ^-component  of  stress  on 
this  plane  produced  by  a  stretch,  b,  parallel  to  y  is  equal  to  the 
^-component  of  the  stress  on  the  plane  produced  by  the  shear 
2*3 ;  in  other  words — if  P,  Q,  R  are  the  components  of  the  stress 
on  any  element  plane  whatever,  the  coefficient  of  b  in  P  is  equal  to 
the  coefficient  of  2sz  in  Q.  Similarly,  the  coefficient  of  a  in 
Q  =  coefficient  of  2#8  in  P ;  coefficient  of  c  in  P  =  coefficient  of 
2*2  in  R ;  coefficient  of  a  in  R  =  coefficient  of  2s2  in  P;  coeffi- 
cient of  b  in  R  =  coefficient  of  2sx  in  Q  ;  and  coefficient  of  c  in 
Q  =s  coefficient  of  2sx  in  R. 

Expressing  that  these  equalities  hold  whatever  be  the  direction- 
cosines  of  the  element  plane,  we  have  only  1 5  distinct  coefficients 
in  the  general  equations  (5) ...  (10). 

Applying  these  principles  to  the  case  of  an  isotropic  medium, 
as  expressed  by  (22),  we  have  simply 

»— v  =  \vy 
or,  if  2  /a  is  used  for  v,  in  accordance  with  Lamp's  notation, 

A=/x, 
the  result  which  M.  de  Saint- Venant  maintains  for  all  hard 
fine-grained  isotropic  bodies. 

h  h  2 
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397.]  Propagation  of  Gravitation.  Clerk  Maxwell,  in  Chap. 
V,  Vol.  i,  of  his  Electricity  and  Magnetism,  has  given  a  remark- 
able theorem,  the  object  of  which  is  to  show  that  all  actions 
exerted  between  two  material  systems,  Mlt  M29  according  to  the 
law  of  inverse  square  of  distance,  can  be  produced  by  a  distri- 
bution of  stress  over  closed  sur&ces  in  the  medium,  and  he  has 
assigned  the  components  of  this  stress  at  every  point. 

We  proceed  to  explain  and  to  examine  this  theory. 

Let  the  two  influencing  systems  be  Mx  and  M2  in  Fig.  388, 
p.  334,  and  let  any  closed  surface  whatever,  S  (not  that  repre- 
sented in  the  figure),  be  drawn  having  Ml  inside  it  and  M2 
outside  it. 

Now  consider  the  ^-component  of  attraction  produced  on  Mx 
by  M% .  Let  P  be  any  point  in  ifl ;  let  p  be  the  density  at  i\ 
and  F2  the  Potential  produced  at  P  by  Jff.     Then  the  a?-com- 

ponent  of  force  on  the  element,  pdQ,  of  mass  at  P  is  p  —^  d£L 

Hence  if  J  be  the  total  ^-component  on  M1 , 

x=fpdSda-  0) 

Let  Vx  be  the  Potential  produced  at  P  by  M x ;  then  obviously 

/dK 
p-T±dQ,  =  0,  because  this  integral  is  the  resultant  #-eom- 

ponent  of  force,  produced  on  M1  by  its  own  attraction.     Hence 
we  can  write 

Again,  p  =  —  - —  V*TX ;  and  since  P  is  outside  the  mass  M%, 
we  have  V2^  =  0 ;  therefore  we  can  write 

Let  <f>  =  JJ  +  ^2>  »nd  we  have 

with  two  exactly  similar  values  of  Zand  Z,  the  other  components 
of  force  exerted  by  M%  on  Mx . 
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Let  <h,  <f>2,  <f>3  stand  for^,  ^ ,  -£-     Then 

A?      *~*  ^  +  — djT  +  ~dz~'      () 

with  similar  values  of  -=?  v2d  and  -^  V2d>.     Hence  if 
«y  dz      ^ 

*.--£(*■-*•-*■>*     -.—4.-/ 

we  shall  have 

*=/€'+ f+§)'*         (6> 

the  integrations  being  extended  through  the  whole  volume  of 
the  closed  surface  8  (which  completely  surrounds  M1  and  excludes 
iQ,  and  not  being  limited  merely  to  the  volume  of  Jfx,  because 
at  every  point  of  space  devoid  of  matter  V2  </>  =  0,  and  (4)  shows 
that  at  all  such  points  the  three  multipliers  of  dQ,  under  the 
integral  signs  vanish. 

Hence  at  all  points  of  the  medium  (ether)  outside  the  attract- 
ing matter  we  have 

dNx      dTz      dT2       A   .  .  . 

which  are  the  well-known  equations  of  equilibrium  of  a  strained 
medium  whose  components  of  stress  are  Nx ,  &c.  At  all  points 
inside  Mx  or  M%  the  right-hand  sides  of  equations  (9)  are  not 
zero,  but  d<f>  ty  d<f> 

Thus  the  components  of  attraction  could  be  produced  by  means 
of  a  strain  in  the  intervening  medium,  this  strain  extending,  of 
course,  to  all  parts— even  infinitely  distant — of  the  medium,  the 
stress  being  defined  in  (5) ;  and,  of  course,  the  same  result  could 
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be  produced  by  merely  applying  the  proper  stress  to  all  portions 
of  the  arbitrary  closed  surface  S,  for  this  surface  stress  would 
transmit  the  proper  stress  to  each  point  of  the  enclosed  medium. 
Moreover  such  a  distribution  of  stress  over  8  would  produce 
the  same  moment  round  any  axis  as  that  produced  by  the 
attraction  of  M% on  Mx.  For,  let  L  be  the  total  moment  of  force 
round  the  axis  of  x.     Then 

«  ^[iMilTt  +  MlTt  +  nTJ-yilTi  +  M^  +  nNJ}  dS;      (10) 

/,  m,  n  being  the  direction-cosines  of  the  normal  at  any  point  of 
8,  and  the  triple  integrals  being  replaced  by  the  surface  integrals, 
the  values  of  Nl9  Tx, ...  being  assumed  to  be  continuous. 

Now  the  right-hand  side  of  (10)  is  the  ^-moment  of  the 
surface  stress  on  the  arbitrary  surface  S.    Therefore,  &c. 

Let  us  now  seek  the  principal  axes  of  this  stress.  If  the  axes 
of  xyy,z  are  in  the  directions  of  these  axes,  we  shall  have 
r,  =  r2  =  f8=:0;  i.e.  we  must  have  some  two  of  the  three 
quantities  </>i,  </>2>  </>a  =  ®-  Suppose  that  </>.,  =  <£3  =  0  ;  that  is, 
4>x  is  the  resultant  attraction-intensity  at  P,  the  point  considered 
either  in  Mx  or  in  the  medium  between  the  bodies  ;  or,  in  other 
words,  the  axis  of  x  is  at  once  the  direction  of  the  resultant  force 
at  P  and  the  direction  of  one  principal  axis  of  the  stress  of  the 
medium  at  P.  If,  now,  A,  2?,  C  are  the  principal  stress  in- 
tensities at  P,  we  have  by  (5) 

A»,   ,.  »      c-  *   ,  (..) 

8iry  8iry  87ry  '  v     ' 

R  being  the  resultant  force-intensity  at  P.  These  show  that  the 
three  principal  stresses  are  equal — that  along  the  line  of  force 
being  a  pressure,  and  the  other  two  being  tensions.  The  stress 
of  the  medium  at  every  point  consists,  therefore,  of  pressure  along 
the  line  of  resultant  force,  accompanied  by  equal  tension  in  all 
directions  at  right  angles  to  it. 

In  the  case  of  electrical  action  between  two  systems,  we  shall 
see  that  the  stress  at  each  point  of  the  intervening  medium  will 
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be  the  exact  reverse  of  this — viz.,  tension  along  the  line  of  force 
accompanied  by  pressure  of  equal  intensity  in  all  directions  round  it. 

This  is  the  celebrated  Maxwellian  stress,  which  Faraday  had 
qualitatively  described  (Faraday's  Experimental  Researches,  §§ 
1297,  &c.)  by  merely  saying  that  the  intervening  medium  seemed 
to  experience  at  every  point  tension  along  phe  line  of  electric 
force  accompanied  by  pressure  in  all  directions  round  it.  Observe 
that  Faraday  did  not  enunciate  any  definite  ratio  between  these 
intensities  of  stress. 

Now  the  method  by  which  Clerk  Maxwell  arrives  at  the  com- 
ponents of  the  stress  shows  that  his  stress  components  (5)  are 
not  the  only  ones  that  will  produce  the  gravitative  effects  of  the 
one  system  on  the  other.     For,  if 

nXin2, nZ9 ^,  t2ytfi 
are  any  six  functions  of  the  co-ordinates  of  a  point,  which  for  all 
positions  of  the  point  satisfy  the  equations 

£♦$♦2- ->.*«•■         o»> 

it  is  clear  that  the  values  of  -jr  V2<£»  &°-  m  (4)>  an<^  therefore 

of  X,  Ty  Z,  will  be  the  same  as  before,  if  we  take  the  components 
of  stress  at  every  point  of  the  medium  to  be 

and  the  principal  components  of  this  stress  will  not  be  related  to 
each  other  and  to  the  line  of  force  as  they  are  in  the  Maxwellian 
stress. 

Again,  if  for  any  given  medium  we  are  given  the  components 
of  stress  at  every  point  we  are  also  given  the  components  of  strain, 
on  the  supposition  that  they  are  connected  with  each  other  by 
6  linear  equations,  as  in  p.  464.  The  components  of  stress  cannot 
be  assumed  as  any  random  functions  of  the  co-ordinates ;  for 
they  must  be  such  as  to  satisfy  the  differential  equations  (1), 
p.  411.  Nor,  again,  can  we  assume  any  six  functions  of  co- 
ordinates for  the  components  (a9b,c,  2s19  2*2,  2*8)  of  strain; 

.  du      dv  ^ds~      d?u      db 

because       2*.  =  t"  +  t"j     •'•  2  ~r  =  T"5  +  T  5 
8      dy      dx  dy       dy*      dx 
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therefore  ^.  +  —  =  2^.  (14) 

Sumlarly,  ^+^  =  2^,  (15) 

-d*  +  d?  =  2nji'  (16) 

These  identities  must  be  satisfied  by  any  functions  which  can 
possibly  represent  the  strain  components  of  any  medium  what- 
ever. 

Now,  if  we  suppose  the  equations  connecting  the  stress  and 
strain  components  of  the  ether  to  be  linear,  and  to  involve  only 
21  distinct  coefficients  (as  required  by  the  principle  of  conser- 
vation of  energy),  we  may  express  them  in  the  forms  (5)  ...  (10), 
p.  464,  by  simply  interchanging  a  and  Nv  b  and  iV2,  %  and  Tlt 
&c.,  in  these  equations,  thus: 

a  =  ^^  +  ^^+^^  +  ^^  +  7/^  +  7/^3  (17) 

with  five  others,  the  same  equality  of  coefficients  holding  here  as 
in  the  inverse  equations. 

Hence  for  all  values  of  #,  y,  zt  and  all  forms  of  Potential 
function  <f>,  the  Maxwellian  components  (5)  of  stress  when  sub- 
stituted in  (17)  and  the  five  similar  equations,  must  satisfy  the 
equations  (14),  (15),  (16),  if  gravitation  is  propagated  by  the 
Maxwellian  stress,  and  the  stress  and  strain  of  the  ether  are 
connected,  as  they  are,  for  any  known  body. 

Now  we  find  very  easily  on  trial  that  these  conditions  are  not 
fulfilled ;  and  therefore  the  conclusion  is  that— either  gravitation 
is  not  propagated  by  the  Maxwellian  stress,  or  the  ether  is  not 
of  the  nature  of  a  solid  body*. 

But,  instead  of  assuming  the  components  of  stress  at  any 
point  of  the  medium,  without  reference  to  the  nature  of  this 
medium,  let  us  assume  that  the  medium  is  homogeneous  and 
isotropic,  with  only  the  two  constants  of  elasticity,  A  and  m>  and 
determine  the  stress  at  each  point  from  the  general  equations  of 
equilibrium  of  such  a  medium. 

*  Clerk  Maxwell,  in  hii  Article  on  Gravitation  in  the  Encyclopedia  BrUan- 
*ica,  seems  to  regard  the  ether  as  a  homogeneous  isotropic  body  (probably  incom- 
pressible) ;  for  he  gives  a  table  of  its  constants  (rigidity,  i.e.  modulus  of  shear, 
density,  Ac.)  exactly  such  as  is  usually  given  for  a  nomogeneous  isotropic  body. 
Indeed,  at  the  end  of  the  Article,  he  explicitly  calls  it  a  *  vast  homogeneous 
expanse  of  isotropic  matter.' 
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Let  P  be  any  point  inside  the  solid  body  which  is  subject  to 
any  gravitative  action,  whether  its  own  or  that  due  to  the 
attractions  of  other  bodies  ;  let  p  be  the  density  of  the  body  at 
P,  and  X  the  a?-component  of  force  at  P  per  unit  mass.  Then 
we  have  to  determine  N19  A2,  ...  so  as  to  satisfy  the  equation 

and  two  similar.  Substituting  the  strains,  we  have  to  find 
«,  v,  to,  so  as  to  satisfy 

(A  +  M)^  +  MV2«  =  pX,  (19) 

and  two  similar,  the  right-hand  sides  of  (18)  and  (19)  being 
zero  at  each  point  in  the  medium  outside  the  body. 

Equation  (19)  can  always  be  easily  satisfied  ;  for  if  X  is  due  to 
any  number  of  bodies,  M,M'9 ...  producing  Potentials  F,  V\  ... 
at  P,  let  dm  be  an  element  of  mass  of  if,  and  r  its  distance  from 
P  ;  let  dm'  be  an  element  of  M\  and  /  its  distance  from  P ;  and 
so  on.     Then  take  the  function 

$  =  fr  dm  +f/dm'  + . . . ,  (20) 

the  integrations  extending,  respectively,  through  Jf,  M\  ...  ; 
and  it  is  easily  found  that 

*-2(A  +  2M)!^'  (21) 

with  exactly  similar  values  of  v  and  to,  will  satisfy  (19)  and  the 
two  similar  equations.  Thus  we  have  found  the  components  of 
displacement  at  P  inside  the  body  ;  and  to  these  values  may,  of 
course,  be  added  any  values  satisfying 

(*  +  M)^  +  MV2»  =  0,  (22) 

and  the  two  similar  equations,  provided  that  these  added  terms  do 
not  violate  any  necessary  physical  condition — they  must  not,  for 
instance,  be  such  as  to  make  the  displacement  infinite  at  any 
point.  The  components  of  displacement  in  the  external  ether 
must  be  found  from  (22)  and  its  two  analogues,  regard  being 
had  to  the  necessary  physical  conditions — as,  for  instance,  that 
they  must  vanish  at  infinity. 

Let  us,  as  a  very  simple  example,  take  the  case  of  a  single 
homogeneous  sphere  subject  to  its  own  gravitation.     P  being 
any  point  inside,  at  distance  r  from  the  centre,  we  have 
J  =  —  iirypx, 
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where  y  is,  as  usual,  the  constant  of  gravitation.  Then  either 
by  (20),  or  by  inspection,  we  see  that  u  =  Ar*x  will  satisfy  (19), 
so  that  2ttvd2 

— life*— *"*  W 

with  similar  values  of  v  and  to.  Of  coarse  in  these  equations  the 
A  and  fx  are  supposed  to  belong  to  the  ether  ;  if  they  belong  to 
the  body,  the  values  of  »,  v,  w  express  the  displacements  of  a 
particle  of  the  body. 

There  is,  of  course,  a  strain  potential,  whose  value  can  be 
deduced  as  in  p.  455  ;  and  we  have  for  points  inside  the  sphere 

2~«  <«> 

To  the  value  in  (23)  might  be  added  any  term  of  the  form 
Bx,  where  J5  is  a  constant,  since  this  satisfies  (22). 

Such  terms,  however,  do  not  assist  in  contributing  to  the 
gravitative  action  on  any  element  of  the  body,  since  they  con- 
tribute nothing  to  the  expression 

,dfc      dT-      dT^  .    .   .  /AlpX 

i^  +  -^  +  ii)da!d^  <25> 

which  is  the  resultant  a-stress  on  the  element  of  volume,  and  it 
is  this  which  is  to  be  equal  to  pXdxdydz,  the  gravitative  action 
on  the  element. 

In  the  ether  outside  the  sphere  the  resultant  displacement  is, 
of  course,  radial,  or  in  the  line  joining  the  point  to  the  centre  of 
the  sphere  ;  so  that,  as  in  p.  450,  (22)  gives  dO  =  0;  and  since 
in  this  case  6  =  V2</>,  where  <f>  is  the  strain  potential  of  the 

external  ether,  -7-  (V2  -=^)  =  0,  .•.-=-  =  -;,  where  Cis  a  constant. 
dr^     dr'  dr       r2 

Now  assuming  the  radial  displacement  to  be  the  same  for  a  point 
just  inside  as  just  outside  the  sphere,  we  have  from  (24) 

^=-Ka*,    .-.  C  =  -Kcfi. 
a2 

Hence  at  every  external  point  the  resultant  displacement  is 
from  which  u  =  —  K-~£  ,  &c. 
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Also,  by  (a),  p.  461,  if  A  and  B  are  the  principal  stresses  at  an 
inside  point, 

<4a— (5A  +  8/t)JEf*,  (27) 

£s— (5X  +  2ft)jrr*,  (28) 

the  principal  stress  obviously  having  the  radius  vector,  OP,  for 
one  principal  axis.     It  therefore  consists  of  pressure  all  over  a 
conical  frustum,  as  represented  in 
Fig.  310,  the  intensity  over  the 
ends  being  greater  than  that  over 
the  lateral  surface. 
At  an  external  point,  Q,  we  have 


a* 
i?=-2M*^, 


(») 

(30) 


Fig.  310. 


which  show  that  the  stress  consists 
of  tension  on  the  ends  and  uniform 
pressure  all  over  the  lateral  surface  of  a  small  conical  frustum. 

Hence  it  appears  that  the  stress  of  the  ether  is  discontinuous  at 
the  surface  of  the  body,  the  radial  component  changing  from 
pressure  to  tension. 

Let  us  pass  to  the  case  of  a  uniform  spherical  shell  whose 

outer  radius  is  b  and  inner  a.     Here  X  =  —^^yp (a— —3  ),  and 
the  equations  for  the  strain  components  are 


JB 


(31) 


and  two  similar. 

The  displacements  being  all  radial,  these  equations  are  all 
included  in  the  equation 

(A  +  IM)rf«=-*wy/^rf[t#*  +  ^,  (32) 

.-.  d  =  -10K(ir*  +  j)  +  A,  (33) 

where  A  is  a  constant.     This  is  the  value  of  0  at  points  in  the 
substance  of  the  shell. 

For  points  within  the  cavity  and  for  points  in   the  ether 
outside  the  shell,  the  right-hand  side  of  (32)  must  be  put  equal 
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to  zero,  so  that  0  is  constant  for  such  points.     Since  6  =  V2<f>, 
where  <f>  is  the  strain  potential,  (33)  gives 

d-£=-K^  +  5a*)  +  \Ar+^  (34) 

where  B  is  a  constant.     If  K  were  put  equal  to  zero,  we  should 

get  the  values  of  -p  belonging  to  the  cavity  and  to  the  ether 

outside  the  shell ;  and  these  are,  respectively, 

Oand^i  (35) 

where  C  and  C  are  constants. 

Now  if  we  assume  continuity  of  displacement  from  the  cavity 
to  the  substance  of  the  shell,  we  put  r  =  a  in  (34)  and  in  the 
first   expression  in  (35) ;    and  equating  these,   we  obtain   C. 

C 

Similarly  putting  r  =  b  in  (34)  and  equating  the  result  to  ^ ,  we 

obtain  C. 

But  it  is  obvious  that  the  terms  in  A  and  B  in  (34)  may  be 

rejected,   because,   as  they  give  displacements   satisfying  the 

equation  JQ 

(A+M)^  +  MV»«  =  0> 

and  two  similar,  they  contribute  nothing  to  the  gravitative  action. 

Hence,  then,  the  values  of  -^  are 

or 

—  QKa2r  inside  the  cavity, 

—^(^  +  5  a3)  in  the  substance  of  the  shell, 

b% 

—  K  (#*  +  5a3)  -g  in  the  external  ether. 

Inside  the  substance  of  the  shell,  if  A  and  B  are  the  principal 
stress  components,  we  have 

A  =-(5A  +  6/x)Zr2-10AJK:?-,  (36) 


*& 


3 


JB=-(5A  +  2M)Zra-10(A  +  M)ir--  (37) 

Inside  the  cavity  there  is  uniform  hydrostatic  pressure  equal 
to  —  6  (3  \  +  2  /*)  Ka2,  while  in  the  external  ether  we  have  tension 
and  pressure  of  the  types  (29),  (30),  merely  replacing  a6  in  those 
equations  by  (5a3  +  i3)  b*.  There  is  therefore  discontinuity  of 
stress  at  both  bounding  surfaces,  as  before. 
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Take,  as  a  final  example,  the  case  of  two  homogeneous  spheres 
the  radius  and  density  of  one  being  a  and  p,  those  of  the  other  b 
and  <r,  and  the  co-ordinates  of  the  centre,  2?,  of  the  second  with 
reference  to  the  centre,  A>  of  the  first  being  (a,  £,  y).  Taking  P 
inside  the  first,  we  have 

where  /=  PB.     Prom  this  we  have  easily 

«=-r(f^-5-*5=2),  (39) 

similar  values  holding  for  v  and  to. 

The  expression  (39)  indicates  that  the  displacement  of  the 
ether  at  P  consists  of  two  components,  viz.  a  motion  along  PA 
towards  A,  and  a  motion  BP  from  B.    This  latter  motion  is 

equal  to  5K-bz,  which  is  the  same  for  all  points  inside   the 

P 
sphere  A  and  the  same  whatever  be  the  distance  between  the 
spheres  A  and  B — a  result  which  seems  absurd.     But  to  get  rid 
of  this  absurdity,  we  observe  that  any  constant  may  be  added  to 
the  value  (39),  so  that  we  might  take,  if  AB  =  c, 

.--r{*-5j*f-^  +  J)},  (40) 

the  added  term  indicating  a  motion  of  translation  of  the  ether 
inside  the  sphere  A  parallel  to  the  line  AB.  Thus  when  AB  is 
very  great,  the  term  in  u  depending  on  the  sphere  B  is  in- 
finitesimal. 

It  may,  however,  be  remarked  that  as  it  is  with  differential 
coefficients  of  w,  v,  to  we  have  to  deal  in  calculating  stress,  we 
heed  not  take  the  trouble  of  thus  correcting  their  values. 

In  all  these  cases  in  which  the  stress  is  discontinuous,  the 
gravitative  effect  is  due  solely  to  the  stress  of  the  ether  surface 
which  is  immediately  inside  that  of  the  body,  as  is  easily  seen 
thus.  Multiply  both  sides  of  (18)  hydxdydz  and  integrate 
through  the  volume  of  any  surface  8  surrounding  the  body  con- 
sidered. Then  we  shall  have,  if  P,  Q9  R  are  the  components  of 
stress  on  the  element  dS  of  this  surface, 

f(lP  +  mQ  +  nB)dS  =  f//PXdxdydz,  (41) 

(/,  m,  n  being  the  direction-cosines  of  the  normal  to  the  surface,) 
provided  that  Nl9  T2,  Tz  experience  no  abrupt  changes  of  value 
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in  any  part  of  the  space  enclosed  by  8.  But  if  at  a  certain 
surface,  U>  within  8  the  components  experience  abrupt  changes 
from  points  within  U  to  points  without  it,  the  triple  integration 
of  the  left-hand  side  of  (18)  must  be  taken  first  through  the 
volume  of  a  surface  immediately  within  U9  and  then  through  the 
volume  enclosed  between  a  surface  immediately  outside  U  and 
the  given  surface  S.  Denoting  by  (  U{)  the  surface-integral  taken 
over  the  surface  just  inside  U,  and  by  (Ue)  its  value  taken  over 
the  surface  just  outside  U,  we  have 

/(IP  +  mQ  +  nfydS-iUJ  +  iUi)  =//>Jrfi2,  (42) 

where  dQ.  is  the  volume  element,  dxdydz,  of  the  body  considered. 
But  it  is  obvious  that  /{IP + mQ  +  nR)  dS-{Ut)  =  0,  because 
of  the  equilibrium  of  the  ether  outside  the  body ;  therefore  the 
whole  #-force  of  gravitation  on  the  body  is  equal  to  the  surface- 
integral  (U{). 

Miscellaneous  Examples. 

1.  In  an  irrotational  strain  which  is  unaccompanied  by  cubical 

compression  if  the  strain  Potential  is  -^ ' ,  where  r  is  a 

radius  vector  measured  from  a  fixed  origin,  prove  that  the  lines  of 
flow  are  plane  curves  of  the  form 

r*=  ±c28inf0co8  0. 
(Mr.  Cockshott,  Tripos,  1875.)  du    do     dw 

Since  the  cubical  dilatation  is  zero,  -r-  +  -r- +-r~  =  0:  and  since 

dd>  dx     dy    dz 

the  strain  is  irrotational,  u  =  —- ,  &c.     Hence 

ax 

V*<f>  =  0, 
or  <f>  is  a  solid  spherical  harmonic.  The  given  form  makes  <j>  a  har- 
mouic  of  degree  —3.  Now  if  U  is  a  solid  harmonic  of  degree 
— (t+1),  we  know  that  r*+lU  is  a  solid  harmonic  of  degree  i. 
Hence  AoP  +  B  (y*+**)  is  a  harmonic  of  degree  2.  Expressing  that 
V9  of  this  expression  =  0,  we  have  A  +  2  B  =  0. 

Hence,  expressing  <j>  in  polar  co-ordinates  with  the  axis  of  a;  as 
polar  axis,  we  have  » 

*  =  p(l-3M'). 

Now  the  component  displacements  along  and  perpendicular  to  the 
,      d(p      _  1  dw 
radius  vector  being  —  and  --j£,  the  differential  equation  of  a  line 

of  flow  is  dr      rdQ 

dr     rdO 
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Substituting  in  this  the  value  of  <f>  above  and  integrating,  we  have 
the  equation  of  the  line  of  flow  as  given.  (Qreenhill's  Solutions  of 
the  Senate-House  Problems,  1875.) 

2.  A  spherical  shell  whose  inner  radius  is  a  and  outer  6  is  subject 
to  internal  and  external  pressures  of  intensities  p  and  «r,  respectively ; 
show  that  the  total  amount  of  work  done  in  the  small  strain  is 

2ir     ffrqy— rg)»     «W  ) 

F=*\ 3A +4^-W>J' 

where  k  and  ft  are  the  moduli  of  compression  and  shear. 

3.  Find  the  intensity  of  pressure  at  any  point  inside  a  globe  of 
homogeneous  incompressible  fluid  held  together  by  the  gravitation  of 
its  parts  alone ;  and  thence  deduce  the  attraction  between  two  hemi- 
spheres of  a  uniform  solid  globe.  (Fart  of  a  problem  by  Prof.  Tait, 
Tripos,  1875.) 

The  intensity  of  pressure  at  any  distance,  r,  from  the  centre  is  given 
by  the  equation  p  =  §  iry p* (at—r2),  where  a  =  radius  of  globe.  In- 
tegrating the  pressure  over  any  diametral  plane  section,  we  obtain 
a  result  which  must  be  equal  to  the  attraction  between  the  two 
hemispheres.     This  is  \  it*  y  (?  a\ 

4.  If  the  density  at  any  point  of  a  solid  sphere  (centre  A,  radius  a) 
varies  inversely  as  its  distance  from  a  given  external  point,  B,  find 
the  Potential  at  any  given  external  point,  P. 

A**     4***  P  .   Z»  "'  »    Z»     "*    .  £i  a"  ■        I 

cr      (3i'3.5cr+5.7esr8"h'-"h2t+1.2t+3cV+-  J* 

where  r  =  AP,  c  =  AB,  L19  X,,...  are  the  Laplacians  for  the  points 
P  and  B  (functions  merely  of  cos  /.PAB),  A  being  origin,  and  k  a 
constant. 

[Let  Q  be  any  point  in  the  sphere,  AQ  =  E9  QP  =  Z>,  QB  =  r. 

Then  the  Potential  =  k  / jry — — .  Expand  —  and  y  in  La- 
placians thus :                    J          "r  V        ¥ 

Multiply  the  two  together,  and  observe  that  in  the  double  inte- 
gration in  //  and  <f>'  all  terms  except  those  of  the  type  J<A,  vanish, 

while  /  /  l^dii'dp^  Z^.    Observe  also  that  the  function  is 

reciprocal  for  the  points  B  and  P — as  is  cfc  priori  evident.  If  P 
coincides  with  B,  put  Lx  =  Z2  =  ...  =  1.] 

5.  Find  the  strains  and  stresses  in  a  cylindrical  pipe  of  uniform 
thickness,  which  is  subject  to  given  internal  and  external  pressure. 

Proceed  exactly  as  in  Ex.  3,  p.  455. 


CHAPTER  XIX. 


ELECTROSTATICS. 


398.]  Quantity  of  Electricity.  The  reader  is  supposed  to 
be  familiar  with  the  elementary  facts  of  Electricity  as  described 
in  any  of  the  current  works  on  Physics, 

Oar  theory  of  Attraction  has  hitherto  been  concerned  with 
distributions  of  attracting  mattery  and  those  cases  in  which  this 
matter  was  supposed  to  form  a  thin  shell  are  intimately  related 
to  the  branch  of  the  subject  which  we  are  now  about  to  discuss. 
Hitherto,  however,  except  when  discussing  Magnetic  Shells,  we 
have  not  been  obliged  to  postulate  distinctions  of  sign  between 
matter  and  matter,  or  to  deal  with  repulsion  instead  of  attraction, 
This  distinction  must  be  made  here  also — i.  e.  we  shall  assume 
that  there  is  positive,  and  that  there  is  also  negative,  electricity — 
the  distinction  indicating  nothing  more  than  a  difference  of 
behaviour  among  electrified  bodies,  some  of  them  attracting, 
while  others  repel,  one  and  the  same  given  electrified  body. 

For  the  quantitative  (mathematical)  treatment  of  the  phe- 
nomena of  Electricity  it  is  not  necessary  that  we  should  know 
the  precise  nature  of  Electricity  itself ;  it  suffices  that  we  know 
the  laws  which  regulate  its  fundamental  manifestations.  We 
may  rest  satisfied  with  regarding  electrification  as  merely  a  state 
of  a  body — as,  for  example,  some  re-arrangement  of  its  molecules 
involving  some  kind  of  strain  within  the  body  and  impressed 
by  the  body  on  the  medium  (air  or  other)  surrounding  it.  But 
it  is  at  the  outset  necessary  to  obtain  some  measure  of  this  state 
as  to  quantify. 

The  first  thing  to  be  noted  with  regard  to  electrification  is 
that  it  justifies  a  distinction  as  to  plus  and  minus,  this  dis- 
tinction being  a  wholly  conventional  mode  of  representing  such 
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a  phenomenon  as  the  following.  Let  a  piece  of  glass  be  rubbed 
against  a  piece  of  resin,  and  another  piece  of  glass  rubbed  against 
another  piece  of  resin.  Then  it  is  found  that  the  electricities  of 
the  two  pieces  of  glass  repel  each  other,  as  do  also  those  of  the 
two  pieces  of  resin ;  but  the  electricity  of  either  piece  of  glass 
attracts  that  of  either  piece  of  resin. 

The  electricity  developed  on  the  glass  is  called  positive,  and  is 
denoted  by  the  sign  -f ,  while  that  on  the  resin  is  called  negative, 
and  denoted  by  the  sign  — . 

Now  if  we  imagine  two  very  small  equal  flat  pieces  of  glass 
(each  about  the  size  of  a  pin-head,  suppose)  to  be  rubbed  in 
exactly  the  same  way  by  a  piece  of  resin,  so  that  we  can  assume 
them  to  have  equal  electrifications,  and  to  be  then  placed  with  a 
distance  of  1  centimetre  between  them  ;  they  will  repel  each 
other  with  a  force  which  can  be  measured  (conceivably)  in  dynes. 
If  the  medium  between  the  pieces  of  glass  is  air,  and  their  force 
of  repulsion  is  exactly  1  dyne,  each  piece  of  glass  is  said  to  have 
a  unit  charge  of  electricity.  The  total  quantity  on  the  two 
together  is  two  units,  and  thus  we  get  an  idea  of  a  charge  con- 
sisting of  any  number  of  units  of  electricity. 

If  we  imagine  a  body  of  very  small  dimensions  to  be  charged 
with  e  units  of  positive  electricity,  and  to  be  placed  at  a  distance 
X)f  r  centimetres  from  another  very  small  body  which  has  a  charge 
of  e'  units,  the  medium  between  them  being  air,  the  force  of 
repulsion  exerted  by  either  on  the  other  is 

^if  dynes>  (a) 

as  Coulomb  proved  by  well-known  experiments  with  his  Torsion 
Balance. 

In  the  attraction  of  matter  we  should  obtain  exactly  the  same 
expression  for  the  attraction  of  two  condensed  spherical  particles 
with  a  distance  of  r  centimetres  between  their  centres  by  making 
y  equal  to  unity  in  the  expression  (a),  p.  236,  i.e.  by  choosing 
the  unit  quantity  of  matter  as  indicated  in  p.  275. 

Formally,  then,  the  electrostatic  unit  of  quantity  is  that  charge 
which,  supposed  to  be  condensed  at  a  point,  acts  on  an  equal  charge 
condensed  at  another  point  distant  1  centimetre  from  the  first,  with 
a  force  of  1  dyne,  the  intervening  medium  being  air. 

Hitherto,  unfortunately,  no  simple  name  has  been  devised  for 
this  electrostatic  unit  of  charge.     We  shall  often  use  the  ab- 

VOL.  11.  1  i 
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breviation  'e.g.  unit'  to  signify  the  C.6.S.  electrostatic  unit  of 
quantity. 

399.]  Influence  of  the  Medium.  From  the  experiments  of 
Faraday  results  the  fundamental  fact  that  the  force  of  repulsion 
between  two  given  charges  is  not  the  same  when  the  intervening 
medium  is  sulphur,  or  any  other  insulator,  as  when  this  medium 
is  air.  Thus,  if  the  two  given  charges  are  e  and  e  units  (denned 
as  before  with  reference  to  air),  the  force  of  repulsion  between 
them  is  given  by  the  expression 

I?'  W 

when  instead  of  air  the  separating  medium  is  any  other  insulator, 
K  being  a  constant  depending  on  the  medium,  and  called  its 
specific  inductive  capacity. 

Our  definition  of  the  electrostatic  unit  of  quantity  implies,  of 
course,  that  K  is  unity  for  air.  It  has  the  same  value  for  all 
gases  as  for  air,  and  a  greater  value  for  most  known  solid  and 
liquid  insulators. 

If  a  charge  of  e  absolute  units  is  condensed  at  a  point  in  a 
medium  of  uniform  specific  inductive  capacity,  K,  which  is  of 
practically  infinite  extent,  the  amount  of  work,  in  ergs,  done  by 
the  repulsive  force  of  this  charge  in  removing  a  charge  of  one 
unit  from  a  distance  r  centimetres  to  infinity  is 


1: 


£*• 


If  V  stands  for  this  amount  of  work, 

And,  generally,  in  such  a  medium  if  there  is  any  distribution 
of  electricity  whose  amount  at  any  point,  A,  is  de  electrostatic 
units,  and  if  P  is  any  point  in  the  field,  the  amount  of  work  done 
by  the  forces  of  the  field  in  removing  a  unit  charge  from  P  to 

1     de 
any  position  in  which  the  forces  are  insensible  is  -^-^-pi  5  or  de- 
noting PA  by  r,  and  the  amount  of  work  by  V  (the  Potential 

the  integration  being  extended  all  over  the  attracting  system. 
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In  the  case  of  attractive  forces  (i.e.  when  two  elements  of  the 
same  sign  attract  each  other)  V  at  any  point  is  the  work  done 
by  the  forces  of  the  field  in  bringing  a  +  unit  to  the  point  from 
infinity,  whereas  in  Electrostatics  V  at  any  point  is  the  work 
done  against  the  forces  of  the  field  in  this  motion. 

Again,  if  X9  Y,  Z  are  the  components  of  the  repulsive  force  per 
unit  charge  at  P  in  the  positive  senses  of  the  axes  of  co-ordinates, 

*--&  '--£  *--£•       <•) 

(8,y9z)  being  the  co-ordinates  of  the  point  P. 

Instead  of  the  term  '  force  per  unit  charge '  we  shall  for  the 
future  use  the  term  electromotive  intensity }  which  is  adopted  by 
Clerk  Maxwell. 

The  nature  of  the  medium  will  modify  the  value  of  the  surface- 
integral  of  normal  electromotive  intensity  (Art.  324)  over  any 
closed  surface  described  in  the  medium.  Describe  any  closed 
surface  surrounding  a  point  A  at  which  a  charge  of  de  units  is 
condensed ;  let  P  be  any  point  on  the  surface,  and  let  PA  =  r. 
Then,  with  the  notation  of  Art.  316,  the  surface-integral  of  the 
electromotive  intensity  due  to  the  charge  de  is 

and  if  ei  is  the  total  charge  inside  the  surface,  we  have 

K/NdS=47re{.  (f) 

Just  as  in  Art.  324,  the  surface-integral  of  normal  electro- 
motive intensity  due  to  any  external  charge  is  zero ;  and  if  a 
charge  e0  is  distributed  on  the  surface,  as  an  infinitely  thin  layer, 
KfndS=2ne0,  (r>) 

where  n  is  the  normal  electromotive  intensity  at  a  point  strictly 
on  the  surface.  Inasmuch  as,  in  this  case,  the  small  electrified 
element  of  surface  at  the  point  does  not  contribute  to  n  (see 

o  __  _ 

Art.  322)  n  =  N =-,  where  <r  is  (next  Article)  the  surface- 
density  at  the  point,  so  that  (77)  could  be  deduced  from  (£). 

400.]  Volume-density,  surface-density.  If  at  any  point  P, 
a-  very  small  element,  d£l,  of  volume  is  taken — this  being 
measured  in  cubic  centimetres — and  if  within  this  volume  there 

de  . 
is  included  a  charge  of  de  electrostatic  units,  the  ratio  j^r  is 

ii  2 
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called  the  volume-density •,  p,  of  the  charge  at  P.  The  volume- 
density  at  P  is  thus  the  charge  per  unit  volume  at  P. 

de 
The  ratio  -j->  may  be  infinite,  as  in  tfce  following  case.    Suppose 

the  charge  to  be  distributed  as  an  infinitely  thin  layer  on  a 
surface  on  which  P  is  any  point.  Then  if  on  a  very  small  element, 
d8,  of  area  of  the  surface  at  P  there  are  <rdS  units  of  charge 
where  <r  is  a  finite  quantity,  the  volume-density  at  P  is  infinite, 
because  if  dn  is  a  small  elementary  length  at  P  along  the 
normal  to  the  surface,  d£l  =  dS .  dn,  so  that 

de        <r 
dti,  ~dn> 
which  =  00  when  dn  is  infinitely  diminished. 

When  the  charge  is  thus  distributed  as  an  infinitely  thin  layer 
on  a  surface,  the  surface-density  at  P  is  the  limiting  value  of  the 
ratio  of  the  charge  on  any  small  element  of  area  of  the  surface 
at  P  to  this  element  of  area  ;  that  is,  it  is  the  charge  per  unit 
area — so  many  electrostatic  units  per  square  centimetre. 

401.]  Conductors  and  Insulators.  A  perfect  conductor  is  a 
body  in  which  electricity  cannot  be  in  equilibrium  while  there 
exists  electromotive  intensity  at  any  point  within  the  substance 
of  the  body.  If  electrification  consists  in  some  kind  of  strain,  a 
conductor  is  thus  a  body  which  is  incapable  of  supporting  the 
electrical  strain.  In  such  a  body  this  strain  instantly  disappears, 
and  can  be  renewed  only  by  a  fresh  application  of  the  process  of 
electrification. 

A  perfect  insulator  (called  also  a  dielectric)  is  a  body  which 
can  support  electrical  strain,  or  continue  to  experience  electrical 
force,  at  any  point  indefinitely. 

Faraday  pictured  a  dielectric  medium  as  consisting  of  an 
immense  number  of  small  perfectly  conducting  bodies  separated 
from  each  other  by  a  substance  through  which  electricity  cannot 
flow — as,  for  instance,  an  immense  number  of  small  shot  imbedded 
in  a  cake  of  sulphur  or  shellac ;  and  on  the  view  that  electricity 
is  a  double  fluid,  '  positive '  and  '  negative/  when  electric  force  is 
exerted  at  any  point  of  a  dielectric  its  effect  is  assumed  to  be  a 
separation  of  this  double  fluid  in  all  the  little  shot  particles  at 
the  point,  whereby  the  positive  fluid  is  pushed  to  one  end  of  each 
shot  and  the  negative  drawn  to  the  opposite  end,  the  line  joining 
the  two  poles  thus  formed  in  each  shot  being  that  along  which 
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the  electrical  force  acts  at  the  point  considered,  and  the  amount 
of  *  neutral  fluid  '  separated  into  -f  and  —  being  proportional  to 
the  electromotive  intensity  at  this  point. 

A  conductor  may  be  either  a  solid  metallic  body  or  a  metallic 
sheet  of  any  thickness,  forming  either  a  closed  or  an  unclosed* 
surface.  In  any  case  there  is  no  volume-density  at  any  point  in 
the  substance  of  the  conductor,  no  matter  how,  or  to  what  extent, 
the  conductor  is  electrified.  For,  since  there  is  no  electrical 
force  at  any  point  in  its  substance,  V  is  constant  throughout  its 
substance,  so  that  at  each  point  V2F=  0,  therefore  p  =  0. 

Hence  the  electrification  exists  only  at  the  points  of  contact 
of  the  metal  with  the  air,  or  other  dielectric  medium,  surround- 
ing it ;  or,  as  it  is  usually  expressed,  the  electricity  resides 
wholly  on  the  surface  of  the  conductor.  If  the  conductor  is  in 
the  form  of  a  sheet,  the  bounding  surface  consists,  of  course,  of 
both  feces  and  the  edges ;  if  the  sheet  forms  a  closed  shell,  the 
electricity  may  reside,  generally,  on  the  outer  and  the  inner 
surfaces,  but  never  in  the  substance  between  these. 

Since  no  force  can  be  exerted  inside  a  conducting  substance, 
it  follows  from  (/8),  Art.  399,  that  K  =  oo  for  such  a  substance ; 
that  is,  the  specific  inductive  capacity  of  a  perfectly  conducting 
substance  is  oo. 

402.]  Poisson's  Equation.  Take  the  case  of  a  uniform 
medium  of  specific  inductive  capacity,  Kf  and  apply  the  equation 
(Q  which  expresses  that  the  surface-integral  of  normal  force  is 
equal  to  4  it  x  included  charge,  to  the  elementary  parallelopiped 
dxdydz.  If  p  is  the  volume-density  at  the  position  of  this 
element,  we  have  obviously 

v(d*V      d*F     d*F,     A  ,  . 

If  K  varies  from  point  to  point  in  the  medium,  the  result  will 
be  different. 

On  the  first  face  iydz  (that  nearest  to  the  origin)  the  outward 

normal  force  is  K  —  dydz ;  and  on  the  opposite  face  the  force  is 


[-*£-5(*5)*>* 


*  This  expression  is  not  strictly  correct,  because  a  metallic  sheet  is  in  reality 
a  closed  surface,  formed  by  both  faces  and  the  edges. 
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Hence  Poisson's  equation  becomes 

s(**) +  d}(Kdj)  +  di(Ki;)+4*i>  =  °-       <2> 

In  special  cases  this  equation  may  be  more  usefully  expressed 
in  polar  co-ordinates.  Thus,  supposing  the  medium  to  be  sym- 
metrical round  a  centre,  V  and  K  will  be  functions  of  r  alone. 
Then  we  may  either  transform  (2),  or  make  use  of  the  feet  which 
it  expresses.  Describe  a  cone  of  small  conical  angle  «,  and  cut  off 
a  frustum  by  spheres  of  radii  r  and  r  +  dr,  each  having  the 
vertex  of  the  cone  for  centre.  Then  take  the  surface-integral  of 
normal  force  over  this  frustum.     Its  lateral  surface  contributes 

dV 
nothing.     The  end  near  the  origin  contributes  K  -r- •<*>***  aad 

the  opposite  end  gives 

while  the  included  charge  is  p .  wr^r. 
Hence  Poisson's  equation  is 

^(^)+4^  =  °-  (*> 

If  the  dielectric  is  symmetrical  round  an  axis,  Poisson's  equation 
may  be  used  in  the  following  form.  Let  (  be  the  perpendicular 
drawn  from  any  point  to  the  axis ;  then,  taking  the  normal  flux 
of  electromotive  intensity  over  the  cylindrical  element  of  volume, 
since  K  and  Fare  functions  of  f  only,  we  have 

h[KCTc\^pC=0'  (4) 

403.]  Equation  for  V  at  an  Electrified  Surface.  In  addition 
to  the  volume  equation  (2)  for  F,  which  holds  at  any  point  of  a 
dielectric,  it  is  necessary  to  see  what  happens  to  the  differential 
coefficients  of  V  at  the  surface  of  separation  of  two  dielectric 
media.  We  shall,  for  generality,  suppose  that  this'  surface  is 
electrified,  by  friction  or  otherwise,  and  that  <r  is  the  surface- 
density  of  the  charge  at  any  point. 

Consider  a  very  small  element,  dS,  of  the  surface,  and  let  P 
and  Q  (Pig.  278,  p.  262)  be  two  points  on  the  normal  to  it,  P 
being  in  the  one  medium  (Kx)  and  Q  being  in  the  other  (JT2). 
Regard  the  force-intensity  at  P  as  due  to  the  electrified  element 
dS  and  the  remainder  of  the  field.     Let  this  latter  produce  at  P 
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an  electromotive  intensity  having  components  it  and  t,  re- 
spectively, along  the  normal  and  in  the  tangent  plane.  The 
small  plate  dS  contributes  no  tangential  component,  while  it 
gives  a  normal  component  equal  to  2  ir  a.  Hence  the  components 
of  force  at  P  are  n  +  2  it  a  and  t.  Evidently  at  Q  the  components 
are  n—2ir<r  and  t.     Also  the  normal  force  measured  from  the 

dV 
surface  towards  P  is  —  Kx  -= — >  where  dn^  is  an  element  of  nor- 

mal  drawn  into  the  medium  in  which  P  is;  and  that  of  Q  is 

—  K2  -T-  *    Therefore 

-dF    ^dF  ,  ,  A  .  , 

•*•   K*d^+K*d7t+iir<r  =  0'  {a) 

which  is  the  equation  connecting  the  normal  variations  of  V  in 
the  two  media  at  their  surface  of  separation. 

From  this  it  is  obvious  that  if  a  line  of  force  meets  obliquely  a 
non-conducting  surface  which  is  electrified,  the  line  will  be  re- 
fracted  in  passing  through  the  surface.  For,  the  tangential  com- 
ponent of  force  suffers  no  change,  while  the  normal  component 
does,  in  the  passage  through  the  surface.  At  the  surface  of 
separation  of  a  conductor  and  a  dielectric,  if  a  is  the  surface- 
density  at  any  point  of  the  conductor,  the  surface  equation  is 
simply  jjr 

since  no  force  exists  in  the  substance  of  the  conductor. 

404.]  Principle  of  Superposition.  The  additive  property  of 
the  Potential,  which  has  been  already  noted  (Art.  326),  is  one 
which  must  always  be  kept  in  view  in  Electrostatics.  In  virtue 
of  this  principle,  if  in  any  electrical  field  we  have  a  system  of 
charged  bodies,  which  we  may  denote  by  A,  and  another  system 
of  charged  bodies,  which  we  denote  by  B,  and  if  we  wish  to  deter- 
mine the  total  Potential,  or  the  resultant  force,  at  any  point  due 
to  the  combined  actions  of  A  and  B — or  their  resultant  inductive 
(Art.  406)  effect  on  any  conductor  in  the  field — we  may  consider 
the  effect  of  A  alone  and  the  effect  of  B  alone,  and  combine  these 
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— by  addition  if  it  is  the  total  Potential  that  we  seek ;  by  vector 

composition  if  it  is  the  resultant  force. 

405.]  Potential  of  the  Earth.     Defining  the  Potential  at  any 

rde 
point,  P,  in  space  as  /  —  >  where  r  is  the  distance  between  P  and 

any  point  in  the  Universe  at  which  there  is  a  charge  de,  it  is 
clear  that  the  integration  would  take  in  all  the  electrified  bodies 
in  the  Universe.  This  integration  would  give  us  the  Absolute 
Potential  at  P  (on  the  supposition  that  the  electrified  portion  of 
the  Universe  does  not  extend  to  infinity).  What  the  value  of 
this  integration  is  for  points  on  the  Earth  it  is  impossible  to  say, 
and  we  are  not  practically  concerned  with  it.  The  Potential  of 
the  Earth  is  taken  as  zero — since  we  are  never  concerned  with 
anything  but  differences  of  Potential— and  any  body  which  is  put 
in  metallic  connection  with  the  Earth  has  the  zero  potential  of 
the  Earth.     It  is  necessary  to  explain  this  statement. 

Every  electrified  body  is,  of  course,  connected  with  the  Earth 
by  some  means ;  and  even  if  it  were  connected  by  a  wire  with  a 
slab  of  marble  or  of  ebonite  it  would  not  be  '  connected  with  the 
Earth '  in  the  sense  in  which  this  vague  expression  is  intended 
to  be  used — i.e.  it  is  not  at  zero  Potential.  When  a  body  is 
connected  with  the  Earth,  as  a  matter  of  fact  it  is  always  metal- 
lically connected  with  a  gas  or  water-pipe — that  is,  with  a  con- 
ductor of  vastly  greater  size  than  the  charged  body  itself,  this 
conductor  consisting  of  a  whole  system  of  connected  gas  and 
water-pipes,  moist  earth,  streams,  etc.  Thus  the  charged  body 
shares  its  charge  with  this  huge  conductor,  and  (as  will  appear 
more  clearly  when  we  treat  of  the  capacity  of  a  conductor)  its 
Potential  becomes  sensibly  equal  to  that  of  the  Earth  at  the 
place. 

406.]  Induction.  A  conductor  can  be  electrified  in  either  of 
two  ways — viz.  either  by  touching  it  with  an  electrified  body,  or 
by  bringing  it  near  such  a  body  without  touching  it.  In  the 
latter  case  it  is  said  to  be  electrified  by  induction,  and  this  process 
may  be  exemplified  as  follows.  Take  a  mass  of  metal  of  any 
shape,  either  completely  solid  or  forming  a  shell ;  suspend  it  from 
a  fixed  point  by  a  silk  thread  or  any  other  insulator.  Take  also 
a  small  glass  ball  suspended  by  a  silk  thread,  and  electrified  by 
friction,  so  that  it  has  a  certain  positive  charge.  If  the  suspended 
glass  ball  is  brought  tolerably  close  to  the  conductor,  it  will  be 
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found  that  the  surface  of  the  latter  is  no  longer  in  its  neutral 
state,  the  portion  of  this  surface  in  the  neighbourhood  of  the 
glass  ball  being  negatively,  while  the  more  remote  portion  of  the 
surface  is  positively,  electrified.  The  total  amount  of  electrifica- 
tion on  the  conductor  is  zero,  the  positive  and  negative  amounts 
being  equal  in  quantity,  but  neither  of  them  equal  in  quantity  to 
the  charge  on  the  ball  if  the  conductor  is  solid  or  if  it  is  hollow 
and  the  ball  is  suspended  outside  it.  If  the  conductor  is  hollow, 
and  if  the  glass  ball  is  suspended  within  it  (a  small  aperture 
being  made  in  the  conductor  to  allow  of  this  suspension),  it  will 
be  found  that  the  outer  surface  of  the  conductor  is  at  every  point 
positively  electrified,  while  the  inner  is  everywhere  negatively 
electrified,  the  amounts  of  these  charges  being  equal  and  each 
equal  to  the  charge  on  the  surrounded  ball. 

Thus,  whenever  electrification  is  produced  by  induction,  the 
amount  of  positive  electricity  produced  is  equal  to  that  of  nega- 
tive ;  and  this  remains  true  whatever  be  the  mode  in  which 
electrification  is  produced.  If,  for  example,  electrification  is  pro- 
duced by  the  friction  of  ebonite  and  catskin,  the  ebonite  and  the 
catskin  have  charges  of  opposite  signs  and  equal  amounts ;  and 
if  by  the  friction  of  a  piece  of  glass,  and  a  piece  of  resin,  the 
+  charge  on  the  glass  and  the  —  charge  on  the  resin  are  equal 
in  amounts.  All  passes  exactly  as  if  electrification  really  con- 
sisted in  the  decomposition  of  a  perfectly  neutral  fluid — but  then 
this  hypothesis  is  only  one  among  many  that  might  be  devised 
for  explaining  the  fact. 

In  the  case  in  which  the  glass  ball  is  suspended  inside  the 
hollow  conductor,  we  may  enquire  whether  the  quantity  of  the 
charge  on  the  inner,  or  on  the  outer,  surface  depends  on  the 
position  of  the  hall*inside.  Now  both  by  experiment  and  by 
theory  we  can  prove  that  the  quantity  of  neither  charge  depends 
on  this  position.  Experimentally  it  is  shown  thus.  Suppose 
that  the  glass  ball  was  electrified  by  friction  with  a  piece  of 
resin.  Suspend  loth  the  glass  and  the  resin  inside  in  any 
positions  whatever,,  and  we  find  no  trace  of  electrification  at  any 
point  on  the  outer  surface.  The  glass  and  the  resin  contained 
equal  charges,  and  since  their  effects  on  the  outer  surface  destroy 
each  other  completely,  the  amount  and  the  law  of  distribution  of 
the  charge  on  the  outer  surface  of  the  conductor  are  both  inde- 
pendent of  the  position  of  the  surrounded  charge.     The  surface- 
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density  of  the  charge  induced  on  the  inner  surface  at  any  point 
will  depend  on  the  position  of  the  included  charge ;  and  when 
both  the  glass  and  the  resin  are  inside  the  conductor,  the  inner 
surface  will  be  electrified,  its  total  charge  being  zero,  so  that 
the  surface-density  is  +  in  one  part  and  —  in  the  other  part  of 
this  inner  surface. 

We  shall  presently  deduce  these  results  from  theory. 

If  instead  of  an  electrified  glass  ball  we  had  used  an  electrified 
brass  (or  other  metallic)  ball,  the  results  would  have  been  quite 
the  same ;  but  in  this  case  if  we  allow  the  brass  ball  to  touch 
the  inner  surface,  the  results  will  be  that — 

t.  The  brass  ball  and  the  inner  surface  of  the  conductor  will 
both  lose  their  charges  completely. 

2.  The  outer  surface  of  the  conductor  will  be  charged  with  an 
amount  exactly  equal  to  that  which  the  brass  ball  had,  and  of 
the  same  sign — in  other  words,  the  charge  of  the  brass  ball  is 
simply  transferred  to  the  outer  surface  of  the  conductor. 

This  complete'  transference  of  the  charge  from  the  brass  ball 
to  the  conductor  could  not  have  been  effected  by  suspending  the 
latter  outside  the  conductor  and  then  allowing  the  two  to  touch. 
If  this  is  done,  the  charge  is  divided  between  the  ball  and  the 
conductor  in  a  certain  ratio  depending  on  their  sizes  and  shapes ; 
but  if  the  surface  of  the  conductor  is  very  large  in  comparison 
with  that  of  the  ball,  very  little  of  the  charge  will  remain  on  the 
latter. 

We  have  here  substituted  a  metallic  for  a  glass  ball,  because 
when  the  metallic  ball  touches  the  inside  of  the  conductor,  the 
flow  of  its  charge  takes  place  instantly,  whereas  if  the  ball  were 
of  glass  and  this  were  a  perfect  insulator,  its  charge  could  never 
wholly  combine  with  that  on  the  inner  surface  of  the  conductor. 

It  is  important,  then,  to  observe  that  if  any  system  of  charged 
bodies  is  completely  surrounded  by  a  conductor,  the  charge 
induced  on  the  outer  surface  of  the  latter  is  always  the  same  in 
amount  and  sign  as  the  sum  of  the  charges  on  the  surrounded 
bodies,  and  this  charge  is  accompanied  by  an  equal  and  opposite 
charge  on  the  inner  surface ;  whereas  if  the  charged  bodies  are 
not  completely  surrounded  by  the  conductor,  the  amounts 
separated  on  it  are  not  each  equal  in  quantity  to  the  sum  of  the 
inducing  charges.  Moreover,  neither  the  amount  nor  the  law  of 
distribution  of  the  charge  induced  on  the  outer  surface  depends 
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on  the  positions  of  the  included  charges ;  nor  the  amount  of  the 
charge  induced  on  the  inner  surface,  but  the  law  of  distribution 
of  this  charge  does.  We  may  therefore  move  the  internal 
charges  about  in  any  manner  without  producing  any  effect  on 
the  outer  charge  on  the  conductor;  we  thus  simply  produce 
changes  in  the  distribution,  or  law  of  surface-density,  of  the 
charge  on  the  inner  surface. 

407.]  Fundamental  Properties  of  a  Conductor.  Suppose  a 
conductor  placed  in  any  electrical  field.  Before  it  was  brought 
into  the  field  let  it  have  received  any  charge ;  then  when  it  is 
brought  into  the  field,  its  charge  will  modify  the  distribution  of 
electricity  on  every  other  conductor,  and  its  own  distribution 
will  also  be  modified  by  the  induction  of  these  bodies. 

Now  the  surface  of  this  conductor  is  an  equipotential  surface  for 
the  whole  electrical  system  in  the  field,  its  own  electricity  included. 
For,  since  there  is  no  force  at  any  point  in  the  substance  of  the 
conductor,  the  Potential  due  to  all  the  existing  charges  must  be 
constant  throughout  its  mass.  The  same  is  true  for  every  other 
conductor  in  the  field.  Hence  at  every  point  on  a  conductor 
the  line  of  force  is  perpendicular  to  the  surface. 

Again,  if  the  conductor  does  not  include  within  itself  any  charged 
body,  the  Potential  is  the  same  at  all  points  inside,  and  equal  to 
that  on  the  surface — -just  as  if  the  conductor  were  a  solid  mass  of 
metal,  instead  of  a  shell. 

For,  let  A  be  the  Potential  of  the  conductor,  and  P  any  point 
inside,  at  which  the  Potential  =  B,  and  suppose  B<A.  Draw- 
ing an  infinite  number  of  rays  from  P,  in  all  directions,  to  meet 
the  conductor,  it  must  be  possible  to  find  on  each  ray  a  point  at 
which  the  Potential  has  the  value  C  which  is  intermediate  to 
B  and  A.  These  points  form  a  closed  surface  round  P.  The 
result  follows  then  by  Art.  324,  since  at  every  point  of  this 

dV 
closed  surface  N,  which  is  -r— ,  is  a  positive  quantity,  and  the 

an 

surface-integral  cannot  vanish.  Hence  the  supposition  that  the 
Potential  varies  inside  is  untenable.  Therefore  when  there  is  no 
included  charge,  whatever  there  may  be  outside,  the  whole  space 
inside  the  conductor  is  at  the  same  electrical  level ;  and  in  this 
case  there  is  no  charge  at  any  point  on  the  inner  surface  of  the  con- 
ductor, as  will  be  proved  in  the  next  Article. 

The  inability  of  any  external  electrified  bodies  to  produce  the 
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slightest  force  in  the  interior  of  a  closed  conductor  is  shown 
experimentally  in  a  most  striking  manner  by  Faraday's  house. 
(See  Faraday's  'Experimental  Researches,  §  1174.) 

If  a  conductor  surrounds  any  charged  bodies  and  has  also  any 
charged  bodies  outside  it,  the  amount  of  the  charge  induced  on 
the  inner  surface  is  equal  (with  opposite  sign)  to  the  algebraic 
sum  of  the  charges  surrounded  by  the  conductor. 

Let  A  and  B  (Fig.  311)  be  the  outer  and  inner  surfaces  of  a 
conductor ;  let  S  be  any  closed  surface  drawn  in  the  body  of  the 
conductor ;  and  let  the  finely  dotted  lines  at  the  outside  of  the 
outer  and  the  inside  of  the  inner  surface  represent  the  induced 
charges  on  these  surfaces. 

Take  the  surface-integral  of  normal  electromotive  intensity 

over  S.     This  is  zero, 
0  because   the  force    is 

zero  at  each  point  on 
S.  Hence  ei  =  0  (Art. 
399);  but  ei  is  the 
sum  of  the  surround- 
ed charges  and  the 
>  charge  on  B;  there- 
fore, &c. 

In  this  case  we  may 
usefully  consider  the 
K*  3"'  effects  of  the  external 

charges,  Ee,  and  the  internal  charges,  Ei9  separately.  By  Art. 
407  it  appears  that  E€  produces  a  certain  +  and  —  distribution 
wholly  on  the  external  surface,  A,  and  no  effect  whatever  in  the 
substance  of  the  conductor,  so  that  no  part  of  the  charge  on  B 
is  due  to  the  external  charges. 

The  charge  on  the  inner  surface,  B,  is  due  wholly  to  the  sur- 
rounded charges,  E{ ,  and  the  charge  on  the  outer  surface,  A,  is  partly 
due  to  Eiy  this  part  being  equal  to  E{.  Thus  the  total  charge  on 
A  is  due  partly  to  the  external  and  partly  to  the  internal  charges, 
while  the  charge  on  B  is  due  wholly  to  the  internal  charges. 

Again,  lines  of  force  do  not  exist  in  the  substance  of  a  conductor  ; 
they  cease  at  its  surface  of  contact  with  the  surrounding,  or 
included,  dielectric  medium.     Defining  the  positive  sense  along. 

KN 
a  line  of  force  as  that  in  which  the  force  acts,  since  <r  =  — — > 

4ir 
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at  a  point  either  on  the  outer  or  on  the  inner  surface  at  which 
the  surface-density  is  +,  the  line  of  force  starts  from  the 
surface  of  the  conductor  into  the  medium ;  and  at  a  point  at 
which  a  is  — ,  the  line  of  force  comes  into  the  surface  from  the 
medium.  But  lines  of  force  in  the  space  surrounded  by  the 
conductor  (when  they  exist — as  they  do  when  there  are  charges 
inside)  are  in  no  sense  to  be  regarded  as  continuations  of  the 
lines  of  force  starting  from,  or  entering,  the  exterior  surface. 
We  may  express  this  characteristic  of  a  conducting  substance 
otherwise,  thus — no  electrostatic  action  can  be  propagated  through  a 
conducting  substance  (solid  or  liquid);  such  actions  are  pro- 
pagated only  through  insulating  media;  whence  they  were 
called  dielectrics  by  Faraday. 

The  charge  on  either  surface  of  contact  of  a  hollow  conductor 
with  the  dielectric — whether  this  charge  be  due  to  the  induction 
of  the  other  charged  bodies  in  the  field,  or  to  contact  originally 
with  a  charged  body,  or  to  both — is  sometimes  measured  with 
reference  to   unit  tubes  of  force  (see  Art.  340). 

It  is  manifest  that  if  we  fill  the  whole  dielectric  space  in  the 
field  (honey-comb  fashion)  with  unit  tubes,  the  number  of  such 
tubes  (fractions  included)  which  start  from  the  surface  is  equal 
to  4  t;  times  the  total  algebraic  charge  on  the  surface.  This  is 
nothing  more  than  a  re-statement  of  the  fundamental  result 


=  -^,  or     adS  =  ^-  iNdS*. 
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408.]  Inner  and  Outer  Surface-Densities  at  any  point  on 
a  Conductor.     Let  AB  and  CD 
(Fig.    312)   be    portions   of   the 
outer  and  inner  surfaces  of  a  closed 

conductor ;  over  the  contour  of  any     j^ 

small  element  of  area,  dS,  at  P     c^^- 

draw  normals,  thus  forming  a  tube 

of  force  (represented  in  the  figure  .    * 

by  the  normals  at  P  and  Q) ;  pro-  lg'  3la* 

duce  these  normals  to  meet  the  inner  surface,  and  through  the 

*  The  way  most  in  vogue  with  electricians  for  expressing  the  charge  on  one 
surface  of  a  conductor  is  the  following.  Imagine  all  the  field  filled  with  line*  of 
force ;  then  the  number  of  these  that  intersect  the  surface  in  the  positive  direction 
is  a  measure  of  the  charge  on  it.  A  very  inconvenient  measure,  truly.  Not  only 
is  this  mode  of  speaking  unjustifiable,  but  it  is  mathematically  impossible  to 
attach  the  slightest  logical  meaning  to  it. 
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inner  surface  towards  the  interior.  The  normals  drawn  outwards 
at  P,  Q,  ...  are  lines  of  force;  the  portions  Pp,  Qq, ...  of  them 
inside  the  substance  of  the  conductor  cannot  be  regarded  as 
lines  of  force,  because  no  force  exists  within  this  substance  ;  the 
normals  drawn  inwards  at  j»,  q, ...  are  lines  of  force  if  the  Poten- 
tial is  not  constant  inside,  i.  e.  if  there  are  charged  bodies  inside 
the  conductor — as  we  now  suppose  to  be  the  case. 

Draw  any  normal  section,  a,  of  the  external  tube  indefinitely 
close  to  PQ ;  any  normal  section,  c,  of  the  internal  tube  indefi- 
nitely close  to  pq\  and  any  normal  section,  £,  within  the 
substance. 

Let  o-  be  the  surface-density  at  P,  and  let  N  be  the  electro- 
motive intensity  at  any  point  on  the  section  a ;  then  take  the 
surface-integral  of  normal  force  over  the  closed  tubular  surface 
terminated  by  the  sections  a  and  b.  Normal  force  exists  only 
on  the  section  a,  and  if  d&  is  the  area  of  this  section,  we  have 
by  Art.  399,  K.X.i*=l*..i8, 

.\     K.N=4m,  (1) 

(K  being  the  specific  inductive  capacity  of  the  external  medium,) 

since  in  the  limit  -j~  =  1. 
do 

If  V  is  the  Potential  of  the  conductor,  and  dn  is  an  element  of 

the  outward-drawn  normal  at  P,  we  have 

""      dm9 

hence  <r  =  —  —  -y-  •  (2) 

4tt  dn  v  ' 

Let  a'  be  the  surface-density  at  j>,  K'  the  specific  inductive 
capacity  of  the  internal  medium,  dri  an  element  of  inward- 
drawn  normal;  then  integrating  over  the  tube  terminated  by 
the  sections  b  and  c9  we  have 

*--47S?*  (3) 

Prom  (3)  we  have  at  once  the  result  mentioned  (see  p.  491)  in 

the  last  Article ;   for  if  V  does  not  vary  towards  the  interior, 

-5-^  =  0,  therefore  </  =  0  at  every  point. 
dn 

409.]  Fundamental  Theorem.     On  a  conductor  removed  from 
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the  influence  cf  all  electrified  bodies  a  charge  of  given  amount  can  be 
distributed  in  only  one  way. 

Suppose  a  charge  of  amount  e  given  to  the  conductor  by 
contact  with  a  charged  body  which  is  then  removed,  and  let  a 
be  the  surface-density  at  any  point,  P.  If  possible,  let  the 
charge  e  be  spread  over  the  surface  in  another  manner  so  that  a' 
is  the  surface-density  at  P.  Let  the  first  distribution  produce 
a  Potential  A  on  the  conductor,  and  the  second  a  Potential  A\ 
Reverse  the  second  distribution  in  sign  and  superpose  it  on  the 
first ;  this  superposition  gives  a  new  state  of  equilibrium  with 
surface-density  cj— </  at  P  and  a  Potential  A— A'  on  the  con- 
ductor, with  a  total  charge  equal  to  zero.  This  is  impossible. 
For,  let  C  be  any  magnitude  between  A— A!  and  zero.  Then 
since  at  all  points  at  infinity  the  Potential  due  to  the  charge  is 
zero,  it  is  possible  to  surround  the  conductor  with  a  closed 
surface,  S,  at  every  point  of  which  the  Potential  is  C.  Taking 
U  =  V  in  Green's  equation,  apply  this  equation  to  the  surface  S 
and  the  included  space.     Thus,  we  have 

frv2r.da  =  cf^dS-fiPda,  \i) 

where  R  is  the  resultant  force  at  any  internal  point. 

Now  V*V.dQ,  is  zero  at  all  points  inside  S,  except  points 
on  the  surface  of  the  given  conductor,  and  it  is  easy  to  see  that 
at  P,  if  dS  is  an  element  of  area  of  the  surface  of  the  conductor, 
V2F.dG=  -4ir(<r-(/)^.     Hence  (1)  becomes 

-iit{A-A')f{<T-</)d8  =  cf^dS-f&da.       (2) 

But  the  left-hand  integral  is  zero,  since  the  total  charge  on 
the  conductor  is  zero.  Again,  by  Art.  399,  the  first  integral  on 
the  right-hand  side  is  zero  ;  hence  the  remaining  integral  =  0, 

*•«•  -R  =  0, 

at  every  point  inside  8,  and  therefore  at  every  point,  P,  on  the 

conductor.    But  (Art.  408)  a — </  =  —  >  therefore  a  =  </  at  every 

point,  and  the  two  distributions  are  identical. 

This  very  important  result  may  be  thus  stated — if  we  know 
any  one  possible  mode  of  distributing  a  given  charge  on  a  given  con- 
ductor which  is  removed  from  the  influence  cf  all  electrified  bodies, 
we  know  the  only  one  possible. 


496  ELECTROSTATICS.  .  [4IO. 

Thus,  for  instance,  if  a  sphere  of  radius  a  centimetres  re- 
ceives a  charge  of  e  units,  one  (and  therefore  the  only)  mode  of 
distribution  consists  in  spreading  the  charge  uniformly  over  the 
surface,  so  that  at  each  point 


In  the  same  way  it  can  be  proved  that  in  a  system  of  insulated 
conductors  placed  in  given  positions,  if  the  total  charge  on  each 
of  them  is  zero,  the  only  possible  distribution  is  one  in  which 
each  conductor  is  in  its  natural  state. 

For,  if  possible,  let  there  be  a  distribution  in  which  the  poten- 
tials on  the  conductors  are,  in  order  of  descending  magnitudes, 
F19  r2,  F3, ....  Then  it  is  evidently  possible  to  describe  round 
the  conductor  whose  potential  is  Vx  a  closed  surface  which  will 
not  meet  any  of  the  other  conductors  and  on  which  the  potential 
has  a  constant  value,  a,  <  Ft,  and  >  V2.  Applying  equation  (1) 
to  this  surface  and  its  enclosed  volume,  we  have 

flPda  =  af^dS^  iTrrJpdQ,. 

Now  fpdSl  =  0,  by  hypothesis;  therefore,  as  before,  R  =  0, 
and  the  first  conductor  is  in  its  natural  state.  Proceed  to  the 
second,  &c. 

If  each  conductor,  instead  of  having  zero  charge,  has  a 
charge  of  given  amount,  there  is  only  one  lata  of  distribution  on 
each  conductor,  the  relative  positions  of  ail  the  conductors  being 
supposed  fixed.  For,  if  there  be  a  second  possible  distribution, 
reverse  it  and  superpose  it  on  the  first ;  then  each  conductor  has 
zero  charge,  and  is,  by  what  has  just  been  proved,  in  its  natural 
state  at  every  point. 

This  result  will  be  useful  when  we  deal  with  Capacities. 

410.]  Free  Charge  on  a  Conductor.  If  an  insulated 
conductor  is  touched  by  an  electrified  body  which  is  then 
removed  so  far  as  to  produce  no  influence  on  the  conductor,  the 
portion  of  the  charge  which  has  been  taken  up  by  the  conductor 
spreads  over  its  outer  surface  after  the  manner  of  a  thin  layer  of 
gravitating  matter  with  thickness  varying  from  point  to 
point — or  with  variable  surface-density.  This  layer  is,  of  course, 
in  equilibrium  under  its  own  repulsive  forces ;  it  produces  con- 
stant potential  all  over  the  conductor  and  all  through  its  interior. 
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It  is  called  a  free  charge.  Since  it  is  self-equilibrating,  it  would 
be  more  expressively  called  an  idiostatic  charge. 

Let  its  amount  be  e  electrostatic  units.  Then,  from  what  has 
been  proved,  it  cannot,  while  self-equilibrating,  be  spread  over 
the  surface  in  any  other  way.  Let  v  be  the  Potential  which  it 
produces  on  and  through  the  conductor,  and  a  its  surface-density 
at  any  point  P.  Let  another  charge  also  equal  to  e  be  given  to 
the  conductor,  so  that  the  total  charge  on  it  =  2  e ;  then  the 
Potential  =  2t>,  and  the  surface-density  at  P  =  2<r.  Hence  if 
the  charge  on  the  conductor  is  made  ne,  the  Potential  =  nv9  and 
the  surface-density  at  P  =  n  <r. 

Thus,  then,  if  the  total  charge  on  an  insulated  conductor 

removed  from  the  influence  of  all  charged  bodies  is  E,  and  the 

E  . 
Potential  on  it  is  F,  the  ratio  y.  is  constant  for  all  values  of  E. 

This  ratio  is,  for  example,  equal  to  the  number  of  e.  s.  units 
(Art.  398)  which  must  be  given  to  the  conductor  in  order  to 
raise  its  Potential  from  zero  to  one  erg  per  e.  s.  unit,  or  it  is  the 
reciprocal  of  the  Potential  which  will  be  produced  by  imparting 
to  the  conductor  a  charge  of  one  e.  s.  unit. 

A  free,  or  idiostatic,  charge  is  contrasted  with  an  induced,  or 
'bound',  charge.  If  an  electrified  body  is  brought  near  the 
outside  of  a  conductor,  a  charge  will  be  induced  on  the  outer 
surface  of  the  conductor,  with  +  and  —  surface-densities  in 
different  portions.  But  this  induced  charge  is  not  self-equili- 
brating; it  disappears  the  moment  the  inducing  charged  body 
is  withdrawn,  and  it  was  kept  in  equilibrium  partly  by  its  own 
attractive  and  repulsive  forces  and  partly  by  those  of  the 
inducing  body. 

A  i  bound '  and  an  idiostatic  charge  may  both  simultaneously 
exist  on  the  same  conductor,  by  superposition.  Thus,  if  the 
conductor  had  received  an  idiostatic  charge  previously  to  the 
approach  of  the  inducing  body,  we  might  in  imagination  com- 
pletely separate  the  two  charges  and  regard  the  idiostatic  charge 
as  existing  all  the  time,  with  the  other  simply  superposed. 

From  what  has  been  said  (Art.  406)  about  the  effect  of 
charges  surrounded  by  a  hollow  conductor,  it  may  readily  be 
conjectured  that  the  charge  which  they  induce  on  the  outer 
surface  (A,  Fig.  311)  of  the  conductor  is  idiostatic ;  and  that  this 
is  so  we  shall  presently  prove* 

vol.  11.  K  k 
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The  law  of  surface-density,  according  to  which  an  idiostatic 
charge  distributes  itself  over  a  conductor,  is  the  same  as  the  law 
of  thickness  of  a  uniform  shell  of  attracting  matter  spread  over 
the  surface  so  as  to  produce  no  attraction  at  any  internal  point 
(p.  257) ;  and  therefore  for  an  ellipsoidal  conductor  the  surface- 
density  at  any  point  is  directly  proportional  to  the  central  per- 
pendicular on  the  tangent  plane  at  the  point. 

411.]  Capacity  of  a  Conductor.  The  constant  ratio  which, 
as  has  been  proved,  any  idiostatic  charge  on  a  conductor  removed 
from  the  influence  of  all  charged  bodies  and  from  the  presence  of 
other  conductors,  bears  to  the  potential  produced  on  the  con- 
ductor by  the  charge,  is  called  the  capacity  of  the  conductor. 
Thus,  if  G  is  the  capacity  of  a  conductor  whose  charge  is  E  and 
Potential  F,  E  =  CV.  (1) 

The  value  of  C  depends  on  two  things — the  figure  of  the 
conductor,  and  the  medium  in  which  it  is  placed. 

If  C  is  the  capacity  of  the  conductor  when  it  includes  and  is 
surrounded  by  air,  and  if  the  air  is  replaced  by  a  uniform 
medium  of  specific  inductive  capacity  JT,  the  new  capacity  will 
be  KC. 

For,  if  P  is  any  point  on  the  conductor,  and  Q  any  other 
point  on  it  at  which  the  surface-density  is  <r,  and  PQ  =  r,  we 
have,  when  air  is  the  medium  (Art.  399), 

rdS 


fadS 


and  when  the  other  medium  replaces  air, 


1   [<rdS 

=  kJ~' 


the  Potentials  of  the  conductor  in  air  and  in  the  medium  being 
denoted  by  7a  and  fm.    Hence 

But  E=C?a,  therefore  E=KC.  Tm,  and  E  is  the  same  in 
both  cases.     Hence  generally 

E=KC.V.  (2) 

The  electrical  capacity  of  a  conductor  is  analogous  to  the 
capacity  of  a  vessel  for  water.  Thus,  suppose  a  number  of 
cylindrical  vessels  placed  side  by  side  on  the  table  and  let  a 
mark  be  made  on  each  of  them,  the  marks  being  all  at  the 
same  height.     Let  each  be  filled  with  water  up  to  this  height. 
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Then  the  volume  of  water  which  must  be  poured  into  any 
cylinder  is  greater  the  greater  the  area  of  its  base  ;  a  very  broad 
cylinder  may  require  several  litres  of  water,  while  one  of  very 
small  capacity  (a  narrow  tube)  will  be  filled  to  the  required 
height  by  a  few  drops.  The  height  or  level  of  the  water  is  the 
analogue  of  F,  the  electrical  level  of  the  conductor,  and  the 
volume  of  the  water  is  analogous  to  E,  the  electrical  charge. 

Again,  if  a  conductor  of  capacity  Cx  at  Potential  Vx  is  con- 
nected by  a  wire  with  one  of  capacity  C2  at  Potential  7£,  both  will 
assume  a  common  Potential  equal  to 

cl+c2  ■ 

For,  the  total  charge  to  be  redistributed  is  C^  +  C^,  and  the 
capacity  of  the  compound  conductor  is  Gx  +  C2. 

Hence  if  Cx  is  vastly  greater  than  C2,  the  new  Potential  of 
both  conductors  is  simply  Tt.  This  is  the  theory  of  the  con- 
nection of  any  conductor  with  the  Earth  (Art.  405).  Analogy 
with  water  level :  if  a  glass  tube,  filled  to  any  height,  is  con- 
nected with  a  lake,  the  level  of  the  lake  is  unaltered,  and  the 
level  of  the  water  in  the  tube  becomes  equal  to  that  of  the  lake. 

The  capacity  of  a  sphere  for  an  idiostatic  charge  is  obviously 
equal  to  its  radius ;  for,  if  E  is  the  charge,  the  Potential  at  the 

E 
centre  is  —  *  .\  E  =  aFy  therefore  capacity  in  absolute  electro- 
static measure  =  number  of  centimetres  in  the  radius. 

Into  the  discussion  of  the  relations  between  the  Potentials  and 
charges  of  a  system  of  conductors  occupying  given  positions  and 
influencing  each  other,  we  do  not  enter.  [See  Clerk  Maxwell, 
vol.  1,  pp.  100,  &c] 

Examples. 

1.  A  conductor  placed  in  air  is  subject  to  the  action  of  any  electri- 
fied bodies  ;  if  o*  is  the  surface-density  at  any  point  on  the  conductor, 
prove  that  the  force  exerted  on  the  electricity  of  the  conductor  per 
unit  area  at  the  point  is  9 

The  electromotive  intensity  at  the  point,  P,  considered  is  normal 
to  the  conductor.  This  force  may  be  considered  as  due  to  the  action  of 
a  very  small  element,  dS9  of  area  at  P  (forming  a  small  uniform  plate) 
and  the  remainder  of  the  field;  the  first  part  is  (Art.  318)  2  it  a;  and 
since  the  force  just  inside  P  in  the  substance  of  the  conductor  is  zero, 

xka 
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the  electromotive  intensity  due  to  the  remainder  of  the  field  is  2v<r ; 
just  as  in  Art.  322.  Hence  the  force  produced  on  the  quantity 
adS  by  the  remainder  is  2ti  a  xvdS,  or  2  it  a2  dynes  per  square 
centimetre  if  cr  is  measured  in  e.s,  units  per  square  centimetre. 

This  quantity,  2 wo3,  is  what  Sir  W.  Thomson  calls  the  electric 
diminution  of  air  pressure  on  tike  surface  {Papers  on  Electrostatics 
and  Magnetism,  p.  254),  for  the  following  reason: — each  element 
of  surface  of  an  electrified  soap-bubble  being  repelled  by  the  force 
27T(79  per  unit  of  surface,  the  bubble  expands,  just  as  it  would  do  if 
the  air  pressure  diminished,  and  when  discharged  it  contracts.  Hence 
the  electric  diminution  of  air  pressure  at  any  point  of  a  conductor  is 

IP 

N  being  the  electromotive  intensity  produced  by  the  whole  field  in 

the  air  just  outside  the  conductor  at  the  point. 

N* 
Moreover,  this  force  per  unit  area,  r— ,  acts  from  the  conductor 

oTT 

towards  the  dielectric  whether  the  surface-density  at  the  point  is 
positive  or  negative. 

2.  If  a  tube  of  force  starts  from  the  surface  of  one  electrified 
conductor  and  meets  the  surface  of  another  conductor,  the  charges 

on  the  portions  of  surface  intercepted  on  the  two 
conductors  by  the  tube  are  equal  and  opposite. 

Let  A  and  B  (Fig.  313)  be  portions  of  the  two 
conductors,  and  let  a  tube  of  force,  of  any  cross 
section,  great  or  small,  start  from  any  portion  of 
A  and  terminate  in  B.  Produce  the  tube  into 
the  substance  of  each  conductor,  and  close  its 
ends.  Now  since  there  is  no  force  at  any  point 
on  either  end,  the  theorem  of  Art.  324  gives  the 
result  that  the  total  charge  inside  it  is  zero — which  proves  the 
proposition. 

If  the  surfaces  A  and  B  are  very  close  to  each  other  at  P  and  Q, 
the  surface-densities  at  P  and  Q  are  equal  and  opposite,  since  if  we 
make  the  tube  very  narrow,  the  two  elements  of  area  which  it  inter- 
cepts are  equal. 

[Observe  that  though  a  tube  of  force  may  be  produced  into  the 
substance  of  any  conducting  body,  it  there  loses  its  function  as  a  tube 
of  force — no  lines  of  force  existing  in  the  substance.] 

3.  Two  parallel  metallic  plates,  whose  areas  are  very  great  compared 
with  the  distance  between  them,  are  kept  at  given  Potentials,  F  and 
F';  find  the  charges  on  their  adjacent  surfaces. 

The  Potentials  being  measured  in  ergs  per  e.  s.  unit,  let  h  centi- 
metres be  the  distance  between  the  plates,  and  K  the  specific 
inductive  capacity  of  the  insulator  between  them.  Then,  except 
near  their  edges,  the  surface-density  on  each  will  be  constant ;  there 
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will  be  a  uniform  field  of  force  between  them:    the  value  of  -=- 

an 
at  any  point  on  the  first,  measured  outwards  towards  the  second. 

V'—V 
will  be  practically  — =r — >  and  therefore  the  surface-density  on  the 

face  of  the  first  opposite  to  the  second  will  be 

k  r-v 

so  that  the  bound  charge,  E,  on  this  plate  is  given  by  the  equation 

where  S  is  its  area  in  square  centimetres,  an  equal  and  opposite  charge 
existing  on  the  opposite  face  of  the  other,  if  their  areas  are  equal. 

This  case  is  approximately  that  of  a  Leyden  Jar,  the  two  plates 
being  cylinders  of  tinfoil,  having  glass  as  a  dielectric  between  them. 

It  is  also  the  case  of  an  Absolute  Electrometer,  consisting  of  two 
large  plates  very  close  to  each  other,  with  air  between  them. 

In  this  case,  if  a  portion  of  one  plate  consists  of  a  moveable  area,  or 
trapdoor,  of  area  s  square  centimetres,  since  the  force  per  unit  area 
experienced  by  the  surface  of  either  plate  (Ex.  1)  is  2va2r  the  total 
force  experienced  by  the  trapdoor  is  2  it  a3. 8  dynes,  or 

8<Kh*  W 

The  quantity  E  given  by  (2)  is  only  the  charge  on  that  face  of  the 
plate  which  is  adjacent  to  the  other  plate ;  in  addition,  there  is  a 
charge  on  the  other  face  of  each,  the  quantity  of  which  is  very  small 
compared  with  E. 

Thus  the  capacity  of  a  system  of  two  parallel  plates  is 

KS 

so  that  if  we  wish  to  obtain  a  very  large  capacity,  it  will  be  advisable 

to  use  plates  with  a  very  large  surface,  separated  by  a  very  small 

distance,  and  to  fill  the  space  between  them  with  a  dielectric  of  very 

high  specific  inductive  capacity. 

The  quantity  of  electricity  at  a  given  Potential,  F,  which  can  in 

this  way  be  accumulated  on  a  plate  is  vastly  greater  than  the  quantity, 

at  the  same  Potential,  which  could  be  accumulated  on  it  if  it  were 

merely  connected  with  the  source  at  Potential  V — such  as  one  pole  of 

a  given  battery — without  having  the  second  plate  close  to  it,  because 

(see  Example  6)  the  capacity  of  the  system  of  two  plates  is  vastly 

greater  than  that  of  one  of  them  for  an  idiostatic  charge.     Thus,  if 

the  separating  medium  is  air  and  each  plate  is  a  circle  of  radius 

1  decimetre,  the  distance  between  them  being  1  mm.,  the  capacity 

of  the  system  is  250  in  electrostatic  measure ;  while  the  capacity  of 

20 
either  plate  for  an  idiostatic  charge  is  only  —  • 
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An  electric  '  vessel '  of  this  kind  is  called  an  Accumulator.  The 
Accumulators  (called  also  Condensers)  actually  in  use  consist  of 
hundreds  or  thousands  of  sheets  of  tinfoil,  at,  <%,  a„  aA,...,  each  a 
few  square  decimetres  in  area,  placed  parallel  to  each  other  and 
each  separated  from  the  previous  and  following  one  by  sheets  of 
thin  paraffined  paper,  the  whole  being  pressed  into  a  compact  mass. 
The  plates  (oj,  a8,  a5, ..-)  are  then  all  metallically  connected  together 
at  a  point,  or  pole,  A,  and  the  intermediate  plates  (a2,  a4,  a6,...)  are 
also  metallically  connected  together  at  a  point,  or  pole,  B,  and  the 
Accumulator  is  filled  by  connecting  the  poles  A  and  B  with  the  poles 
of  a  battery  or  ether  source. 

4.  Find  the  work  done  in  the  discharge  of  a  Leyden  Jar,  or  of  the 
system  of  parallel  plates  in  last  example. 

If  in  any  electrified  system  V  is  the  Potential  at  any  point,  and 
de  the  element  of  charge  at  this  point,  the  work  of  the  forces  of  the 
system  in  completely  destroying  all  electrification  is  (Art.  331) 
\fVde,  the  integration  extending  all  through  the  system;  and  the 
work  done  in  transforming  it  from  one  state  to  another  is  \fVde  in 
the  first  state  —\fVde  in  the  second  state. 

In  the  present  case  \/Vde  in  the  first  state  is  \  VE—\  V'E,  or 

The  value  of  the  integral  in  the  second  state  is  zero,  because  when 
the  plates  are  connected,  the  contrary  charges  combine  so  that  each 
plate  is  in  its  natural  state.     Hence  the  work  is 

KS(r-vy 

Sirh 

This  work  of  dissipating  the  electrification  would  be  equal  to  the 
work  done  by  the  operator  in  charging  the  Jar  or  the  system  of  plates 
(by  friction  of  glass  plates  against  rubbers,  for  example)  if  none  of 
the  work  of  charging  succeeded  in  passing  into  heat  (of  axles  against 
bearings,  &c.) — by  the  Principle  of  the  Conservation  of  Energy. 

5.  A  condenser  is  formed  of  two  concentric  spherical  conductors  of 
radii  a  and  c,  separated  by  two  dielectrics  bounded  by  a  concentric 

sphere  of  radius  6.     Prove  that  if  in  one  dielectric  K  =  -5  and  in  the 

other  JT  =  -—» the  capacity  of  the  system  is 


/(&-<*)+/*(«-&) 

(Mathematical  Tripos,  1885.) 

Employing  Poisson's  equation  (3),  p.  486,  since  p  =  0  at  each  point 
in  the  dielectrics,  we  have 

dr~A' 
where  A  is  a  constant  which  may  be  different  for  the  two  media. 
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Let  Vx  be  the  Potential  of  the  inner  conductor,  a,  and  <r  its  surface- 
density.     Then  by  (/3),  p.  487,  we  have  at  this  surface     . 

if  Q  is  the  whole  charge  on  the  sphere.     Integrating,  we  have 

r=1-f<—«).  (2) 

Similarly,  if  </  is  tKe  surface-density  on  the  conductor  e, 

-?*=-*"'  (3) 

-    r  =  r,-$  (c-r),  (4) 

where  Q'  is  the  whole  charge  on  this  sphere. 

At  the  surface  of  contact  of  the  two  dielectrics  we  have  from  (a), 

dV  dV  / 

where  -=-  is  given  by  (1),  and  ( — )  by  (3).     This  gives 

«+G'=0.  (6) 

Since  V  is  always  continuous  through  space,  the  values  (2)  and  (4) 
are  equal  when  r  =  b,  that  is,  at  the  surface  of  separation  of  the 
dielectrics. 

Henoe  JJ-jr-^  +  Izi), 

which  gives  for  the  capacity,    ^         ,  the  value  in  the  problem. 

The  solution  is  equally  simple  if  we  assume  K  and  K'  to  be  any 
functions  of  r. 

6.  To  find  the  capacity  of  a  circular  plate  for  an  idiostatic  charge. 

Considering  first  an  ellipsoidal  conductor,  <r  =  kp  =  ,,  E  being 
the  charge  on  the  conductor.  47raoc 

When  this  conductor  becomes  a  plate,  0  =  0,  and  we  must  find 

the  limiting  value  of  —  for  each  point  on  the  surface. 

If  a  =  6  the  plate  is  circular,  and  if  r  is  the  distance  of  any  point 

on  it  from  the  centre, 

pa  E 

c       ya»_r*  AvaVa*— r* 
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The  Potential  of  the  plate  is  the  same  at  all  points,  therefore  it 
will  suffice  to  find  its  value  of  the  centre.     This  is  obviously 


47j7   adr, 
^0 


including  both  surfaces  of  the  plate,  for  both  are  identically  charged. 
Hence  ~     ttE  n      2  a 

V  =  — —  ,        ,*•(/  =  • 

2a  v 

The  result  could  have  been  deduced  from  the  Potential  of  an 
Ellipsoidal  Shell.  If  the  semi-axes,  in  descending  order  of  mag- 
nitude, are  a,  6,  c,  the  Potential,  V,  at  the  centre  (and  therefore  on 
the  surface)  is  given  by  the  equation 

r=xr         ** 

Jo    vV-(?--(a»-&2)8ina0' 

where  a>  =  sin  * • 

.  a 

The  capacity  of  the  ellipsoid  is  the  reciprocal  of  the  coefficient 
ofE. 

For  an  elliptical  plate,  put  c  =  0,  and  if  C  is  its  capacity,  we 
have  .      ,    ..        de 


i_i  n d 

C"aJ0  ,/fz; 


-/l-e'surV 

e  being  the  excentricity  of  the  ellipse. 

We  may  observe  that  if  the  ellipsoid  is  of  revolution  round  the 
axis  a,  and  if  I  =  */a%—&  =  distance  of  centre  from  focus  of  generat- 
iag  ellipse, 

which  is  precisely  the  Potential  due  to  a  uniform  bar  stretching 
between  the  foci  (see  p.  295,  and  next  Article). 

7.  A  sphere  receives  a  charge  E9  and  it  is  surrounded  by  a 
spherical  shell  to  which  a  charge  E'  is  given ;  find  the  Potentials 
on  the  two  surfaces. 

Let  a  and  b  be  the  radii  of  the  sphere  and  shell.  Inside  the  sphere 
(whether  it  is  hollow  or  solid)  the  Potential  is  constant  (Art.  407), 
and  therefore  equal  to  its  value  at  the  centre.  The  electrified  inner 
sphere  will  act  inductively  on  the  shell,  generating  a  charge  =  —  E 
on  the  inner,  and  a  charge  =  E  on  the  outer,  surface  of  the  shell. 
Hence  if  the  surfaces  are  separated  by  air,  the  Potential,  F,  of  the 
whole  field  at  the  centre  is  given  by 
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Now  take  any  point  on  the  shell.     The  Potential  of  the  sphere 

E 
at  this  point  is  (p.  298)  -r,  and  the  Potential  due  to  the  shell  itself 

is  -=-  •     Hence  if  F'  is  the  Potential  of  the  shell, 
6 

r=^.  (2) 

Of  course  if  it  is  the  Potentials  that  are  given — the  inner  sphere 
being  connected  with  one  pole,  and  the  outer  with  the  other  pole 
of  a  battery — and  the  charges  to  be  determined,  these  charges  satisfy 
(1)  and  (2),  and  are  deduced  from  these  equations. 

We  have  J=    ab    .^    „ 

6— ar  ' 

for  the  charge  on  the  inner,  so  that  this  charge  can  be  made  very 
large  by  diminishing  6— a.  Thus,  the  condenser  might  be  made 
by  coating  the  inside  and  outside  of  a  very  thin  indiarubber  ball 
with  some  conducting  substance,  and  then  blowing  the  ball  out  to 
a  great  size ;  or  the  inside  might  be  filled  with  acidulated  water  and 
the  outside  coated  with  a  conducting  layer ;  and  the  capacity  would 

be  K  r ,  where  K  is  the  specific  inductive  capacity  of  the  india- 
rubber. 

The  tubes  of  force  between  the  two  surfaces  exist  in  the  separating 
dielectric  and  cease  on  the  outer  surface  of  the  inner  sphere  and  the 
inner  surface  of  the  outer ;  and,  in  accordance  with  Example  2,  the 
quantities  at  the  ends  of  these  tubes  are  equal  and  opposite.  From 
the  outer  surface  of  the  outer  sphere  new  tubes  of  force  proceed  out- 
wards into  the  external  air;  and  from  the  inner  surface  of  the  inner 
no  tubes  of  force  proceed  in  any  direction — illustrating  the  principle 
that  no  lines  of  force  exist  in  the  substance  of  any  conducting  body. 

8.  Find  the  capacity  of  a  very  long  cylindrical  conductor  for  an 
idiostatic  charge. 

Except  near  the  ends,  the  surface-density  of  the  charge  will  be 
sensibly  constant.  Let  it  be  <r.  Also  the  Potential  is  constant  every- 
where inside  (whether  the  cylinder  is  solid  or  hollow)  and  therefore 
equal  to  its  value  at  the  middle  point,  0,  of  the  axis. 

Take  this  point  as  origin,  and  consider  the  electrified  ring  cut  off 

from  the  cylinder  by  a  plane  at  a  distance  x  and  one  at  a  distance 

x+dx  from  the  centre,  both  being  perpendicular  to  the  axis.     If  r  is 

.    2irp(rdx 
the  radius  of  the  cylinder  the  Potential  of  this  ring  at  0  is  ; 

Vr2  +  x* 

therefore  if  I  is  the  length  of  the  cylinder, 

F  =  4iro-rlog6-, 
r 

I  being  assumed  to  be  very  much  greater  than  r. 
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The  total  charge,  E,  on  the  cylinder  is  2-srltr  ;  hence 
F=-=-  log.-,     .-.     C  = 


2  log.- 

Hence  if  r  is  exceedingly  small  in  comparison  with  J,  C  is  practically 
zero.  The  cylinder  in  this  case  is  simply  a  wire;  eo  that  when 
a  wire  is  used  to  connect  two  electrified  conductors,  we  may  neglect 
the  portion  of  the  charge  which  is  taken  by  the  wire. 

Consider  the  case  in  which  a  very  long  cylindrical  conductor  (as, 
for  instance,  a  wire  or  strand  of  wires)  is  surrounded  by  a  dielectric 
(as  gutta-percha)  which  also  forms  a  cylinder,  this  dielectric,  again, 
being  surrounded  by  another  conductor  (the  ocean).  This  is  obviously 
the  case  of  an  electric  cable,  in  which  the  outer  conductor  is  always 
at  zero  Potential. 

It  is  required  to  find  the  capacity  of  this  system  for  a  statical 
charge,  the  inner  conductor  being  kept  at  Potential  Vx  and  the  outer 
atF2. 

We  may  find  V  at  any  point  in  the  dielectric  by  the  equation  in 
cylindrical  co-ordinates  (Art.  329)  which  is  simply 

\dV  .     . 

j  —j  =  m  =  constant; 

.-.     F=mlogC+m'; 

and  since  V  =  Vx  when  f  =  r,  and  V  =  Vs  when  £  =  R  =  radius  of 
outer  cylinder,  m  and  m'  are  found.     Hence 

K  dV 
At  the  surface  of  the  inner  <r  = —^ ,  when  C  =  r ;  therefore 

4?rrlog6  — 
The  charge  on  a  length  I  of  this  cylinder  is,  then, 

2log,_. 

9.  Calculate  the  surface-tension  of  an  electrified  soap-bubble. 

When  a  membrane  is  acted  on  by  forces  of  any  kind,  there  will 
be  along  every  line  traced  on  the  membrane  a  tendency  of  the  two 
portions  separated  by  this  line  to  tear  away  from  each  other;  in 
other  words,  one  of  these  portions  exercises  on  the  other  a  set  of 
internal  forces  along  the  line  of  separation. 
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In  the  neighbourhood  of  any  point  P  of  the  membrane  (Fig.  314) 
consider  a  very  small  rectangular  portion,  A  BCD,  of  the  membrane 
isolated  from  the  remainder.  Then 
there  will  be  forces  exerted  on  its 
sides  at  their  middle  points,  m>  m', 
n,  n,  by  the  removed  portion.  These 
forces  will,  if  the  rectangle  A  BCD 
is  chosen  at  random,  be  oblique  to 
its  Bides ;  but  it  is  always  possible  to 
choose  the  rectangle  at  P  so  that  these  forces  are  at  right  angles  to 
the  sides  on  which  they  act.  Suppose  this  done.  The  amount  of 
force  exerted  on  AB  is,  of  course,  proportional  to  the  length  AB ; 
so  that  if  ^  is  the  amount  exerted  on  AB  per  unit  of  length,  the 
force  at  m  in  the  sense  m'm  is  ttxAB.  Similarly,  if  t2  is  the  force 
per  unit  of  length  on  AD,  the  force  on  AD  is  t%  x  AD.  The  quantities 
tt  and  t%  are  the  surface-tensions  at  P  perpendicular  to  AB  and  AD. 

For  the  equilibrium  of  the  rectangle  resolve  forces  along  the  normal 
to  its  plane  at  P.  Then,  if  rx  and  ra  are  the  radii  of  curvature  of 
the  curves  mm'  and  rm',  and  N  the  amount  of  external  normal  force 
exerted  at  P  per  unit  area,  we  have 

IT.ABxAD  =  tl.AB  — +tt.AD  — , 
or  ^=i+^. 

In  a  soap-bubble  tx  and  62  are  evidently  equal,  and  this  equation 
becomes  o  / 

.      '! 

where  t  is  its  surface-tension  and  r  its  radius. 

Now  in  an  electrified  bubble  N  consists  of  two  parts — one  an  excess 
of  air  pressure  inside  over  the  air  pressure  outside,  and  the  other  the 
repulsion  of  the  electricity  on  itself  (Ex.  1).  Denote  by  p  the  intensity 
of  the  excess  of  air  pressure  and  by  a  the  electrical  density  at  P,  and 
we  have  2f 

T 

10.  A  spherical  soap-bubble  is  electrified  in  such  a  manner  that  the 
internal  pressure  remains  constant ;  find  the  relation  between  the 
densities  of  electrification  when  its  volume  has  become  n  and  m  times 
its  original  value. 

(Mr.  Orchard,  in  the  Educational  Times.) 

The  external  pressure  presumably  remaining  constant,  there  will  be 
a  constant  excess  of  pressure,  p.  Equate  the  work  done  by  this 
pressure  in  enlarging  the  volume  to  the  potential  work  of  the  electri- 
fication. Now  if  v  is  the  volume  of  the  bubble  at  any  instant,  the 
work  done  by  the  pressure  in  altering  the  volume  by  dv  is  pdv.  Hence 
if  12  =  original  volume,  the  work  done  in  the  first  electrification  must 

be  2>(n-l)&. 
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But  if  F  is  the  potential  of  this  electrification  and  Q  the  charge, 
the  energy  of  the  electrification  is  (p.  286)  i  VQ ;   and  evidently 

V  =  — ,  if  r  is  the  radius  of  the  bubble.     Also  if  <r  is  the  density, 

G  =  47rr,(r; 
.-.    p{n-l)Q.  =  8'n'rsc\ 
But  $Trr*  =  nQ,; 

•*•   P(n~~  l)  =  6»»a*. 
Similarly,  p(m—  1)  =  6  fmro/i9 

if  </  is  the  density  of  the  second  electrification, 

^  A/  »(»»-i) 

11.  A  spherical  soap-bubble  is  electrified  in  such  a  manner  that  it 
is  just  in  equilibrium  when  the  pressures  of  the  external  and  internal 
air  are  equal.  Calculate  the  surface-tension  in  terms  of  the  potential. 
(Mr.  Orchard,  Educational  Times.) 

V* 
Ans.  <  =  — — • 
16wr 

12.  Two  spherical  soap-bubbles  are  caused  to  unite  into  a  single 
spherical  one.  Show  that  a  diminution  of  surface  takes  place,  and 
calculate  the  charge  of  electricity  which  must  be  given  to  the  single 
bubble  in  order  to  draw  out  the  film  to  its  former  superficial  extent. 
(Mr.  Greenhill,  Tripos,  1875.) 

Let  T  be  the  surface-tension,  in  dynes  per  cm.,  of  the  water-air 
surface  at  the  temperature  existing  during  the  process  (see  p.  177) ; 
let  «r  be  the  intensity  of  atmospheric  pressure  in  dynes  per  square 
cm. ;  let  a  and  b  be  the  radii  of  the  bubbles  in  cm. ;  p  and  p'  the 
intensities  of  pressure  of  the  air  inside  them ;  P  the  intensity  of  air 
pressure  inside  the  compound  bubble,  and  x  its  radius. 

Then  we  have 

2T       ,  2T     n  2T 

!>-*=-—)  y-w  =  -r-5  p~"  =  —  m 
a  0  x 

a9 
Also,  assuming  no  change  of  temperature,  p  changes  to  p-^  and 


>' 


V 


tf  to  p'  -£,  in  the  compound  bubble ;  and  P  =  the  sum  of  these. 
Hence  Px**=pa*+pV;  so  that  we  have 

tBr(iC»-.os-^)  +  2r(as-af-62)  =  0,  (a) 

to  determine  the  radius  of  the  compound  bubble. 

Now  m  is  vastly  greater  than  T\  for,  an  intensity  of  pressure 
denoted  by  a  barometer  of  the  normal  height,  760  mm.,  is  1-014  x  10* 
dynes  per  sq.  cm.,  while  T  for  the  temperature  20°C.  is  about  81 
dynes  per  linear  cm.    Hence  the  value  of  x  which  annuls  the  coefficient 


411.]  EXAMPLES.  509 

of  «r  in  (a)  must  be  very  nearly  the  value  which  satifies  the  equa- 
tion.   Assume,  therefore, 

x  =  (a*+b*)*  +  m, 
where  m  is  a  small  quantity.     From   (a)  we  get  the  approximate 
value  2Tf  qa  +  5»  1 

which  is  obviously  a  positive  quantity.  Hence  x*>a*  +  bs,  that  is, 
the  volume  of  the  compound  bubble  is  greater  than  the  sum  of  the 
volumes  of  the  constituents.  Also  we  find  easily  that  xa<a2+b2, 
which  shows  that  the  reverse  is  the  case  for  the  surfaces. 

Now  let  a  charge  with  surface-density  <r  e.  s.  units  per  sq.  cm.  be 
given  to  the  compound  surface  so  as  to  make  a"  =  a* +6*;  then,  if 

2  T 

P/  is  the  enclosed  air  pressure  intensity,  P,  +  27t<x8--gj=: ,  and 

we  have  (tsr-27r<r2)x8  =  tsr(a3  +  6s),  * 

which  gives  <r,  since  x  is  given  to  be  Va*T&*- 

13.  When  conductors  Al9  Aif...  of  given  shapes  occupy  given 
relative  positions,  and  their  Potentials  V1}  V%9...  are  given,  their 
charges  Q17  <?2,...  are  determined  from  a  system  of  linear  equations, 

Apply  the  theorem  of  Gauss  (p.  287)  to  prove  that  q2i=z$i*>  or> 
generally,  ?mn  =  ?nm. 

Since  the  coefficients  qn,  qu,--  depend  merely  on  the  shapes  and 
relative  positions,  we  may  consider  the  case  in  which  Ax  is  connected 
with  a  source  at  a  given  Potential,  P,  all  the  others  being  connected 
with  earth,  i.e.  at  zero  Potential.  Then  the  charges  w2l  be  given 
by  the  equations 

Denote  this  distribution  by  (a). 

Now  reduce  them  all  to  the  natural  state,  and  produce  another 
state,  (c/),  by  raising  A2  to  the  Potential  P,  and  connecting  all  the 
others  to  earth.     The  charges  now  are 

0i'=*it*;  Qf=9nPt  «/=«m-p.»- 

Now  apply  Gauss'B  equation  2wF/  =  2wT  to  these  two  states 
or  systems,  (a)  and  (a7).     The  left-hand  side  of  this  equation  is  the 
product  of  each  charge  in  (a)  and  the  Potential  at  its  position  pro*  , 
duced  by  (a').     It  is,  then,  simply  Q% .  P,  or 

q„.l». 
The  right-hand  side  is  simply  Qx\  Pt  or 

Hence  qn  =  ql2.  .  Similarly  for  the  other  q'&  with  two  distinct  suf- 
fixes, which  are  called  the  coefficients  of  induction  of  the  given  system. 


510  ELECTBOSTATICS.  [411. 

This  simple  proof  is  due  to  M.  Bertrand  (see  Mascart  and  Joubert's 
Lemons  mr  T itleetricite  et  le  Magnetisms,  p.  56). 

14.  If  a  given  charge,  e,  is  held  at  a  point  P  outside  a  given  con- 
ductor which  has  no  free  charge,  and  which  may  be  insulated  or  not, 
and  if  Pf  is  any  other  point  outside  the  conductor,  prove  that  the 
Potential  at  P'  produced  by  the  induced  charge  on  the  conductor 
is  the  same  as  that  which  would  be  produced  at  P  by  the  conductor 
if  the  charge  e  were  placed  at  P\ 

This  is  also,  as  shown  by  M.  Bertrand,  a  simple  result  of  the  equa- 
tion of  Gauss. 

Suppose  the  conductor  connected  with  Earth,  e  being  at  P.  Let 
Q  be  the  charge  induced  on  the  conductor,  V  the  Potential  at  P,  and 
Gpp'  that  at  P*.  Denote  this  system  by  (a).  Remove  e  to  Pri  let  Q' 
be  the  new  induced  charge  on  the  conductor,  F'  the  Potential  at  P/y 
and  Gp'p  that  at  P.     Denote  this  state  by  (a7). 

Now  apply  the  equation  2*1*7*=  2  m'  V  to  the  two  states  (a)  and 
(a').  The  left-hand  side  is  simply  e  x  Gp>p9  while  the  right  is  e  x  GPI/. 
Hence  g    ,  —  g  , 

The  function  Gpp>  is  known  as  Green's  Function. 
Exactly  the  same  proof  applies  if  the  conductor  is  insulated.     In 
this  case  its  total  charge  is  zero. 

15.  Show  that  an  idiostatic  charge  on  a  conductor  must  be  of  the 
same  sign  at  all  points. 

16.  Several  Accumulators  (' Condensers '),  Alt  A2t..tAny  of  capaci- 
ties clf  c2, ...  c»  are  placed  in  series ;  a  pole  of  Al  and  a  pole  of  An 
are  connected  with  the  poles  of  a  battery  which  are  at  Potentials 
V  and  Y' ;  find  the  charge  in  any  given  Accumulator  of  the  series. 

Let  (V,  x^  be  the  Potentials  of  Ijie  poles  of  A1;  (xx>  a?2)  those  of 
the  poles  of  A% ;  and  so  on.     Then 

JL  ""  _L  2.    ' 

each  of  which  is,  therefore,  equal  to 

Y-T        7 

— r — ,  or  k,  suppose. 

2- 
c 

k 
Then  the  difference  of  Potential  of  the  poles  of  Ar  is  — ,  and  the 

charge  is  the  same  in  all,  viz.  k.  Cr 

412.]  Case  of  Green's  Equation.  Let  M  and  M'  (Fig.  315) 
be  any  system  of  masses  gravitating  according  to  the  law  of  the 
inverse  square  of  distance  (the  case  in  which  they  are  electrical 
distributions  is,  of  course,  included);  let  Fbe  their  Potential  at 
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any  point,  P ;  and  in  Green's  Equation  choose  for  U  the  function 

-  9  where  r  is  the  distance  of  P  from  any  fixed  point,  0.     Now 

draw  any  closed  surface,  S,  surrounding  M',  and  apply  equation 

(0),  p.  334,  to  the  volume  enclosed 

by  this  surface,  the  point  0  being  any  M 

point  outride  this  surface.    The  points        ^^    /^^        "^N 

P  included  in  the  integration  being  /  ^        I 

all  internal  to  8,  or  on  its  surface,       5        I  3hn'  J 

r  is  never  zero,  therefore  V2  -  =  0.  ^ ^^ 

r  Fig.  315. 

Also  V2  V  =  —  47r/),  where  p  is  the 

volume-density  at  P,  which  will  be  zero  except  for  points  inside 
the  mass  M'.     Thus  the  equation  becomes 

Now  / is  the  Potential  at  0  due  to  the  mass  M',  and  this 

we  shall  denote  by  FJQ.    Also 

dn  r2 

where  0  is  the  angle  made  with  the  normal  to  the  surface  at  any 

point  by  the  line  joining  this  point  to  0  ;  and  this  expression  is 

therefore  equal  to  don  (Art.  316)  where  du>  is  the  conical  angle 

subtended  at  0  by  dS. 

If  the  matter  is  self-repulsive,  instead  of  attractive — i.e.  if 

the  force  between  two  elements  of  the  same  sign  is  repulsive — 

the  normal  force-intensity  at  the  position  of  dS  due  to  the  whole 

dV 
system  if,  M\  is  —  -j- ,  so  that  (1)  gives 

Now  the  right-hand  side  of  (2)  is  the  Potential  at  0  due  to  a 
layer  of  attracting  matter  spread  over  S  with  surface-density 
equal  to  \.,v     Fcosflx  ., 

Hence  the  Potential  at  any  point  0,  due  to  M'  may  le  produced 
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by  a  layer  spread  over  any  surface  surrounding  If  and  having  O 
outside  it ;  so  that  if  a  layer  is  spread  over  the  surface  equal,  but 
with  opposite  sign,  to  (a),  the  attraction  of  this  layer  would 
annul  that  of  M  at  all  points  outside  the  surface. 

A  case  of  special  simplicity  and  importance  occurs  when  S  is 
an  equipotential,  or  level,  surface  of  the  system  My  M\  In  this 
case  V  comes  outside  the  integral,  and  (2)  becomes 


rv=±-fNdS-rfda 
-if MS, 


(3) 


so  that  the  density  of  the  layer  at  any  point  is 

f  •  w 

Denote  the  Potential  produced  by  this  layer  at  any  external 
point,  0,  by  <f>a ;  then  y\i)  _  ^  (5) 

If  the  matter  is  self-attractive,  instead  of  repulsive,  JV=  +  -j-  > 

N 
and  the  layer  in  question  has  surface-density  equal  to  —  —  • 

If  M  is  any  system  of  electrical  charges,  we  see  that,  so  far  as 
effect  outside  any  closed  surface  whatever,  S,  surrounding  AT  is 
concerned,  M'  may  be  spread  as  a  surface-charge  over  the  given 
surface,  with  the  law  of  surface-density  given  by  (a).  But  if 
this  layer  were  actually  produced,  and  all  the  other  electricity  of 
the  field  removed,  it  would  not,  in  general,  be  self-equilibrating, 
unless  the  surface  S  is  a  non-conducting  surface. 

Secondly,  suppose  0  to  be  internal  to  the  surface  S.    Then,  if 

P  actually  coincided  with  0,  V2-  would  not  vanish ;  but  we  shall 

r 

in  this  case  exclude  the  point  0  by  applying  Green's  equation  to 

the  region  included  between  S  and  an  indefinitely  small  sphere  of 

radius,  c,  surrounding  0  and  having  0  for  centre  (see  p.  334). 


Thus  we  have  ,  1 

J     r        J  r  an        J      an 


dS 


-!***+!'■£"•        « 
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in  which  the  last  two  integrals  refer  to  the  surface  of  the  small 
sphere  round  0.  Now  the  third  integral  in  this  equation 
vanishes,  because  dS'**  <?dtxd<l>,  p  and  <£>  being  the  polar  angular 
co-ordinates  of  any  point  on  the  surface  of  the  sphere ;  so  that 

this  integral  is  —  c  I  -p  dfxd(f>,  which  obviously  is  infinitesimal. 

In  the  last  integral  V  may  be  taken  outside,  since  it  is  practically 
constant  at  all  points  on  the  infinitely  small  sphere  and  equal  to 
its  value  at  0 — which  we  shall  denote  by  Vi — this  Potential 
being  due  to  both  M  and  M'.     Also 


/ 


an 


Hence  (6)  becomes  (for  self-repulsive  matter) 

-  *  *^(0=  -/  —  +  /  —p- dS~  **%>  (7) 

in  which  V^  denotes  the  Potential  at  the  internal  point  0  due  to 
the  internal  mass,  M.  Bat  if  Vf&  denotes  the  Potential  at  0  due 
to  the  external  mass,  M,  we  have  %=  ^w+  Jj[W ;  therefore 

■r<m*_sy±  (8) 


*"-£/(' 


Let  S  be  a  level  surface  of  the  systems  M,  M\  and  A  the 
Potential  on  it ;  then 

N 
which  shows  that  if  a  layer  with  surface-density  equal  to  —  at 

each  point  is  spread  over  the  surface,  and  <p{  is  the  Potential  pro- 
duced by  it  at  any  internal  point,  0, 

VM^A-h.  (10) 

Equation  (5)  gives  the  result  that,  so  far  as  all  points  external 
to  the  given  level  -surface  are  concerned,  the  internal  mass,  M\ 
may  be  replaced  by  the  layer  on  the  surface  ;  and,  of  course,  if 
the  surface-density  of  this  layer  were  reversed  at  every  point,  we 
should  obtain  a  layer  whose  action  at  all  external  points  would 
exactly  annul  that  of  the  internal  mass. 

Equation  (10)  shows  that  this  layer  destroys  the  effect  of  the 
external  mass,  M,  at  all  points  inside  the  level  surface,  since 

VOL.  II.  L  1 
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— 7T(«)r=—  — ,  in  whatever  direction  x  is  measured;  and, 
ax  ax 

moreover,  if  there  are  no  external  masses,  this  layer  produces  a 

constant  Potential  inside,  and  therefore  no  force  at  any  internal 

point ;  for  in  case  V^  =  0,  therefore  <fo  =  A. 

The  quantity  of  this  superficial  layer  is  equal  to  that  of  the 
internal  mass,  since  (Art  324)  /NdS  =  ±-rM\  for  repulsive 
forces,  and  /NdS  =  —  4  *nM'  for  attractive  forces. 

Thus,  for  example,  consider  the  case  of  a  thin  uniform  bar 
(p.  296).     The  level  surfaces  are  a  system  of  confocal  ellipsoids 

of  revolution,  and  N  = - —  sin  —  >  where  yfr  =s  APJB,  and  y 

y  2 

the  perpendicular  from  P  on  AB ;  and  the  bar  may  be  spread 

over  any  one  of  them  with  surface-density  =  \ —  sin  —-,  with 

2  iry         2 

the  result  that  at  all  points  outside  this  surface  the  attraction  of 
the  layer  is  the  same  as  that  of  the  bar,  while  it  produces  con- 
stant Potential  throughout  the  interior.  When,  as  in  this 
instance,  there  is  no  external  mass,  the  layer  on  the  surface 
follows  exactly  the  law  of  an  idiostatic  distribution  of  electricity 
on  the  surface.  Hence,  as  the  equipotential  surface  of  the  bar  is 
an  ellipsoid,  and  as  we  know  (Art.  410)  that  in  an  idiostatic 
layer  the  surface-density  at  any  point  is  directly  proportional  to 
the  central  perpendicular  on  the  tangent  plane  at  the  point,  it 
follows  from  the  uniqueness  of  the  law  of  idiostatio  distribution 

Art.  409)  that-^ —  sin  ^  must  be  proportional  to  this  perpen- 
aity        2 

dicular.  The  truth  of  this  is  easily  verified,  and  we  find  this 
expression  equal  to  yckp 

where  p  is  the  central  perpendicular,  a  and  b  are  the  semi-axes  of 
the  ellipse,  and  c  =  Va2  —  b2. 

413.]  Application  to  Conductors.  The  results  in  the  last 
Article  have  a  direct  and  important  application  to  the  case  of 
conductors.  We  shall  now  speak  of  charges  of  electricity  instead 
of '  masses.'  Take  the  case  of  a  single  hollow  conductor,  and  let 
Fig.  311,  p.  492,  represent  the  inner  and  outer  surface  charges 
on  the  conductor,  and  also  the  external  and  included  charges. 
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Then  the  surface  S  in  the  substance  of  the  conductor  is  a  level 
surface  for  these  four  electrical  distributions.  At  every  point  on 
S  we  have  N  =  0,  so  that  no  layer  is  to  be  spread  over  S,  and 
(5)  of  last  Article  shows  that  at  every  point  outside  8,  the  included 
charges  together  with  the  inner  surface  charge  produce  a  con- 
stant zero  Potential;  or,  in  other  words,  this  system  produces 
no  force  anywhere  outside  the  conductor. 

Also  from  (10)  we  see  that  the  Potential  everywhere  inside 
due  to  the  external  charges  together  with  the  outer  surface 
charge  is  constant  and  equal  to  that  on  the  conductor;  con- 
sequently this  system  produces  no  force  anywhere  inside. 

In  other  words,  the  internal  charges  together  with  the  inner 
surface  charge  on  the  conductor  form  a  self-equilibrating  system 
producing  no  external  effect  whatever ;  and  the  external  charges 
together  with  the  outer  surface  charge  form  a  self-equilibrating 
system  producing  no  internal  force,  the  only  internal  effect 
which  they  produce  being  to  establish  a  uniform  Potential 
throughout  the  whole  interior,  equal  to  that  of  the  conductor — 
so  that  if  the  conductor  were  kept  constantly  at  zero  Potential 
(by  an  earth  connection)  this  electrical  system,  however  it  were 
varied,  would  produce  no  internal  effect  whatever  (either  of  force 
or  of  Potential).  Thus  we  have  proved  the  results  referred  to 
in  Art.  410. 

A  conductor  is  thus  shown  to  act  as  an  electrical  screen  for 
everything  inside  it  from  the  action  of  external  charges ;  and 
this  is  why  delicate  instruments,  such  as  electrometers,  are,  in 
accurate  experiments,  surrounded  by  cages  of  wire-gauze,  which 
are  practically  closed  surfaces.  These  cages  are  usually  connected 
with  earth  in  order  to  prevent  external  electrifications,  whether 
permanent  or  transitory  (such  as  are  due  to  accidental  rubbings 
of  insulators  or  other  bodies),  from  even  uniformly  altering  the 
Potential  of  the  protected  instruments*. 

414].  Theory  of  Electric  Images.  Given  an  insulated  con- 
ductor and  an  external  electrified  system,  to  determine  the  surface- 
density  of  the  induced  charge  at  any  point  of  the  conductor. 


*  From  the  preceding  theory  it  will  be  Been  that  for  the  complete  protection  of 
such  instruments  from  external  influence  it  is  necessary  that  a  conducting  surface 
should  immediately  separate  them  from  the  external  bodies  which  are,  or  may  be 
accidentally,  electrified.  Hence  it  is  a  mistake  to  surround  them,  as  is  often  done, 
by  glass,  which  is  a  non-conductor. 

Ll  % 
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Let  M  (Fig.  315)*  represent  the  given  electrified  system, 
and  then  let  the  closed  surface  represented  be  that  of  the  in- 
sulated conductor.  Denote  it  by  S.  Now  if  the  charge  on  if  is 
E,  the  total  charge  on  M  and  Sis  E;  and,  with  the  positions  of 
M  and  S  fixed,  there  is  only  one  way  in  which  this  charge  can  be 
distributed  (Art.  409) ;  so  that  it  will  suffice  to  find  any  manner 
in  which  the  charge  E  can  be  distributed  so  as  to  be  in  equi- 
librium. 

But  one  method  is  the  following:   determine  any  internal 

electrified  system,  M\  which  with  M  would   make  8  a  level 

surface,  with  any  constant  Potential,  A,  suppose ;  then  spread  the 

charge,  E\  of  the  system,  IT,  over  the  surface  according  to  the 

N 
law  a  =  —1  where  N  is  the  electromotive  intensity  due  to  E 

and  TZ  at  any  point  of  S.  This  surface  charge  together  with  E 
will  produce  the  constant  Potential  A  on  8  and  throughout  its 
interior,  since  their  joint  Potential  inside  is  J^  +  tfo,  and,  as 
before  proved,  « 

^«>  +  <fr.  =  ^, 

and  the  amount  of  this  surface  charge  is  E'. 

Hence  this  surface  charge  together  with  E  would  not  produce 
force  causing  any  further  charge  given  to  8  to  move  along  S,  so 
that  if  this  further  charge  was  idiostatic,  it  would  still  be  in 
equilibrium.  Let,  then,  this  further  charge  be  equal  to  —  E\  so 
that  the  total  charge  on  S  =  0,  and  we  shall  have  succeeded  in 
distributing  the  total  amount  E  as  required. 

This  solution  of  the  problem  requires,  therefore,  two  distinct 
things — 

1.  The  determination  of  the  auxiliary  system  E'\ 

2.  The  determination  of  the'  manner  of  distributing  an 
idiostatic  charge  on  the  conductor. 

Each  of  these  subsidiary  problems  is,  in  general,  one  of  great 
difficulty,  and  they  have  been  solved  in  only  some  simple  cases. 

The  system  iT  is  called  the  electrical  image  of  M  in  the  given 
surface  S,  and  this  method  of  image*  is  due  to  Sir  W.  Thomson. 
Usually  M  is  determined  so  that  8  shall  be  a  surface  of  zero 
potential. 

If  C  is  the  capacity  of  8  for  an  idiostatic  charge,  the  Potential 

Ei  If 

of  the  conductor  will  be  finally  -~  '  or  ^  +  7r>  according  as  the 
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image  system,  M\  is  determined  so  that  8  is  a  surface  of  Poten- 
tial zero  or  of  Potential  A. 

The  image  of  a  given  electrical  system  external  to  a  conductor 
may  be  briefly  defined  as  an  internal  system,  such  that  for  the  two 
systems  together  the  conductor  is  a  surface  of  constant  Potential. 

For  clearness,  we  give  formally  a  statement  of  the  method  of 
images,  showing  the  precise  mode  and  order  of  thought  in  the 
process. 

Given  a  closed  conductor  in  presence  of  any  electrical  system, 
Jf,  either  inside  or  outside  it ;  to  determine  the  law  of  distri- 
bution of  the  induced  charge.  Regard,  at  first,  the  surface,  5,  of 
the  conductor  as  a  mere  geometrical  surface — not  a  metallic  one ; 
find  any  electrical  system,  M\  at  the  side  opposite  to  that  at 
which  M  is  placed,  in  such  a  way  that  8  would  be  an  equi- 
potential  surface  for  M  and  M  together;  calculate  N9  the 
normal  electromotive  intensity  at  any  point  on  the  surface  (due 
to  if  and  M) ;  finally,  dispense  with  the  system  M\  make  8  a 
metal  surface,  and  cover  it  with  a  charge  having  at  each  point 

N 
the  surface-density  —  • 

An  idiostatic  charge  may  have  to  be  superposed  on  this  to 
satisfy  any  condition  as  to  the  total  charge  or  the  Potential 
which  the  conductor  may  have  had  assigned  to  it  originally. 

415.]  Combination  with  Inversion.  If  in  any  case  we  have 
deduced  a  law  of  distribution  of  charge  on  any  surface  or  surfaces 
by  the  method  of  images,  we  can  immediately  deduce  from  this 
another  possible  distribution  by  the  method  of  inversion  (see 
Art.  334). 

Assuming  the  thin  shells  treated  of  in  Art.  334  to  become 
surface  electrifications,  the  products  pr  and  pW  become  the  given 
and  the  derived  surface-densities,  <r  and  </ ;  and  therefore 

It  is  necessary  to  point  out,  however,  that  in  applying  the 
method  of  inversion  to  an  electrified  conductor  there  is  introduced, 
by  the  peculiar  nature  of  a  conductor,  a  condition  of  which  the 
general  theory  of  inversion  for  fixed  masses  takes  no  cognisance — 
the  condition,  namely,  that  not  only  is  the  given  surface  M 
(Fig.  283),  p.  311)  one  of  constant  Potential  (being  a  conductor), 
but  the  derived  surface,  J/',  if  it  is  to  be  the  surface  of  a  conductor, 
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must  also  be  one  of  constant  Potential.  Now  in  the  general 
theory  the  inverse  of  a  surface  of  constant  Potential  in  the  old 
distribution  will  not  be  a  surface  of  constant  Potential  in  the 
new  distribution  ;  for  if  the  point  A  (p.  311)  is  any  point  on  Mf 
the  value  of  D  will  vary  (unless  if  is  a  sphere  and  0  its  centre), 
so  that  if  V  is  constant,  V  will  not  be  constant.  However,  if 
the  old  distribution  is  such  as  to  make  if  a  surface  of  zero 
Potential,  the  inverse  surface  will  be  equipotential,  also  with  zero 
Potential.  Hence  a  conductor  at  zero  Potential,  under  the  in- 
fluence of  any  distribution,  will  always  invert  into  a  conductor 
at  zero  Potential,  under  the  influence  of  the  inverse  distribution. 
If  if  is  a  conductor  at  any  Potential,  c,  the  inverse,  if,  will 

he 
be  a  surface,  the  Potential  at  any  point,  Q'>  of  which  is  ^r>  > 

which  is  the  Potential  at  Q7  due  to  a  charge  kc  placed  at  0,  the 

origin  of  inversion.     Hence,  if  we  place  a  charge  —  kc  at  0,  in 

addition  to  the  inverse  of  the  whole  original  field,  the  inverse  of 

the  given  conductor  becomes  a  conductor  at  Potential  zero. 

Sometimes  it  is  desirable  to  choose  the  origin  of  inversion  at 

the  position  of  an  electrified  point,  at  which  there  is  a  finite 

charge  e.    The  inverse  point,  at  which  there  is  a  new  charge  in 

the  new  system,  is  then  at  infinity,  and  the  new  charge,  e\  is  of 

k 
infinite  amount,  because  ^=  -  e  where  r  =  0.     But  it  is  easy  to 

show  that  this  infinite  and  infinitely  distant  charge  produces  a 
finite  Potential  of  constant  value  at  all  points  in  the  new  dis- 
tribution. For  in  Kg.  283,  p.  311,  let  there  be  in  the  old 
distribution  a  charge  e  at  a  point  £  indefinitely  close  to  0; 

k 
then  e'=  -^  e}  and  the  Potential  of  /  at  0  is 

J  k  e 

OF'  0r  OB.OV'6'  °r  k' 
which  is  finite,  and  is  the  Potential  produced  by  /  at  all  points 
(not  infinitely  distant)  in  the  new  distribution,  since  it  evidently 
produces  the  same  Potential  at  all  such  points  as  at  0.  Hence, 
if  the  original  conductor,  if,  was  at  zero  Potential,  and  we  invert 
from  any  point  at  which  there  is  a  finite  charge,  the  Potential  of 
the  new  conductor  due  to  everything  in  the  new  distribution, 

omitting  the  infinitely  distant  charge,  is  —  7  • 
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Examples  of  Images  and  Invebsiok. 

1.  A  given  charge  is  condensed  at  a  point  outside  an  insulated 
uncharged  spherical  conductor ;  find  the  surface-density  at  any  point 
of  the  conductor  and  its  Potential* 

Let  P  (Fig.  277,  p.  257)  be  the  position  of  the  given  charge  e; 
then  the  sphere  can  be  made  a  surface  of  zero  Potential  for  e  and 
for  a  charge  — V  placed  at  the  inverse  point,  P*,  if  the  distances, 
r,  /,  of  any  point  on  the  sphere  from  P  and  P/  are  connected  by  the 
equation  , 

-7=0, 

r     r 


which  gives  ^=  -=r , 


e. 


dV 
To  find  N,  or  —  -=-  9  at  ftwe  may  either  take  the  value  of  V  at 

any  point,  due  to  (ef  —  e'),  viz, 

r     r 

and  differentiate  it ;  or  imagine  a  +  unit  at  Q  and  find  the  resultant 

e  J 

of  a  force  -5-  acting  on  it  from  P  to  Q  and  a  force  -75  from  Q  to  P'. 

Thus  N  =  — ^ (measured  outwards);  therefore  the  surface- 

density  of  the  first  charge  (that  which  would  be  induced  on  the 
conductor  if,  in  presence  of  e,  it  were  connected  with  earth)   is 

—  ^ --^-  ♦    On  this  we  have  to  superpose  an  idiostatic  charge  of 

amount  ef;  and  this  is,  of  course,  a  uniformly  distributed  layer,  with 
surface-density ~  •    Hence,  finally, 

V      D' 

where  V  is  the  Potential  of  the  conductor. 

The  Potential  at  any  point  in  space  outside  the  conductor  is 
that  due  to  a  charge  e  at  P,  a  charge  — d  at  2",  and  the  idiostatic 

charge  on  the  conductor.     It  is  therefore -?  +  -??>  where  r,  /,  /' 

are  the  distances  of  the  point  considered  from  P,  P\  and  Ow 

The  case  of  the  spherical  shell  discussed  in  example  8,  p.  301  is 
therefore  that  of  a  spherical  conductor  connected  with  earth  and 
influenced  by  a  charge  fixed  at  an  external  point  jP. 
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If  the  influencing  charge  is  internal,  at  P',  the  problem  is  solved 
in  exactly  the  same  way  ;  the  image  is  a  charge  —  e',  or  -=p  e,  at  P. 

2.  Find  the  distribution  induced  on  an  infinite  plane  conducting 
surface  by  a  charge  condensed  at  a  given  point. 

The  plane  may  be  regarded  as  a  closed  surface— closed  by  a  portion 
of  surface  at  infinity. 

Let  P  be  the  inducing  point.  Then  for  zero  Potential  on  the 
plane  the  image  of  P  is  a  point  equidistant  from  the  plane  on  the 
opposite  side,  and  on  the  perpendicular  from  P ;  also  the  charge  at 
P  must  =  —  e,  if  e  is  that  at  P. 

Since  the  capacity  of  an  infinite  plane  is  infinitely  great,  the  surface- 
density  of  the  idiostatic  charge  is  infinitely  small  at  each  point,  so 
that  the  distribution  is  simply  that  of  a  negative  charge  (if  e  is  +) 
on  the  face  next  P  with  surface-density 

p.e 

where  p  is  the  perpendicular  from  P  on  the  plane. 

It  is  easy  to  verify  that  the  total  amount  of  this  charge  is  —a. 

This  problem  can  be  at  once  deduced  from  Example  1  by  inversion. 

The  inverse  of  a  sphere  from  any  point  on  it  is  a  plane.    Take  then 

the  sphere  in  last  example  at  zero  Potential ;  in  other  words,  take  a 

D%—a% 
charge  e  at  P,  and  a  layer  with  surface-density  =  —  — — -j  .  e  on  the 

sphere,  and  invert  the  whole  from  the  extremity  A  of  the  diameter 

k 
through  P.     The  charge  to  be  placed  at  the  inverse  of  P  is  -r= .  e 

dm     k 
(from  the  equation -r--  =  -,  Art.   334),  and  the  surface-density  at 

any  point  on  the  plane  is  inversely  as  the  cube  of  its  distance  from 
this  inverse  point. 

3.  Two  infinite  plane  conducting  surfaces  terminate  in  a  common 
edge  and  intersect  at  right  angles ;  an  electrified  point  is  placed  any- 
where between  them ;  find  the  induced  surface-density  at  any  point 
on  either  plane. 

Regard  the  planes  as  mere  geometrical  surfaces. 

Through  the  inducing  point,  P,  draw  a  plane  at  right  angles  to 
both  planes  cutting  them  in  two  lines  Oxy  Oy,  the  point  0  being  on 
the  edge  of  intersection  of  the  two  given  planes.  To  determine  the 
image-system  draw  a  perpendicular  from  P  on  Ox  and  take  the  point 
A  on  this  perpendicular  at  the  opposite  side  of  the  plane  Ox  at  a 
distance  equal  to  that  of  P  from  Ox, 

Then  if  6  is  the  charge  at  P,  a  charge  —  e  at  A  combined  with  e 
at  P  would  make  the  plane  Ox  a  surface  of  zero  Potential ;  but  these 
charges  would  not  make  Oy  a  surface  of  zero  Potential.  Take  the 
image,  2?,  of  P  in  Oy,  and  also  the  image,  0,  of  B  in  Ox.  The  point 
C  is  also  the  image  of  A  in  Oy. 
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Then,  if  at  A,  B,  C  we  place  charges  — «,  —  e,  e,  these  together 
with  e  at  P  will  make  both  planes  surfaces  of  zero  Potential,  since  the 
Potential  at  any  point  whatever,  Q,  due  to  this  system  would  be 

where  r,  /,  /',  /"  are  the  distances  of  Q  from  P,  A,  B,  C. 

The  two  given  planes  may  be  regarded  as  a  surface  closed  by  a 
surface  at  infinity;  P  is  inside  this  surface,  and  the  image-system 
outside  it. 

Then  if  a  and  j3  are  the  perpendiculars  from  P  on  Ox  and  Oy, 
respectively,  we  have  for  any  point,  Q,  on  Ox 

*=2a«<<^-<^->  (2> 

and  for  any  point,  Q,  on  Oy 

N-2^w~wy  (3) 

Now  regard  the  planes  as  metallic,  dispense  with  the  image-charges 
at  A,  B,  C,  and  we  shall  have  an  induced  charge  with  surface-density 

—  at  each  point. 

From  this  we  can  derive  a  new  distribution  by  inversion  from  any 
point.  Suppose  that  we  invert  the  whole  system  from  P.  Then  the 
inverse  of  the  plane  Ox  is  a  sphere  whose  centre,  a,  is  on  PA,  this 
centre  being  the  inverse  of  A  ;  the  inverse  of  the  plane  Oy  is  a  sphere 
whose  centre,  b,  is  the  inverse  of  B ;  the  inverse  of  C  is  the  point,  c, 
in  which  the  line  ab  cuts  PC,  these  lines  being  perpendicular  to  each 
other;  the  two  spheres  intersect  at  right  angles,  and  PC  passes 
through  their  intersection.     If  their  radii  are  a  and  b, 

a  =  2~a>    P  =  Tb> 
and  if  e1,  eq,  e3  are  the  charges  to  be  placed  at  a,  b,  c,  respectively, 

—     a  _      *  °b 

Again,  if  Q  is  any  point  on  Ox,  and  q  the  corresponding  point  on 
the  sphere  (a),  the  surface-density,  </,  at  q  is,  from  (1),  equal  to 

2-n^Pq?     CQ*'  Pq» 
which,  when  expressed  entirely  in  terms  of  the  new  distribution,  is 

—  ,(1 — -j-).  But  b,  e  are  obviously  inverse  points  with  re- 
spect to  the  sphere  (a),  and  a,  c  are  inverse  with  respect  to  (6),  so 
that  cq  =  ,  bq,  and  we  have 


522  ELECTROSTATICS.  [415. 

for  the  density  at  any  point,  q,  on  the  sphere  (a),  where  rt  denotes 
the  distance  of  this  point  from  b,  the  centre  of  the  other  sphere. 

A  similar  expression  gives  the  density  at  any  point  on  the  other 
sphere. 

We  may,  of  course,  reverse  all  signs  in  the  new  distribution,  and 
take  e1  and  e%  plus  while  e  is  minus. 

It  is  merely  for  the  purpose  of  exemplifying  the  process  of  inversion 
that  we  have  thus  solved  this  case  of  two  orthogonal  spheres.  Ob- 
viously the  problem  could  have  been  solved  much  more  simply  as 
a  case  of  Example  1.  For,  since  b  and  c  are  inverse  points  with 
respect  to  the  sphere  (a),  proper  charges  placed  at  them,  together  with 
any  charge  whatever  at  a,  the  centre  of  this  sphere,  will  make  the 
surface  equipotential.  Similarly,  proper  charges  at  a  and  c,  with  any 
charge  at  b,  will  make  the  other  surface  equipotential.  Thus,  let 
these  unknown  charges  be  x,  y,  z  at  a,  b7  c,  respectively ;  let  c  denote 

the  distance  ab.    Then  (Ex.  1)  z  = x,  and  also  *  = y,  therefore 

a    h  ^  ^       a* 

xiy:z  =  a:b: — ;  and  the  Potential  of  both  spheres  is  - ,  as  we 

6  (k 

see  by  calculating  it  for  the  point  P. 

Dispensing  with  the  image-system,  at  a,  6,  c,  make  the  surfaces 

metallic,  all  at  the  Potential  y  (due  to  the  infinitely  distant  charge); 

then  the  charge,  with  its  law  of  distribution,  which  must  be  applied 
in  order  to  produce  this  Potential,  is  that  which  we  have  just 
determined. 

The  total  of  the   internal   charges  =—  (a  +  o )r  ,  and 

va*+6a  * 
they  produce  a  Potential  —  r  on  the  compound  surface,  so  that  the 

*  ab 

capacity  of  such  a  conductor  is  a  +  6 .  • 

For  an  exhaustive  treatment  of  this  problem  see  Clerk  Maxwell's 
Electricity  and  Magnetism,  Art.  168. 

4.  In  the  space  between  two  uncharged  insulated  and  concentric 
spheres,  A  and  B>  is  placed  a  charge  e  at  a  point  P ;  determine  the 
surface-density  at  every  point. 

Let  d  be  the  distance  between  P  and  the  common  centre,  0; 
let  a  and  b  be  the  radii  of  the  spheres;  draw  the  line  OP  and 
produce  it  indefinitely.  The  spheres  may  be  regarded  as  forming 
a  closed  surface  in  the  space  enclosed  by  which  the  charge  e  is 
placed;  and  this  double  surface,  A,  B,  can  be  made  one  of  zero 
Potential  by  placing  proper  charges  at  a  succession  of  inverse  points 
derived  from  P.  Thus,  take  the  inverse,  04,  of  P  with  respect  to  A. 
Then  the  charge  e  at  P  together  with  a  numerically  greater  charge, 

a 
— -y  «,  at  04  would  make  A  a  surface  of  zero  Potential,  but  not  B. 

However,  if  we  take  the  inverse,  a,,  of  04  with  respect  to  B,  and  place  at 
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a,  a  charge  equal  to  —  -pr—  X  charge  at  04,  this,  together  with  the  charge 

at  04,  would  make  B  a  surface  of  zero  Potential.     Take,  again,  the 
inverse,  a8,  of  a,  with  respect  to  A ;  and  so  on. 


Pig.  316. 

Again,  start  with  ft,  the  inverse  of  P  with  respect  to  B,  and  take 
ft,  the  inverse  of  ft  with  respect  to  A ;  and  so  on,  ad  infin. 

For  clearness  of  figure  we  have  drawn  the  a  images  slightly 
above  the  line  OP,  and  the  f3  images  slightly  below  it. 

We  shall  form  a  table  of  the  distances  of  the  images  and  the 
charges  to  be  placed  at  them ;  thus : 


Points 

Distances 

Charges 

Points 

Distances 

Charges 

P 

d 

e 

«i 

a* 
d 

a 

-2' 

A 

6* 
d 

b 

-r 

<*2 

ar 

b 

-e 
a 

A 

a 

V 

Q3 

a* 
b2d 

a2 
~bde 

A 

b* 
a*d 

-0* 
ad 

aA 

a* 

6s 

T  e 
a*  • 

A 

*d 
b* 

a* 

The  law  of  continuation  ad  infin.  is  obvious. 

To  get  the  surface-density  at  any  point,  Q,  on  A,  group  the  points 
in  pairs  thus : 

(p>  °i)>  te >  <**)>  («*»  a5>  •  ■  ■  te»>  <Wi)>  — ;   (fiv  &)>  (&>  A)»  •  •  •  • 

If  r  is   the  distance   QP,  the  first  pair   give  a  surface-density 
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equal  to  — =—  •  - —  :   therefore  if  raw  is  the  distance  of  Q  from  cun, 
^  r      lira 

e2W  =  charge  at  Oj,,,  and  d2n  =  distance  of  a,n  from  O,  we  have  the 

surface-density  at  Q  due  to  the  general  pair  of  a  points  equal  to 

a2-<P2,     €g 
r»2ll     *4ira" 

But  d2n  =  (-)     .  rf,  and  «21l  =  (-)  .e;  therefore  the  surface-density 

arising  from  the  whole  set  of  a  points  is 

h  4* 
€    ^co        V  ,6  • 

47ra-^o  r"2n         'V    ' 

»  receiving  all  integer  values  from  0  to  oo. 

Similarly,  the  surface-density  at  Q  arising  from  the  £  points  is 

~47rd  A        ^^ V  • 

The  total  charge  on  the  sphere  B  is  equal  to  the  sum  of  the  charges 
atctj,  a4,...,  /3n  ft,...,  which  is 

a—d  b 

and  of  course  — «  =  charge  on  -4  +  charge  on  B, 

If  0  is  at  infinity,  the  spheres  become  two  infinite  parallel  planes 
with  a  charge  between  them  at  P ;  and  if  p  and  q  are  the  perpen- 
diculars from  P  on  A  and  B,  the  charge  on  the  plate  B  is  —  ?e,  and 
that  on  .4  is  —  j-  e9  where  h  is  the  distance  between  the  plates. 

5.  Find  the  law  of  distribution  of  an  idiostatic  charge  on  a  con- 
ductor generated  by  the  revolution  of  the  limacon 

r  =  m+ncoB0 

about  its  axis,  n  being  <  m. 

Invert  the  distribution  on  a  prolate  ellipsoid  of  revolution  (p.  514) 
from  one  of  its  foci. 


NOTES. 


The  Equation  of  Capillarity. 

M.  Eesal  (Physique  MatJiematique,  p.  22)  gives  a  very  simple  proof 
of  the  fundamental  equation  (p.  1 80)  for  the  surface  of  separation  of 
two  fluids,  on  the  supposition  that  the  density  of  each  is  constant  in 
all  layers  adjacent  to  this  surface — a  supposition  which  is  rejected 
by  M.  Mathieu. 

Let  AB  (Fig.  259,  p.  134)  be  the  surface  of  separation  of  two 
fluids  F,  F9  the  former  being  at  the  upper  and  the  latter  at  the  lower 
side  of  A  B  in  the  figure.  Draw  the  tangent  plane,  Am,  at  the  position 
of  any  particle,  A,  of  the  surface,  and  consider  separately  the  action 
of  the  meniscus  of  fluid  contained  between  AB  and  this  plane. 

Imagine  the  upper  fluid,  F,  to  be  prolonged  down  to  the  tangent 
plane,  and  then  subtract  the  effect  of  the  meniscus,  regarded  as  con- 
sisting of  fluid  F.  Denote  the  meniscus  of  fluid  F  by  (fx).  Similarly, 
the  action  of  F'  on  the  particle  at  A  may  be  considered  to  be  due 
conjointly  to  that  portion  of  F  which  lies  below  the  tangent  plane 
and  to  the  meniscus  (jjf)  of  fluid  F.  Now,  obviously,  the  forces  exerted 
at  A  by  the  fluids  F  and  F,  supposed  terminated  by  the  tangent  plane, 
are  normal  to  the  plane.  Also  the  resultant  force  exerted  at  A  by 
the  external  forces  (if  any)  and  the  fluids  F,  F'  as  they  actually  exist 
is  normal.  Hence  the  resultant  force  due  to  the  external  forces,  the 
positive  meniscus  (//),  and  the  negative  meniscus  (p)  must  be  normal  ; 
i.e.  the  Potential  due  to  these  must  be  constant  at  all  points  A  on  the 
surface. 

It  is  assumed  that  the  capillary  forces  are  exerted  only  between 
molecules  whose  distance  is  less  than  an  extremely  small  length,  €, 
called  the  '  radius  of  spherical  activity/  In  the  figure  let  Am  he  <  €, 
and  let  a  small  element,  dS,  of  area  at  m  on  the  tangent  plane  be 
drawn  by  taking  two  planes  through  the  normal  An  including  an 
indefinitely  small  angle,  dOf  then,  describing  a  cylinder  round  An  with 
radius  Am  =  r,  and  a  concentric  cylinder  with  radius  r  +  dr.  Thus 
the  element  dS  =  rdrdO,  and  the  little  prism  standing  on  dS  and 
included  between  the  surface  AB  and  the  tangent  plane,  has  for 
volume  Bm  x  rdrdO. 

If  R  is  the  radius  of  -curvature  of  the  section  of  the  surface  AB 
made  by  the  normal  plane  drawn  through  An,  we  have 

2RtBm  =  Am*, 
•'•     Bm=2R' 
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Now  all  the  particles  in  the  prism  Bm  may  be  considered  as  distant 
by  r  from  A.  Let  <f>(r)  express  the  Potential  at  A  due  to  unit  mass 
at  m,  the  form  of  <f>  being  quite  unknown.  Then  the  Potential  pro- 
duced at  A  by  the  prism  Bm  is 

55-^W*-  (i) 

Integrating  this  from  r  =  0  to  r  =  e,  and  keeping  0  constant,  we 
obtain  the  Potential  due  to  all  those  particles  of  the  meniscus  which 
are  included  between  the  two  close  normal  planes  defined  by  the 

azimuth  $.     Now  /   t*<f>(r)dr  is  a  constant  depending  solely  on  the 

nature  of  the  fluid  Ft  and  not  on  the  position  of  A. 

Denote  this  constant  by  C.  Then  the  Potential  at  A  due  to  the 
whole  meniscus  (jx)  is 


c  r*'de 

2  J0     B 


But  if  i?x  and  B2  are  the  principal  radii  of  curvature  of  the  surface 
at  A,  and  0  is  measured  from  one  principal  section, 

1        cos2fl      sin20 

and  the  Potential  (2)  is  obviously  |tf(7(  —  +  — )  • 

The  meniscus  (//)  gives  a  similar  term,  so  that  if  V  is  the  Potential 
of  the  external  forces  at  A,  the  equation  of  equilibrium  is 

iir(C-C)(-i-+-i)+r=  constant.  (4) 

This  equation  is  deduced  without  assuming  unchanged  density  near 
the  surface  by  M.  Mathieu  (Theorie  de  la  CapiUarite,  Chap.  I)  by 
means  of  the  Principle  of  Virtual  Work. 

See  also  M.  Mathieu's  treatise  (p.  65)  for  the  proof  of  the  funda- 
mental theorem  that  the  three  surface-tensions  at  any  point  of  meet- 
ing of  the  surfaces  of  three  contiguous  fluids  satisfy  the  conditions  of 
equilibrium  of  three  forces — a  very  simple  result,  almost  invariably 
assumed  as  obvious,  or  based  on  some  such  'proof  as  this:  since 
there  is  equilibrium,  the  three  tensions  must  be  proportional  each  to 
the  sine  of  the  angle  between  the  other  two. 

Now,  inasmuch  as  there  is  no  one  particle  which  is  acted  upon  by 
these  three  tensions,  this  '  proof '  has  no  relevancy  whatever  ;  and  the 
theorem  is,  as  M.  Mathieu  justly  says,  '  admis  sanB  raisons  sufii santes 
dans  les  Ouvrages  de  Physique/  His  own  demonstration  proceeds 
by  the  Principle  of  Virtual  Work. 
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B. 

Potential  of  a  Homogeneous  Ellipsoid. 

The  following  investigation  of  the  Potential  produced  at  an  external 
point,  P,  by  a  homogeneous  solid  ellipsoid  haB  been  given  by  Colonel 
A.  R.  Clarke  (see  the  Phil.  Mag.,  December,  1877). 

Take  the  principal  axes  of  the  ellipsoid  as  axes  of  co-ordinates ; 
let  x,  y,  z  be  the  co-ordinates  of  P ;  let  Q  be  any  point  inside  the 
mass  at  which  an  element  dm  is  taken ;  let  a/,  if,  z*  be  the  co-or- 
dinates of  Q ;  0  the  centre  of  the  ellipsoid,  OP  =  R,  OQ  =  r,  and 
\fr  =  cos  POQ.     Then,  p  being  the  mass  per  unit  volume  of  the  body, 

*"  0) 


Y  —  yp  f- 

-y/o+^i+tfi? +*£+■••>**  <2> 

where  ij,  /J,...  are  the  Legendrian  coefficients,  as  in  (y),  p.  349,  or 
at  p.  358,  with  \fr  written  instead  of  fx. 

But  since  Piy  Pz,  /J,...  are  each  of  the  form  Vf/(^a)»  ^he  terms  in 
them  vanish  because  of  the  complete  symmetry  of  the  figure,  so  that 

VssTf{1+p'i+p*^+F^+-)dm-      (3> 

Now^  =  aa!,+  ^+^=^+-m^-±w/=A>  8Uppose)  z,  m,  n 

TIC  T  T 

being  the  direction-cosines  of  OP.  Hence  from  the  values  of  the 
Legendrians,  p.  358,  we  have 

P2r*  =  £(3A9-r*);  P4r*  =  £(35 A'-SOr'A'  +  S*'*); 

P^-  tV(231  &<-3l5r*A*+lQ5rAA*-5r*). 

The  results  of  performing  the  integrations  in  (3)  as  far  as  fl^dm 
are  very  remarkable. 

Thus,  it  will  be  found  that  if  a,  b,  e  are  the  semi-axes  and  £2  the 
whole  volume  of  tho  ellipsoid,  and  if  we  put , 

P-cPsd/;  c*-aa  =  d92;  a8-62  =  ds8, 

and  also  denote  by  Za  the  value  of  the  Legendrian  P2  when  I  is  put 
for  fi ;  by  M%  the  value  of  P2  when  rn  is  put  for  ft ;  and  by  N%  the 
value  of  P2  when  n  is  put  for  fi ;  with  similar  meanings  of  LA,M4i  NA 
with  reference  to  /J,  &c,  we  shall  have 
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FS<3m=.  -  £5-  {L4d*d,n+Mtd,td*+Nt  d*d*  , 
35  J. 

P,/<fen=  §  {Ltdi*d*W-d*)  +  Mtd*d*W-d1') 

+ N,  WW-dfl + Kd*d*d*}, 

where  in  the  last  #=  ^  (P-m*)(m'--n2)(n2--P). 

In  these  expressions  for  the  terms  in  (3)  the  sequence  is,  as  Colonel 
Clarke  observes,  remarkable,  '  and  suggests  the  idea  that  possibly  an 
expression  might  be  obtained  for  the  general  term.' 
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Abscissa  and  ordinate  of  curve  in  terms 

of  arc,  134. 
Accumulator  (Condenser),  50a,  510. 
Adiabatic  transformation  of  a  gas,  118. 
Angle,  Conical,  237,  246,  250,  288. 
Astatic  equilibrium,  65. 
Attraction,  Newtonian  law  of,  235. 

abrupt  change  of  through  shell,  262. 

general  components  of,  265. 
Aria  of  a  Couple,  4. 

Bar,  uniform,  attraction  of,  252. 

potential  of,  295,  504. 

elongation  of  by  its  weight,  440. 
Bending  moment  of  a  beam,  443. 

Capacity  of  a  Conductor,  498. 

an  ellipsoidal  conductor,  504. 

a  cylindrical,  505. 
Capillarity,  equation  of,  180,  525. 
Carnot's  Engine,  principle  of,  119. 
Catenary,  property  of,  1 34. 
Catenoid,  equilibrium  of,  182,  187. 
Centre  of  gravity  at  maximum  or  mini- 
mum height,  127. 
Centres,  plane  of,  in  Astatic  equilibrium, 

70. 
Circulation,  402. 
Clapeyron'8  theorem,  438. 

examples  of,  440. 
Clarke,  Colonel,  on  Potential  of  Ellip- 
soid, 527. 
Clebech  on  Stress  in  terms  of  Strain, 

435- 
Complex,  Screw,  determination  of,  36. 
Concentration  of  Potential,  335. 
Conservative  System,  1 21. 
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Continuous  system,  equations  of  condi- 
tion of,  151. 
Contraction,  lateral  in  strain  of  bar, 

430. 
Co-ordinates,  spherical  and  cylindrical, 

281. 
Coulomb's  law  of  torsion  for  cylinder, 

442. 
Couples,  transformation  of,  3. 
virtual  work  of,  6. 
stress,  of  bent  and  twisted  wire,  218. 
Crust,  planetary,  stresses  in,  461. 
Curvature,  resolution  of,  212. 
Cylinder,  circular,  potential  and  attrac- 
tion of,  299. 
elliptic,  attraction  of,  269,  283. 
torsion  of,  451. 
Btrain  and  stress  in,  479. 
Cylindroid,  definition  of,  construction 
of,  19,  20,  23. 
reciprocal  of,  38. 

Displacement  of  a  rigid  body,  103. 
Dilatation,  areal,  cubical,  387. 

Earnshaw's  theorem  for  a  particle,  311. 
Earth-connection,  488. 
Elastic  wire,  164,  199. 

curves,  204. 

central  line  of  wire,  215. 

symmetry,  cases  of,-  464,  &c. 
Elasticity,  constants  of,  463. 
Electrified  surface,  equation  for  V  at, 

486. 
Electrometer,  Absolute,  501 . 
Electromotive  intensity,  483. 
Ellipsoids,  attraction  of,  319,  527. 
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Elongation,  quadrio  o£  380. 

resolution  of,  406. 

of  bar  caused  by  its  weight,  440. 
Equilibrium  of  a  rigid  body,  conditions 
of,  47. 

deduced  from    equations   of   stress, 
426. 

particular  cases  of,  48. 

stability  of,  91,  123,  135. 

continuous,  128. 

of  heavy  body  on  rough  surface,  135. 
Equipotential  surfaces,  275. 

of  two  attracting  particles,  294. 

when  confocal  ellipsoids,  331. 

of  two  different  distributions,  337. 
Erg.  def.  of,  1 16. 
E.  S.  Unit,  482. 

Films,  minimum  property  of,  186. 
Flexible  inextensible  surface,  169. 
Flow,  lines  of,  example  of,  478. 
Flux  of  normal  force  through  a  Burface, 

264. 
Force,  replaced  by  a  force  and  a  couple, 
6. 

in  terms  of  Potential,  276. 

moment  of  about  a  line,  14. 

lines  and  tubes  of,  316. 

abrupt  change  of  at  electrified  sur- 
face, 487. 

intensity,  definition  of,  263. 
Forces,  parallel,  8. 

centre  of,  9. 

general  reduction  of,  13. 

Gas,  isothermal  and   adiabatic  trans- 
formations of,  117. 

Gauss,  theorems  of,  264,  287,  306. 

Generalised  co-ordinates,  124. 

Gravitation,  constant  of,  236,  262. 
propagation  of,  468. 

Green's  equation,  332,  510. 

remarkable  consequence  of,  340,  495. 
function,  510. 

Greenhill,  Prof.,  on  elastic  curves,  233. 
solutions  of  Cambridge  problems,  479, 
508. 

Hooke's  law,  160. 
Hydrostatic  arch,  209. 


Idiostatic  charge  on  a  conductor,  497. 
Images,  method  of,  515. 
Induction,  488. 

coefficients  of,  509. 
Initial  position,  in  Astatic  equilibrium, 

78. 

Instantaneous  centre  and  axis,  101. 
Internal  forces  of  a  system,  113. 
Inverse  square,  law  of,  for  spherical 

shell,  260,  267. 
Inversion,  method  of,  311,  375,  517. 
Isothermal  transformation,  117. 
Isotropic  body,  430. 

Jellett  on  inextensible  surfaces,  172. 

Kinetic  analogue  of  bent  wire,  211. 

Lagrange's  method  of  Virtual  Work, 
105. 

observations  on,  162. 
Laplace's  equation,  280. 

secondary  solution  of,  307. 
Laplacians,  def.  of,  table  of,  343,  358. 
Larmor,  proof  of  Minding's  theorem, 

89. 

on  kinetic  analogue  of  strained  wire, 

23a- 
Legendre,  theorem  of,  341,  359. 

coefficients  of,  349,  358. 
Level,  or  equipotential,  surfaces,  275, 

3<>9>  337- 
Leyden  Jar,  work  of  discharge  of,  502. 
Lines  of  force,  316. 
flow,  400,  478. 

Magnetic  solid,  astatic  equilibrium  of, 

94- 
shell,  287. 
Minding's  theorem,  83. 
Minimum  property  of  a  string,  161. 
Modulus,  Young's,  and  of  shear,  431. 
Moments,  Three,  equation  of,  447. 

Neumann's  Formula,  293. 
Newton's  law  of  attraction,  234. 
Principia,  examples  from,  271. 
Nodoid,  184. 

Osculating  plane  of  tortuous  curve,  154. 
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Parallelopiped,  equilibrium  of  in  strain, 

410,  427. 
Pitch  of  a  screw,  17. 
Planetary  crust,  stresB  in,  461. 
Plate,  circular,  attraction  of,  255. 

potential  of,  362,  374. 

elliptic,  attraction  of,  272. 

rectangular,  268. 
Plateau's  films,  178. 
Plates,  two  parallel  electrified,  501. 
Plumb-line,  deviation  of  by  table-land, 

375- 
Poinsot's  central  axis,  15. 

property  of,  42. 

vector  equation  of,  68. 
Poisson's  equation,  280. 

in  dielectric  medium,  485. 
Polygon,  of  forces,  equivalent  to  couple, 

50. 
Potential,  definition  of,  273. 
differential  equations  of,  279. 
of  magnetic  shell,  288. 
approximate  value  of  at  distant  point, 

3°7' 
cannot  be  maximum  or  minimum  in 

empty  space,  310. 

continuity  of,  314. 

completely  known  if  known  all  over 
closed  surface,  341. 

of  Strain  and  Stress,  401,  428,  438. 
Potential  Work,  120. 

general  properties  of,  141. 

of  strained  wire,  221,  226. 

of  self-attracting  system,  285,  335. 
Prism,  rectangular,  torsion  of,  453. 

Reciprocal  screws,  26. 

lines,  43. 
Rectangular  block,  uniform,  attraction 

of,  375. 
Resultant,  graphic  representation  of,  2. 

condition  for  single,  45. 
Revolution,  central  solid  of,  theorom 

on,  341,  359- 
Rigidities,  torsion-flexure,  of  wire,  220. 
Rod,  elastic,  199. 

Rotation,  components  of,  in  strain,  392. 
surface-integral  of  normal,  403. 


Screen,  electrical,  theory  of,  515. 
Screws,  composition  of,  18. 
Shear,  resolution  of,  407,  424. 
Shell,  spherical,  uniform,  attraction  of, 

357.  297- 

magnetic,  287. 

potential  of,  297. 

of  variable  thickness,  301. 

strain  and  stress  of,  455,  462,  479. 

ellipsoidal,  319. 
Solid  of  max.  attraction,  268. 
Specific  inductive  capacity,  482,  502. 
Sphere,  homogeneous,  attraction  of,  26 1 . 

potential  of,  299. 

stress  in,  456. 
Spherical  Harmonics,  335. 

deduction  of  from  Zonals,  349. 

fundamental  property  of,  352. 

expansion  of  function  in,  35a,  355. 
Spherical  projection,  method  of,  54>5^»^4- 
Spheroids,  potential  of,  369. 
Spiral  wire  with  given  twist,  222. 
Spring,  plane,  203. 
Stable  configurations,  general  property 

of,  142. 
Stability  of  equilibrium,  91,  123,  135. 
Static  energy,  285. 
Strain  ellipsoid,  389. 

shearing,  394. 

biaxal  reduction  of,  398. 

work  done  in,  422,  438,  479. 

determinateness  of,  449. 
Stress  intensity,  409. 

shearing,  plane  of  greatest,  425. 
String,  inextensible,  157,  191. 

extensible,  160,  197. 
Surface,  flexible  inextensible,  169. 

tension  of  a  liquid,  177. 

electrified  bubble,  508. 

density,  483,  495. 

integral  of  normal  force,  264. 

Table-land,  deviation  of  plumb-line  by, 

375- 
Tait,  Prof.,  proof  of  Minding'B  theorem, 

85- 

Tetrahedron,  of  forces,  44,  47. 
equilibrium  of  in  strain,  413. 
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Thomson,    Sir    W.,  on   attraction    of 
spherical  shell,  303. 

on  stress  in  termB  of  strain,  436. 
Torsion,  of  a  circular  cylinder,  442. 

an  elliptic,  451. 

rectangular  prism,  453. 
Tortuous  curve,  154. 
Tortuosity,  measure  of,  212. 
Traction  and  Torsion,  400. 
Transformation  of  strain,  388. 

stress,  418. 
Transverse  of  strained  wire,  214. 
Tubes  of  force,  316,  493. 
Twist,  in  theory  of  screws,  25. 

of  a  wire,  214. 

Unduloid,  equilibrium  of,  184. 

Variation  of  a  function,  152. 
Vector,  alteration  of  by  rotation,  66. 
Virtual  coefficient  of  screws,  26. 

work,  98. 

in  strain,  427. 


Vortex  lines,  400. 

Wire,  elastic,  164. 

twist  of,  214. 

general  equations  of  equilibrium  of, 
229. 
Work,  definition  of,  114. 

diagram,  116. 

Potential,  120. 

coefficients,  125. 

of  removing  portion  of  self-attracting 
matter,  331. 

potential  of   self-attracting  system, 

285,  335- 
of  magnetic  shells,  292. 
done  in  strain,  422. 
Wrench,  17. 
resolution  of,  along  six  screws,  30. 
of  max.  pitch,  82. 

Young's  Modulus,  431. 

Zonal  Harmonics,  349,  358. 
exercises  on,  363. 
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